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PREFACE. 



My apology foip writing the following pages is that I 
have taught more or less of Algebra to above five hun- 
dred pupils ; and my motive has been to supply some 
of those aids to beginners which a twelve years' expe- 
rience has shown me to be necessary, but which are not 
to be found in the works in Algebra with which I am 
acquainted. 

Three of the main difficulties in the way of beginners 
are the foUowing :— 

1. The want of model examples to guide them in 
working out their solutions in a neat and methodical 
form. 

2. The want of experience and dexterity in resolving 
algebraical expressions into their simple factors. 

3. Indistinct conceptions of the meanings of the sym- 
bols employed in general formulae. 

I have therefore placed models of the working out of 
questions at the head of each chapter of examples. 

A chapter is devoted to the resolution of algebraical 
expressions into their factors ; and I would recommend 
all teachers who use this book to put their pupils through 
this chapter before they begin fractions. 



IV PREFACE. 

» 

I have also enlarged upon and illustrated the meaning 
of the symbols in the general formulaB wherever they 
occur in the work. 

In the chapter on Quadratic Equations several ex- 
amples are given to explain the meanings of the two 
values of the unknown quantity, and a general rule 
given in page 168 to obtain the interpretation of the 
second value. 

In the proof of the Binomial Theorem for positive in- 
tegers, the appeal to the principle of induction has not 
been made, because it seems to me to be unnecessary. 
I have also discarded Euler's proof for fractional indices, 
because I have found very few beginners in Algebra who 
could make anything of it. 

Very few examples of multiplication and division 
with fractional or negative indices are given in the early 
part; but the examples in page 116, &c., may be used 
for exercise in them. 

E. F. 



ALGEBRA. 



CHAPTEE L 

DEFINITIONS. 

1. In addition to the figures used in Arithmetic, the Utten^s 
of the Alphabet, a, 6, c, a?, y, «, &o., are used in Algebra to 
denote niimbers and quantities. Thus we may speak of 
a line a feet in length, of a stone weighing x lbs. ; also of 
the product of two quantities a and h, &c. 

As examples of the difference in Arithmetical and Alge- 
braical notation, take the following : 

(1.) If 2 lbs. of sugar cost 14d., what will 7 lbs. cost? 
By the Rules of Proportion we know that the price of 7 lbs. will be 

Iil^=49d.=4«. Id. 
J* 

(2.) If a lbs. of sugar cost p pence, what will 5 lbs. cost? 

Here a represents the given number of lbs. 

6 represents the number of lbs. whose price is required. 

p represents the given number of pence. 

And question (2) is of the same nature as (1) ; therefore the price of 

h lbs. will be & x p 

pence. 

a 

(1) is an Arithmetical question. 

(2) is an Algebraical question. 

2. 4- (read plvLs, more) signifies that the quantity to 
which it is prefixed is to be added, when possible. 

— (read minus, less) signifies that the quantity to which 
it is prefixed is to be subtracted, when possible. 

Thus, 5+3 means that 3 is to be added to 5 ; 

and 5-3 means that 3 is to be subtracted from 5. 
So, a +6 means that 6 is to be added to a; a— 6 means that h is 
to be subtracted from a. 

When no sign is prefixed to the letter at the beginning 

of an expression, -f is understood. 

^ Thus, a+& means +a+& ; or, a and ( are both to be added. 

B 



Z DEFINITIONS. 

Quantities with the plus sign before them are called 
positive : those with the minus sign are called negative. 

8. The sign x (read into) is the sign of Multiplication. 

Thus, 4x3 means 4 multiplied into 3. 

ax (xosxy means the product of the four quantities a, 
h, x, and y. 

Sometimes a dot ( . ) is used instead of the sign x . 

Thus, a,h.x,y means the same aaaxbxxxy. 

When letters are written in a row without any sign be- 
tween them, the sign x is understood. 

Thus, a h X y means the same as axhxxxy. 

4. The sign -f- (read br/) is the sign of Division. 
Thus, 12 -i- 4 means tliat 12 is to be divided by 4 ; 

Also r- and a -r- & mean that a is to be divided by h. 

5. The sign = (read eqijidl to) is the sign of equality. 

Thus, 5a; = 3a +4 means that five times x are equal to tlireo 

times a with four added. 

e. The sign > means greater than ; 
The sign < means less than. 

Thus, a>2& means that a is greater than twice 6. 

7. The sign . • . means therefore ; 

and *.* means because, 

8. The sign ( ) is called a bracket. It is used to enclose 
several separate quantities in one expression. 

Thus, (a +26 -3c) is a bracketed expression. 
If any quantity or sign be written outside the bracket, 
each of the quantities within the bracket is equally affected 
by it. 

9. When a quantity consists of two or more quantities 
multiplied together, each of the separate quantities is 
called a factor^ and the whole quantity is called the 
product of the separate factors. 

Thus, Zdbc is the product of the four factors. 3, a, 6, c. 

10. "When all the factors of a product are equal, the 
product is said to be a power of the fector. The order of 

power is the same as the number of the factors. 
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DEFINITIONS. 3 

Thus, 5 X 5. or 25 is the second power of 5. 

5 X 5 X 5 or 125 is the third power of 5. 
Also, axaxaxa or a,a,a.a is the fourth power of a. 

11. Instead of writmg all the factors of a power as in 

the last article, the power is represented by writing the 

factor once, and denoting, by a small figure at the top, the 

number of times the factor is repeated. 

Thus, a, a, a, a is represented hy a*, 
a, a, a „ a^. 

The small figure that denotes the power to which the 
quantity is raised is called the index of the power, or the 
exponent of the power. 

Thus 3 is the index in the last expression. 

12. When a quantity is the product of a number of equal 

fauctoTs, each of those factors is called a root of that quantity. 

The order of the root is the same as the number of factors. 

Thus, 6 is the second or square root of 36. 
And 2 is the fifth root of 32. 
And a is the fourth root of a*. 

When any root of a quantity is required, it is expressed 
by writing the sign *J on the left hand of the quantity, 
and the figure denoting the root required on the left of the 
sign. Thus we have ^36"= 6. 

^32"= 2. 

j^ a*^ a. 

These roots may also be written as follows : — 

^36* may be written 3G* or ^S6. 
Jt/32" „ „ 32». 

13. When the different parts of an expression are sepa- 
rated by the signs + and — , each part that is contained 
between two contiguous signs is called a term. 

Thus, 3a~4 6+46—10x^2 contains 4 terms. 

14. A quantity of one term is called a Monomial, 
A quantity of tioo terms is called a Binomial, 

A quantity of three terms is called a Trinomial, 
A quantity of more than three terms is called a MultiTUwma^ 

b2 ^ 



4 NUMERICAL VALUES, ADDITION, ETC. 

Thus, 3a^2 is a Monomial. 

5a— 6zy „ Binomial. 
-aB*+4o5c-2 „ Trinomial. 

' 15. The number denoting how many times a quantity is 
taken is called its coefficient. 

Thus, 5 is the coefficient of 5a. 

-3 „ „ „ Saxyz. 

If no coefficient be written, 1 is always understood. 

16. Like quantities are such as differ only in their nu- 
merical coefficients. 

Thus, xy, 4zy, — lOxy are like quantities. 
But xy\ xhff abo are unMke quantities. 
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NUMERICAL VALUES, ADDITION, ETC. 

17. The expression a+& represents in general the sum 
of the two quantities a and b, and if we suppose a = 4, 

^ = 3: Then, a+6=4+3. 

Or, a+6=7- 

.•. 7 is the numerical value of a+b, when a and b have 
the values 4 and 3 respectively. 

Again, 3a-26=3x4-2x3 
=12-6 
or, 3a-26=6. 

And 3a262 =3x4«x3« 
=3x16x9 
or, 30^62 =432. 

If a and b have different values from what we have sup- 
posed above, the numerical value of the expressions will be 
found by writing those values in the place of a and b 

respectively. 

Thus, if a=5 6=1 

Then a+&=6. 
' 18. In order then to find the numerical value of any 
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Algebraical expression, the number which each letter 
represents mnst be known, and the numerical value of the 
whole expression is found by the following 

RULE. 

Write in the expression instead of each letter the numher which it 
represents^ and then perform the operatums indicated by the 
signs. 

Examples I. 
(1.) Eequired the value of 2a-|-35— 4c, when a=2; &=4; c=:3. 

WOR&INa. 

2a-f36-*4c=2x2+3x4-4x3 
=4 4- 12 - 12 
/, 2a+36-4c=4. 

The following examples should each he worked out In precisely the 
same form : — 

a=7; 6=1: c=rlO. 
(2.) a-10l»+2c (3.) a+h-\-e (4.) 3a+3b+3c 

(5.) lOa-lOb+c (6.) o+36-o (7.) ^a-h-^-c 



a=l; 5=2; c=3; a!=6; y=7; «=0. 

(8.) ax'^hy'\-cz (9.) ax-{-hy—cz 

(10.) a6+ac+6c— xy— SC2— yar (11.) ax^hy 

(12.) a-^hx-\-cyz (13.) aa;+26y-3c2 

(14.) ayz-^lOhxz-^lOOcxy '" aYz-\-lh*x-^ crh?y. 



(15.) Let a=&=5; c=2; x=y=Z; 2=1. Find the numerical 
value of 





»+y+af. 




WORKING. 


a^^h^-^d^ 5x5+5x5+2x2 


a;+y+« 


3+ 3 +1 




25+25+4 




7 




54 

"" 7 


a3+62+c2 
«+y+2 


= 7} 



6 NUMERICAL VALUES, ADDITION, ETC. 

a,h,e,x,y,z haTing the same values as in Ex. (15) : find the yalo^s 
^. of the following : — 

/"ifi\ ah+ae-{'he ae-hc+db 

(lo.; r (17.) 

o x—y+z 

(20.) ^^ (21.) ^^+ff-^<^-' 

a, 5, e, a;, y, z having the same values as in Ex. (8), find the values of 

the following : 

(22.) --^+5HL_ . (23.) tzy 
(24.) ^^ (25.) j2 



o=5; b=4; c=2 ; d=l. 
^ '•'' a+t+d ^ 26+iJ 2c+d 



r I 

^To^e. — Vo^means the same as {/o^ and is generally called the 
square root of a. 

(28.) VSo + Vi66 + VsT^ 9^57 

WORKING. 

V6a+Vl66-V8c + 9V5= VSxT +Vl6x4- V8x2+9\/r 

= V25" + VeT - ^16"+ 9V^r 

= 5 + 8-4 + 9 
. • . V5a+ Vi66 - V8c+ 9vT = 18. 

(29.) \2^hd^l ^h (30.) a«+4V6^ 

(31.) 12(P-4Va«-5« (32.) y^ ^\/^ 

(33.) Va«d3+^/86*c 

(34.) 5/25a6c+v^5aM-^100 acd-^^hcd 

(^,) V25a«+7^25a-V8i 



NUMERICAL VALUES, ADDITION, ETC. 
(37.) 9 /q »+3o%-t-3oyTy , 3 ^/'^ «^-1024 



»+(i»6+aV+a6'+J»* 



ADDITION* 

19. The Addition of Algebraical quantities differs from 
that of numbers in Arithmetio in one Important point, 
which we shall endeaTonr to explain. 

When several numbers are to be added together in 
Arithmetic, each of them is regarded as a positive or additive 
quantity ; that is, as increasing the original number to which 
they are all to be added. Now in Algebra the quantities 
added together may be either positive or negative, but 
only positive quantities increase that to which they are 
added ; whilst the negative quantities diminish it. 

This principle may be imderstood from the following 
instances : — 

(a.) If a man*8 property be 500Z., and his debts 200Z., we may repre- 
sent algebraically 

lEs property by +500 and 
His debts by -200 

and the adding of these together algebraically would give +300, 
meaning that the whole eum or net result is property to the amount 
of 3002. 

(b.) If a trader gain 402. by one transaction and lose 50Z. by another, 
we must represent their sum or combined effect upon his af&irs by 

+40-50 
or -lOZ. 
This expression denoting a loss of lOZ. 

(c.) If a man be weighed by means of a pair of scales and weights, 
and finds when the scales are even that there are 2 cwts. in the scale 
opposite to him, and 37 lbs. in his own, his weight in lbs. will be 

represented by 

+224-37 
or +187 lbs. 

From these examples it will be seen that quantities which 
are the exact opposites of each other (as property and debt^ 
gain and loss, time past and time future, <feo.) must be relate* 
sented by the opposite signs + and — . AXao ^%X. ^^ 
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quantities to be added together may be either positive or 
negative. 

20. Definition. — To add togetJier a number of like Algebraical 
Quantities is to express in a single term the resxdt of aU the 
separate additions and subtractions. This result is caUed the sum. 

Ex. 1. Add together x, Sx, and 5x. 

Here all the quantities have positive signs, therefore they are all to 
be added. Now it is clear that to add Ix, Sx, and 5x successiYely is the 
same thing as to add 9a; at once ; or the sum of x, 3x, and 5x is 9a;. 

Ex. 2. Add together —a, — 3a;, — 5aj. 

Here all the quantities have negative signs, therefore each of them 
must be subtracted. Now it is clear that to subtract la;, 3a;, and 5x 
successively is the same thing as to subtract 9a; at once ; or the sum of 
— a;i —3a;, and — 5a5 is ~9a;. 

Ex. 3. Add together the following : 

a; — 4a; + 11a; — lOa; — a; - 7a; + 5a;. 

Here the quantities to be added are a;, 11a;, 5a;, or 17a; ; and those to 
be subtracted are 4a^ 10a;, x, Ix, or 22a; ; or the e£fect of all the seven 
quantities is to add 17a;, and to subtract 22a;, and since the number 
of a;*s subtracted is greater by 5 tiian the number of x*s added, the 
final result is that 5a; must be subtracted. The sum of the whole there- 
fore is ~5a5. 

21. From the above explanations, we may deduce the 
following Enle for the Addition of Algebraical Quantities. 

RULE. 

(a.) Write the like quantities in ve^i^vccd columns, • 

(b.) In the left-hand cdumn of quantities first add together dU 
the positive coefficients, then aU the negative coefficients : subtract 
the less of these two numbers from the greater. Write down the 
number that remains in the same vertical line, and after it write 
ihe letter or letters that belong to each quantity in the column, 
and before it place the sign that belongs to the greater of the two 
numbers, 

(c.) Apply rule (b) to every other column. 
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XSxamples H. 

(1.) Add together 7 a + 2 b - 3c ; 12a - 96 + 2d; 86 - lid; 13c; 
a— 6+c— d; — 3c-3d. 



By Rule (a.) 



WORKING. 






7a +26 


-3c 


« 


12a -96 


« 


+2d 


« +86 


« 


-lid 


« m 


+ 13c 


« 


a -6 


+ c 


-d 


m m 


-3c 


-3d 



20a « +8c -13d 



By Bule let column. 2nd column. 3rd column. 4th column. 

(b.) 



7 


2 


-9 


13 


-3 


+2 


-11 


12 

1 


8 


-1 


1 


-3 




- 1 

- 3 


+ 10 


-10 


+14 


-6 




+ 20-0=20 


10 




6 






-15 
2 



+8 



-13 



(2.) Add together x-^y; —3x+7y; ix-ly. 

(3.) Add together 7a -36+10; -8a+46-ll; 12a-14; -a-6-1. 

(4.) Find the sum of 3a*a'— 4aa;'; -3a;; 5a*a^— 2ax*— x; 4a*aj'— aa* 
— 5ic; — a^+4a;. 

ABRANGEMENT. 

3aV - 4taaP - 3ai 

5ah^ — 2aa? — x 

^ah? — aa? — 5x 
— a^ + 4aj. 

Note. — Here it must be noticed that the quantities in the first and 
second columns are unlike, since the indices of the letters are different, 
although the letters themselves are the same in both. 

(5.) Find the sum of ia^-dax^-^lla^+Sa^; Za^-llaaiP'^da^x+a^ ; 
-13aa?'+7a'te-a?; -15aai2+5a2a;+3a3. 

(6.) 2+TO— 3» and TO+fi— 3. 

(7.) 3a;-2«; 42;-5x; 2a;-22. 

(8.) 3aa:*-a3«» + 7ie^; -a^+3aV-9aV; 3a«a; + 3aV-7a<»«; aix^ 
-Qah^l 4a«+a*a;+20aV+2a3x»+10aV-2a;«. 

(9.) xy-\-^; Say-*; -4a?y-3z. 

b3 
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(10.) Sa^-^y^-^xi/; r^y+Sx^j^+Say^; -Sa^y+oV-Cajt/^* 
(11.) 1-a;; 2a;-2; a;+4; 9-a;. 
(12.) 3a2-B2. 2a5-2a2; 262-o6. 

Find the sums of the following : — 
(13.) a262c2-4a8-|-6aV-c8; 6a^d*-b*(^+aV>*; 66-aV+7a6-9a262c2 
+46V»; -3o26*-9a*c?+a262c3-.3aV+ll&'c*. 

(14.) -a -25-3c-4<i (15.) l-4a-5fi2 

-2a-35-4c-. (J a- 4+762 

-3a-46- c-2(J -3+a -1262 

«4o- h-2c-3d 6+2a+1062 

(16.) 3a* - 7ah> ^KkM-llax^ +9a^ 

-4a«+17aj* -Waa^+HaV -a«« 
31flJ*-19a< 4- la^x ^ISaa? -{-ah? 
-57aJ*+54ax?-28aV+a?a; 20a*. 

(17.) a»-a6c+26S 

53-a6c+2c5 
c'— 6ca+2a'. 

(18.) wiHw2n-wn2+3n3; -7mH10»«; 

3»2m-3nTO2-|-6»'; 17w»— 24mn*: 

(19.) -7p2grr + lOpgrV - ^gfS 

U^ " ISqjPr + ll|?5ff2 

— 7g[2pr - fSgr^ + jp2gy 

lOr^g- gVp - ITpgV. 

Add together the following : — 
(20.) ix2 - iay + 2j/» 

|a^ + jajy - 3j/» 
jg^ - jgy H-10y2. 

Working. — The coefficients are partly fractional, therefore the rules 
for the addition and subtraction of fractions must be employed. 

TT 1. ^ 1 * 1 i_^4^5 10+124-25 47 

Hence we have for 1st column - J+J+i = ^ = t;^- 

oU oO 

„ », 2nd column - +{ the positive 

2+1 

„ „ and J +}= -7- =} the negative 

And the whole sum is lJa^+Iicy+9j/2. 

(21.) a» - 962 + jc2 (22.) 5am- 66n+7cp-l 

-jo« + J62-c2 Jaw- J6n-}cp+4 

-M-I^+Jc' ^m-^6n+?cp-3 

4a2- J62 + fc2 -.jam-46»-f cp+9 
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(23.) ayz^hxz -^ cxy (24.) Sm - en +3p+ 4q 

^7ayz+ ihxz - Sexy w 3 5p 



8ayz— 9bxz+icxy q "5^^^" 

1 layz + 12hx2 — Sexy q ,j 



8 



4-5 +1>-^ 

(25.) ja»+§63L.ic3-.a5c _^ + ^_?4. „ 

§6«+§c»-{o3-a6c 2 "^ 3 4 "^ ^ 

Jc3+|a3-168-&ac 2m- Jn - f g + ip 



CHAPTEE III. 



SUBTKACTION. 



22. The principle upon which Subtraction is performed 
in Algebra is this : — Subtracting a positive quantity is the 
same as adding a negative quantity ; and Subtracting a nega- 
tive quantity is the same as adding a positive quantity. 

This may be understood from the illustration given 
in page 7 : for taking a man's property to be a positive 
quantity, and his debts to be negative quantities, it is 
clear that to take 10?. of property away is ihe same in 
effect as to add lOL to his debts ; and to take away a debt 
of 101. is the same in effect as to add 101. to his property. 

And generally to subtract + a I 
is the same as to add — a j 

Also to subtract — a 

is the same as to add 4- ^ 
Hence is derived the Kule for Subtraction of Algebraical 
quantities. 

RULE. 

Change the signs of all the quantities to he subtracted, and then 
proceed as in Addition. 

Ex. (1.) Subtract a-\'h^c from 2a+6+3c. 

Working. — The quantities to be subtracted are +a, +&, and — c; 
chan^ng their signs they become —a, —6, and +c; 
and writing them as now changed under the other line, we have to add 
together the two lines :— 

2a + b + 3c 
" a - b '{' c 

a + 46 = Bemainder. 



12 SUBTRACTION. 

Ex. (2.) From 6a; take Sx+Sy-dz-d. 

Changing the signs as before, we have— 

6x 
-3»-3y+32+3 

3a;— 3y+32+3 = Remainder. 



Note. — ^At first the beginner should be very careful to write down the 
lower line with changed signs as in the above examples. After he is 
perfectly sure of the rule, the trouble of toriting the lower line with 
changed signs may be spared : it will be sufficient for him to conceive 
the signs to be changed, and then to proceed as in addition. 

Examples III. 

(3.) From 2a;H-3y take x-y (4.) From — 6a;+3y take -a;+3y 

(6.) From sB+y take— a;- y (6.) From — 3a;— 4y take 3a;— 4y 

(7.) From 2a;+y-l take y+I (8.) From a?»+2 take 3a;-2 

(9.) From a^+l take a;?+l (10.) From 4 take a;-h8 

(11.) From 3a; take a?+3a;-3 (12.) From 4 take -2. 

(13.) Subtract a— b—c from a+b+o 

(14.) Subtract da^-Sahi-Saa^-Sa? from 5a»-4a2a;+2aai2-.3a;» 

(15.) Subtract -2aH4a*-6a« from a»-4aH6a5 

(16.) Subtract a^-4a^-aa?^a^ from Sa^Sa?x+ax^--2sii? 

(17.) Subtract a;^+3ary+3a^ from Qa^y^ia^y'-j-xj^ 

Find the excess of the upper line over the lower Ime in the following 

examples : — 

(18.) 5a;*z'-a6 (19.) ix^-\.3x^+$xy^+y^ 

a^z^-a^ -a;»+3a5^+3a;Sf2-y» 

(20.) 4aHa^ (21.) 3a»-.7a*+15a5 

aSft-fts 2a8-3a*+4a* 



(22.) Find the difference between a*+2a+3 and a +3 
(23.) „ „ „ Sxy-iyz and 2y«-4aa; 

(24.) „ „ „ a^+a+l and a^-l 

(25.) „ „ „ a;*+a:«y+flV+a!y'+y* 

and a;*-4a;»y+6a^+4a;j^+y* 

(26.) Find the difference between the sum of a+b and a—h; and the 

sum of 2a+3& and 5a— 65 
(27.) Subtract the difference of x and y from ^txy-^-x+y 
(28.) Subtract 5 times the square of y from 4^+1 
(29.) Subtract 4a;2-y8-4 from a^-^f 
(30.) Subtract a;*+4a;?y+6xV+4a;i»+y* 
from a5*-4a;8y ^2y* 
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(31.) From a+§6-l 

take Ja-i6+i 

Working, a +36-1 

-ia+J5-i 



Having changed the signs of the quantities in the lower line, we find 
by addition that the 

Coefficient of a in the result is 1 — i = i 

h ,. |+i= tt 

and the last term is — 1 — i=— ) 

Or the whole remainder = ^ -f Ji6 - J 

(32.) From o+ 5 +3 (33.) From Ja;+iy 

take a-l-i *^" "+^ 

(34.) From | + 1 (35.) From aJ*+ia?+Jx«+la;+l 



take a;*- ia?+ia?-ia;H- 1 



2 
take 3a;- } 

(36.) From a (37.) From abc-^ah-ira-i 

take ia-J6-}c take Jofcc— a6+a+J 

(38.) From io'+l 
take ^^•\-a 
(39.) Find the difference between Jp*+Jp2-i<Z* and -JlJ^-to+iS^ 
(40.) Between 4^2_ja5^3|6ji and lfa«+Ja6-i^ 



BRACKETS. 

28. When any operation is to be performed upon a 
quantity consisting of several terms, it is often found con- 
venient to enclose the quantity within brackets ; and the 
quantity thus enclosed is now to be regarded as a whole, 
and the operation indicated is to be performed upon it as a 
whole. 

Thus, to express the double of the quantity aH-& 

it is first enclosed in brackets (a+&) 

And if the number 2 be written before it thus . . . . 2 (a+b) 
we have expressed the double of the whole quantity . . (a +6) 

Also, since the double of the total quantity (a +5) is the sum of the 
doubles of each separate part, we have 

2(a+&) = 2a+2& 
Similarly 3(a+Hc) = 3a+3b-V^ 
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Next, let us consider the bracketed quantity 5 (a -6). Now the value 
of 5 (a -6) may be found by writing down a— 6 five times, and 
adding all these quantities together : thus, 

a— 6 
a-6 
a— 5 
a — 6 
a-5 

5a— 56 

.-. 5(a-b) = 5a-55 

In the same way the value of x (a - 36+2) will be found to be 

ax^3hx-\-2x 

for the line a— 85+2 must be repeated x times, and all these lines 
must be added together. 

24. From these examples we may derive the following 
Eule for the multiplication of a bracketed quantity. 

BULE. 

When a bracketed expression is multiplied by any positive quantity^ 
the resuUt is obtained by multiplying the coefficient of each of the 
terms by tliat quantity jand remxmng the bracket. 

Examples IV. 

Remove the brackets from the following expressions without altering 

their values : — 

(1.) 4(a-2b-3c+x) 

Working, 4(a-.26-3c+a;) = 4a-4x26-4x3c+4a; 

=4a-86-12o+4a; 

(2.) 3 (1 -4x) (3.) 5 («« - j/8) (4.) 7 (a?+ jr'+«') 

(5.) (aF-4y+4«) (6.) a(6+c) (7.) fl5(y+«-.a) 

(8.) 2a(l+a;+a;3) (9.) 3a;(a!?+a;+l) (10.) 4(a6+ac+6o) 

(11.) a6(a+5-l) (12.) 12a6c(a+6+c) (13.) xyzisfi-f-z*) 

(14.) a(a+h+c) (15.) xYipi^-f) (16.) 10a;(10a;-5y) 

(17.) UipDyz-abc) (18.) 3d»(3a6+4B») (19.) 3a«6«(a6-ac-3fcc) 

25. We will now consider the meaning of a bracketed 
expression when preceded by a negative sign, as 

-2(a+6) 
Now the minus sign prefixed to this quantity denotes that 
the whole of it is to be subtracted* 
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Now, as we have seen above, 2 (a+b)=2a+26 

and both the parts 2a and 26 must be subtracted ; and we have 

— 2a — 26 for the whole value ; 
or -.2(a+6)=-2a-26. 

Agam, let it be required to remove the brackets &om the expression 

-4(a-36-2c) 
Now 4(a-.36-2c)=4a-126-8c 

and to express the subtraction of each of these terms, we must 
apply the Rule of Subtraction, and change the sign of each of 
them : 

Thus we have -4(o-3l>-3<j) = -4a+125+8c. 

26. Hence we may derive the following Eule for re- 
moving the brackets from a quantity preceded by a nega- 
tive sign. 

RULE. 

WHien a bracketed expression is preceded by a negative quantity^ the 
resutt is obtained by mvltiplying each of the coefficients of the 
included terms by tJiat quantity^ removing the brackets, and 
changing the signs of every term. 

Examples V. 

Remove the brackets from the following expressions : — 
(1.) 2(a+35)-.6(a-5)+7a-(a+6) 

WORKING. 

2 (a+36)-6(a-b)+7a-(a+6)=2a+6b-6a+65+7a-a-b 

= 2a+116 

(2.) 7(a-4a;) (8.) (a+6)-(a-.6) 

(4.) 2(a«+o6+6«)-2(a«-o5+5«) (5.) (a-5)x* 

(6.) 36(o«-2aH-l) (7.) 4a:y(a;«-.y«) 

(8.) -(a+6)a6+(a-b)a« (9.) (a-c)ar»-^-(l)y« 

(10.) (a+l>H-c)a5y-(aa;-6aj+ca;)y-(l-26y)sB 
(11.) 6(a*+6*)-a'(6a«-76«)+a(6«-a») 

(12.) 2(jB«+3j/«)-3(a;«-.2y«)4-a;«(l-y') 

(13.) Sxy (ab - ^ - 3a6 {xy - ab) 

(14.) 4(aj+2)-2(2aj+4) aS.) «(«* +a!y +!/«)- a (a^.ary+y«) 

(16.) 3a6(jB«-.2a5y+y')-3ajy(a«-2a6+5«) 

(17.) (a+h'^o)-'(a-\-h'c)'-{h-^c-'a)-(c-{'a'-h) 

(18.) a?y8(a;+y-fj?)-y?(irz-f-ary)--icy(y2+x2)-xz(x'y-Vzir) 
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27. If we wisli to express that the sum of a and 6 is to 
be multiplied by the sum of b and c, each factor must be 
formed by bracketing. 

Then (a +b) is the first factor, 
' and (&-fc) is the second factor; 
And their product is (a-|-5) X (6+c) ; 

Or more simply (a + 5) . (6 + c). 

Similarly the second power or square of the diflference of 

a and b is written 

(a-6)« 

And to express the subtraction of the square of (a +6) from 
three times the diflference of a and 6, we must write 

3(a-5)-(a+6)2 

Iiet it be required to determine the numerical value of the last 
expression, when a = 2 h=l. 

3(a-5)-(a+5)« = 3(2-1) - (2+l)« 

= 3X1 -3* 

= 3-9 
= - 6 



Examples on the Numerical Values of Bracketed 

Expressions, VI. 

Let a=7; 6=3; c=4; x=y=2; 2=10 
Find the value of the following : — 
(1.) 4(a+b)+3(a-6)-(3tt+26) (2.) 10Ca+6-10)+4(x+y)+abe 
(3.) (a-6)(a;+2)-(c-b)(y+2!) (4.) (a+6)a;+(a+c)2/+C6+c> 
(5.) 3(a+b)2-2(a-5)2 
(6.) (a+6) (6+c) (a-\'C)-12dbc-\-exyz 
(7.) 2(aa;-6y)+3((»-aa;)-(c2:-6y) 

(8.) c(a'-Vf'\'h(a''oy'\'a(C'-by (9.) (a+6+c)8-(aH^+c») 
(10.) (a+6)2+(a+c)2+(&+c)«-(a+b+c)2 

(11.) V21«+26b (12.) a/^c-Gx 

(13.) a;y(V7a+>v/^+>\/3&^)-a5(V^- VlOz+V^) 
(14). 2 Va+«-l+3Va-^- /J^h-a 
(15.) ^4c-4y-4y2c^+^10z+4a-6 
^16.) ol>Vc-3-bcVa+2+acV'^ 
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CHAPTEE IV. 

ON MULTIPLICATION. 

28. To multiply an Algebraical Quantity by aiiy nurriber is to 
repeat that quantity as many times as the number expresses ; then 
to add the result, if the multiplier he positive, hut to subtract it, if 
the muit^ier he negative. 

We shall now consider four different cases of Multipli- 
cation. 

V. To multiply +a by +4 is to repeat +a 4 times, and add the result. 

Now +a repeated 4 times gives +4a as appears from a 

the accompanying addition : a 



a 

a 



And to add the result, 4a must have a positive sign. ., ■ 

.-. +a X +4 = +4a. 

2?, To multiply - a by +4 is to repeat - a 4 times, and add the result. 

Now — a repeated 4 times gives — 4a : — a 



— a 

— a 

— a 



-4a 



And to add the result, — 4a must keep the negative 
sign. 

Or -a X +4 = -4a. 

To multiply +a by -4 is to repeat +a 4 times, and subtract the 
result. a 

a 

a 

a 

The result is +4o, and to subtract this we must ~~ 

change its sign ; it then becomes - 4a. 21 

Or -fa X -4 = -4a. 

To multiply — a by — 4 is to repeat — a 4 times, and to subtract the 
result. - a 

— a 

— a 

— tt 



The result is —4a, and to subtract this we must _^^ 

change its sign ; it then becomes +4a. -^— 

Or -ax -4 = +4a. 
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29. If instead of 4 times, we suppose a to be repeated 
b times, the 4 cases may be gone through in the same order 
as before, and the proofs will then be true for the multi- 
plication of two factors a and b ; a and b being any numbers 
whatever. 

We shall then have the following general results : — 

V. +ox+6=H-a6 

2°. - a X + 6 = - a6 

3^ +ax-6=-a6 

4°. ''ax-h=z'\-ah. 

These rules for the sign of the product of two quantities 
may be expressed in the following words : — 

The product of two quantities of the same signs is positive, and 
the product of two quantities of different signs is negative, 

Ex. 1. Multiply together 3a and 4&e. 

By the definition of Multiplication, 3a is to be repeated 4&e times 
that is, 12a is to be repeated he times ; that is, 12a& is to be 
repeated c times, and the result of this last operation is evidently 
12a&c. 

Ex. 2. Multiply together -Sa^ and 6a%. 

By the same method as in the last example it may be shown that 
the product is — SOa^.a^ 

But a^.a^ = a.a.o X a,a by Def. (11.) 



= o* 



.'. -5o» X 6a^ = -.30a*6 

80. From the working of the last two examples, we may 
deduce the following Kule for the Multiplication of two 
simple Algebraical Quantities. 

(a.) RULE FOB THE SIGN OF THE PRODUCT. 

When the factors have each the same sign, the sign of the product 
wiU be positive ; but when the factors have d^erent signs, the 
sign of the product will be negative. 

(6.) RULE FOR THE COEFFICIENT OF THE PRODUCT. 

The coefficient of the product is found by multiplying together the 
coefficients of the two factors. 
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(c.) RULE FOB#rHE INDEX.* 

The Index of each letter of the product is found hy adding together 
the indices of that letter in the two factors. 



Examples VH. 

(1.) Find the product of 3ac and 120*6, of - 5ac and lOoc', of - o6c 
and abc, 

(2.) Multiply together the following : — 

3a;V and —5 ^xyh and -a^z' 

— lonp and — 7a^ ixy and — 4xy 

4kxH and 4x2^ - 5aV and 56V 

''a«lfi(fi and -a^l^c^ Sxh/^z and -2yV 

^oto. — ^If any of the coefficients be fractional, they must be multiplied 
together by the rule for the multiplication of fractions. 

Thus.ixy X Jx? = |»»y. 

(3.) Find the products of the following : — 

lOxyxiy^ -Ifx2i6» -20a'6J»xJc2(P 

-Ja^xjj^ 2Jx56»c? iprx-tgr 

-22a&xU6S }a6exfa& {x2i 

-4aVxl4a8c» 9axio« ix3xy. 

"iadx-ibc ' -ia»x-46» 

(4.) Multiply a- 6 by 3a6 

WORKING. 

(a-5)3a6 = 3a6xa-3a6x6 
= 3o«6-3a62 

Examples of this form must be worked by multiplying each term 
of the compound factor in succession by the simple &ctor. 

(5.) Multiply Multiply 

2a6+6Sbya6 ff-.^j.^l,y 12 

a-h+c by -3a6o 2 " 3 ''' 4 ^ " 

3a+36+3o by 2 10a«-7a6-62 by -JoSftV* 

wy+xz+yz by --xyz ^"i^+W-b^ ^7 » 

aj»-3a5»y+3a!j/8-.ySby4x» -l+a^+a^by -2xS 

4a:»-.4j^byiay -.p2^«p%4.g8^by -i|)»gr3 

(6.) Find the product of 3a +6 and 2a -6 



• See proof of (c) at p. 22. 
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W0|tKIN6. 

(3a+6)X(2o-5) = (3a+5)x2a-(3a+5)xb 

= 3a.2a+b.2a-3a.6— 6.6 
= 6a2-|-2a6-3a6-62 
= 6a2-a6-62 

In examples like this, in which the two factors are compound quan- 
tities, each term of the one factor must be multiplied into each term 
Qi the other ; and the work is generally arranged in this manner :^ 

3a + 6 
2a - 6 



6a2+ 2o6 
- 3a6-62 

6a2- a6 - 62 



(7.) Multiply together a^+ab+h^ and 362-6a6+3a» :- 

o«+ oft + 62 
3a3-6a6 +36^ 



3aH8a36+3a262 

H-6a36-.6a262-6a6» 

3a262+3a68+36* 

3a*-3a36 « -3a68+36* 

Note. — Observe, in the work the two quantities are arranged according 
to the powers of a. That is the highest powers of a are placed first, 
then the next powers of a ; the answer is found to be arranged in the 
same order, and this rule of placing the feictors should always be care- 
fully attended to. 

(8.) Find the product of the following factors. 

l-2a;-|-3x2-4a?andl+a; jcV-j-a^-l-ajy+l and a;y-l 

l+a+o^ and a-2a2+3a3 o3-6a2+12a-8 and a-2 

2a+6 and 2a-6 o46*+2a363-h4a262+8a6-|-16 and 
5a;-4y and3a;-2y a6-2 

jB2+26a;+62andaj2-26aj+63 a262-.a6+l and l+a6+a262 

aj'+a^+ajjr^+j/^ and x-y a3-3a2p+3ap*-2)8 and 
o* - dhi-\-fM "Oafi-a^ and a+x jp^ - 2ap +a' 

(9.) Find the square of the following quantities : — 

(3aj-l); (a-6); 7a;+5y ; a^+1 ; a^-l^ ; 1-{b»; ah+cd ; 
4aa;-86y; l-x-^aP; x-x^-^-l; ay-hy^+l; c?-l+o. 

(10.) Cube the following quantities : — 

jT-l-l; a+6; l-o;; 2iB+a; 3aj«+y2; 7a-l; 2a+36; x^-xy^; 



MULTIPLICATION. 21 

(11.) Find the continued product of a+1, o- 1, a'+l, and ab 
Working. a+1 

a -1 



aH 


a 
a-1 




o2 


-1 

+1 




a* 




1 


a* 
ah 


— 


1 


««& 


— 


a& 



(12.) Find the continued product of the following : — 

3a, 46, 7a2 and -ab x^+xy+^, x^ajy+JT^, (aJ+y)* 

(a+b), a-5, a?+62 a^-a+l, aHa+l, (a-1)'- 

x+1, a;-l, a;-2, aj-2 a6-l, a6+l, aSb^-f-i, a+6 

4a^ 3y, 2(a-5), 3(d+5) a^+J^, a^-l^, (a+ft)*, (o-6)» 

a;-2, aj-l, a;, sb+I, 25+2 a+2, a+3, a+4, a-a 

a+6+c a+6-c, b+c—a^ a-\-c—h 5a-a, 5a-3a, 5a— 5a, 5a-7a 

(i3.) Multiply ^ - I by 2a+36 



Worfeingf, 



a 6 
2" 3 
2a+3& 



2 2 oft 
-a^ 



2 2x3 



|a6-l62 
2 3 



a»-^ + ?a6.6« 
6 ^2 

a^-hiab -62 



^Tote. — In working examples with fractional coefficients, the same rules 
must be observed as in the case of integral coefficients, the fractions 
being added or multiplied according to the methods of vulgar fractions. 

(14.) Multiply Multiply 

4a-6intoa-2 aj-§into|x-l 

1 2_Li7>2 • ♦ a\ a'+Ja+J into i+l«+a* 

JaHJ62mto4a6 «-.fyintox-Jy 

. a6 62 
o«-— +-mto27 
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(15.) Find the squares of the following : — 

ia-1; 1+6; |-|; pq-i; a^+ia+il 1<^'9>1 ^a^^gl 

XX V X a b c „«.i^^5, ,^ A 

='-4+3= -|-2= 2+3 + 4= -3«'+a6-3-:g^-»!,+-y' 

(16.) Cube the following quantities : — 

X V X V ^x 14t/ 
a-J; 3a*-i; Ja+J6; 5-|; --|; g-^ 

PROOF OF RULE (c), p. 19. 

31. When two powers of the same letter are multiplied together^ 
the Index of the product is found hy adding together the Indices of 
the two factors, that is ; — 

a xa = a 

For a"* = a.a,a,a to m factors by def. 

And <i* = a,a,a,a to n factors by def. 

Then a"*xo" = {a.a,a to m factors) X (a. a. a... to n factors) by 

multiplication. 

or a^xa^ = a,a,a,a to m+n factors = a"*"*"" by def. 

.* . a xa = a 

Note. — The above proof will at first sight be difficult to understand. 
The pupil however must resolve to conquer the difficulty on account 
of the great importance of the rule. He will be assisted in his 
efforts if he wiU bear in mind that m and n are used as the general 
symbols of any positive whole number whatever ; and that the above 
proof will be good if he suppose m and n to be some particular numbers. 
Thus if he were required to prove that a^Xa^=a7, he would adapt the 
above general proof to that case by putting wi=5 ; n=2. It would 
then read as follows. 

For a^=a.a,a»a»a to 5 factors by def. 
And c?—a,a to 2 factors by def. 

Then a^xa^={a>a,a»a.a to 5 factors) X (a. a., to 2 factors) 
ox a^Xa^=^a.a,a,a.aM»a to 7 fiictors a^.a^=d?hy def. 

And in a similar way he might write out the proof of any other par- 
ticular case that might be proposed. He must also observe the great 
advantage of using general symbols (/» and n) instead of any particular 
numbers as 5, 2, &c. For when the proposition is proved with those 
particular numbers (say 5 and 2 as in the case just given) we do not 
prove that it is true for aU other numbers, but since m and n may 
represent one number as well as another, there is in fact no possible 
case which is not included when those letters are used. The proof is 
called a general proof when m and n are used, but a particular proof 
when 5 and 2 are used. 
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CHAPTEE V. 

DIVISION. 

32. To divide one Algehraicdl Quantity by another is to find how 
many times the second is contained in the first, then to add the result 
if the divisor be positive, and to subtract it if the divisor be negative. 

We sliall now consider four different cases of Division. 

V*. To divide 12a by 4 is to find how often 4 is contained in 12a, and 
add the r^iult. 

. • . 12a-^4 = 3a 

2°. To divide - 12a by 4. 

Now 4 is contained in — 12a, — 3a times, for — 8a repeated 4 times 
gives — 12a, and 4 repeated ~ 3a times must be the same thing. 

.'. -12a-5-4 = -3a 
By similar reasoning it will appear that 
3°. 12a+-4 = -3a 

4'. -12a-5 — 4 = +3a 

83. Hence the rule of signs in Division may be thus 
stated : — 

If the dividend and the divisor have the same sign, the quotient is 
positive, if they have different signs the quotient is negative, 

Ex. 1. Divide 14a&c by 7a. 

Since 7a x 26c = 14a&c, it is evident that 14a6c+7a = 26c. 
Ex. 2. Divide 9a« by -9a«. 

Since -9a«x - a* = 9a', we have 9a'-s--9a« = -a*, 

33. From the last two examples we may deduce the 
following Eule for the Division of two simple Algebraical 
Quantities. 

(a) RULE FOR THE SIGN OF THE QUOTIENT. 

When the dividend and divisor have each the same sign, the sign of 
the Quotient will be positive, but when the dividend and divisor 
have different signs, the sign of the Quotient will be negative, 

(6) RULE FOR THE COEFFICIENT OF THE QUOTIENT. 

The Coefficient of the Quotient is found by dividing the Coefficient 
of the dividend by the Coefficient of the divisor. 
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(c) RULE FOR THE INDEX.* 

The Index of the Quotient is found by subtracting the Index of th 
divisor from the Index of the dividend, 

Examples VIH. 

(1.) Divide 12a2 by 2a; 18a6 by 36; -1562 by 5; 25a» by -5a2; 
-40a36« by -a6; aWc by a6«; -10a;« by -2a;«; IOOjbV ^y 
JM/3; 49a«by -7a«; 120a6ca^2 by -I2xyz; Sa^b^c* by 3a5V. 

Note. — If any of the coefficients be fractional the rules for division 
of fractions must be applied. 

(2.) Divide 2a;« by §aj 

The coefficient of the quotient will be 2-7-§ = 2 X J = 3 

(3.) Find the following quotients : — 

lOxy-i-lx; 2a;«-i-ia;«; 17a^b«-J- - ^a ; ixyz'i'2xz; ja*-i-Ja;*; jay 
-4-ty«; o6-i-16; 36«-^J6; -a^-j-5a;«; - a«a;y2«-^2az ; -jjafts 
H-'6; -|§c«d'*-&--20c(2; - 8aj«-4- - 12a; ; - 40a«|> V-&- - Aa^' ; 
- ga6cp^+ - fijocg 

(4.) Divide a^x*-\-3cLbx'^—ahi by aa; 

Working. ax\ a''x* + 3a6a;' — o^a? 

aaj -|- 36a; — a* 

The division in this case is effected by dividing each of the terms of 
the dividend by the divisor ; the simi of all the separate quotients will 
be the complete quotient required. 

Divide 6a'+ 66' by 2 ; 7a* - 14a6 by 7o ; x^yz - xy^z+xyz* by xyz ; 
-4aH8a«6-4a«cby -4a2; 3a3-a«6 by 2a*; 3a;*-.6a;3y+3a;V 

-6a;2/3by 12a;; w3+-— +-— -by 2m; lOOm^-lOm+l by 10; 

2 o 

Ja4-3a36+J6* by }62; ^p^+^g by|p; aH3a3a;+aVby 2a2; 

Ip^z - {xi^Z'\-\xy:? by -^z ; ^Q^z^si?yz-k-\pcy^ by jaa? 

(5.) Divide o* - 6* by a - 6 

In this case the process of division is more complicated, and the 
method to be pursued is similar to that of Long Division in Arithmetic, 
as will be seen in the following working : — 

a-6)a«-6«(a+6 
a*— a6 



a6-6« 
a6-62 



• See p. 28. 
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Note, — The rnlea to be observed in the division of quantities con- 
sisting of more than one term are 1**. To arrange both the divisor 
and dividend according to the powers of the same letter (a in the 
example) ; then to divide the first term of the dividend by the first 
term of the divisor, place the result in the quotient and multiply the 
divisor by it ; subtract and proceed similarly with the next line, and so 
on to the end. 

(6.) I>ividea3-6a«+12a-8bya-2 

o-2)o3-6a«+12a-8(a«-4a+4 
a»-2a* 



4a«+12a 

4a«+8a 



4a~8 
4a- 8 

(7.) Divide 4a;-a;=+flJ*-4 by ««-2+x 

Here the dividend and divisor must be arranged according to powers 
of aj, as follows : — 

a;«+aj-2)a;*-x«+4a;-4(a;«-a;+2 
iB*+x»-.2a;« 



-{B*+a;*4"4x 
-aj»-a;«-|-2aj 



2a;H2a;-4 
2aj«+2aj-4 

(8.) I>ivideaj«+a5-2byaj+2; and divide 3a;»+3a;«-a;-l by 3x«-l 
(9.) Divide 4a'»-o by 2a- 1 ; a;*- 16 by a;-4 
(10.) Divide jb*- 1 by a?- 1 ; jc»+8 by x-\-2 
(11.) Divide 3aj*-6aj>-2aj«+5a;-12 by 3a;»-3a;-|-4 
(12.) Divide 14aJ*-65aj»-|-141ar»-116aj+44 by 2a!«-7a;+ll 
(13.) Dividea?-86«bya«+2a6+46« 
(14.) Divide o»+32 by a*-2a»+4a«-8a+16 
(15.) Divide o*a5*-y* by ax-y\ lOOa^-b^ by lOa+ft 
(16.) Divide {B*+ajy +y* by a;«-a^+y« ' 
(17.) Divide ^3^z*-\- Uxyz - 5 by Sxyz - 1 
(18.) Divide Qa*b*-ahcd-l2c^(P by Sab+^cd 
(19.) Divide 8a» - 27 by 9 - 12a+4a« 

(20.) Divide a«+2a6+5«-c«*by o+6+c; by a+5-c; by 5+c-a; 
and by a-|-c-5 

(21.) Divide a»- a«J- a«c+aft«+ac*- ir*. fee* -6«c-c» by a«+6«-Hc« 

(22.) Divide 8a* -16aH12a« by 4a« 

(23.) Divide Ga^yz - 12s^z + 18a5yr» by eryz 

(240 Divide cfi^jp^^ by a'+a^^+ayg^+o-V^+ap^q^^-^ 

C 
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(25.) Divide 3p»-4p*3+3p'»— 7P«*-7pgT+123r«+12r»+12jpr« by 

3p«-7p5+12r« 
(26.) Divide 35^-1 by aj+1 

Working, a? 4-l)a!'-l (»'-»+! 



-««- 


-1 


-a;«- 


-X 




x-1 




x+l 



-2 

The division in this case does not teiminate; the quotient is 
aj'-»+l ; and there is a remainder - 2. The proper way to write the 
answer is — 

a;«-a;+l L 

aj+l 
(27.) Divide 2o by 1- a? 

Working. l-a;«)2o (2a+2<3Kc«+2aaJ*+2a«« 

2a-2aa^ 



2aaj*-2aa* 



2ax* 
2ax*—2cufi 

2aafi 
2aafi''2aafi 

2ax* 

Here it is plain that the division will never terminate. In fact the 
quotient is an endless series or terms, four of which have been found ; 
it is easily seen that the next 4 terms are— 

2aa^, 2ax\ 2aa;'«, 2ax\ 

When the division is carried on to 4 terms only, the result is— 

2a+2aaj«+2aaj*+2aa;«+^2^ 

1— aj* 

(28.) Divide a? by l+» to 4 terms. 

(29.) Divide 3 by 1-a;; 6+a by 1-a, bo6i to 4 terms. 

(30.) Divide ah^ by a- aa; to 6 terms. 

(31.) Divide l+a;" by l-aj+a;« to 4 terms. 

(32.) Find the quotient to 4 terms of each of the following divisions : — 

l+aj'-J-l-a"; x7-hx-l; o«-^o-3; 1 + 1+a; (aj+a)*-!-aj-o; 

(a;-fl)*-*-a:-a; (l+aj)« + (l-a;)«; a^+x'+l -4-«*+a;+l. 
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) Divide a^-Jaj-J by a;-l 

Working, «-l)aJ*-Jaj- J(aj+J 



Jaj-J 



) Divide i a<+}a'5 - J a*6«+Ja5>-| 6* by Ja'+Jot-ft* 

1 Ex. 38 and 34, it will be observed that the firactional coefQoients 
it be added, subtracted, multiplied and divided by the Boles for 
;ar firactions. In other respects the working is the same as for 
lie numbers. 

) Divide x^-Jbyaj-J; aj*-} byas+J; a'-§a+J byo-Jia^+aa; 
by §a; 3m8-m'+- by 2m; Jo*-l by Ja'+l; Ja'+ft* by 

) Find the following quotients : — 

3fl^-3by Ja«+Ja+J; laJ»-Ja5y+ly«-!-}a;-}y; 

^-ia%+iia'6«+ia6»-^ by J - ^+6« 

.) Divide 1 by aj+i ; »+i by J+« .' l+»»by 1+|; l+4»by 1-Ja;' 
each to four terms. 

.) Divide aJ«+(o+6)a;+a6 by aj+6 

Working, a!+6)aj»+aa;+6aj+a6(«+a 

a?»+ 6aj 

ox +aZ» 
ox +a5 

.) Divide a^ - (a+ &+ c) aj»+ (a6+ac+6o) a? -a6o by a? -c 
»-«)a^-.(a+6+c)aJ»+(a6+ac+6c)a;-o6c(aJ»-(o+6)aj+4& 

- (o+ 6)a^+ (a6+ ac+ hc)x 

- (a + 6)a^+ (ac 4- 6o)aj 



abx "dbo 

dbx -oho 

o ^ 
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Note. — In working examples like (39) the easiest way is to keep the 
coefficients of the different powers of a; in brackets throughout ; the 
rules for the addition and subtraction of bracketed quantities being 
carefully observed. 

(40.) Divide ir^-f 2(a-.l)a;+a2-2a+l by «+a-l. 

(41.) Divide a?+&»+c?-3a6c by a+6+c. 

(42.) Divide o2-6»-.26c-c»by a-fe-c. 

(43.) Divide a?-aa?-(a+2)a;+a«-l by x+1. 

(44.) Divide o*+6Hc<-2a56»-2o2c2-.2Wby aH2a6+6«-c«. 

(45.) Divide a;* - (aH 2a6+6»)ir2 by aj»-(a+ 6) a;+a6. 

(46.) Divide oHa62p-.(2o2+oft+6»)i)»+6p»+p* by €?-\' {a^+}^)p^ 

(47.) Divide 2aVj^+2a^c?+2l^(^ - a*^b^--c*, separately, by b+b-a, 
a+ft-c, a+c^b, a+b+e. 

PROOF OF RULE (c), p. 24. 

35. The Index of tlie Quotient is fonnd by subtracting 
ih& Index of the Divisor from the Index of the Dividend. 

Or, a'"-*-«"=o'"~* * 

For a^=.a.a,a to m factors by Def. 

And a*=a,a.a to n factors by -Def. 

, • . o'»-s-a" = (a.o.a. . . to t» factors) •+• {a.a a. • .) to n factors 

a. a o» . . to t» fSeuitors 
"" a»a,a,.* to » feuitors 



g.o... to TO— n factors 
1 

By cancelling all the n factors common to the numerator and 
denominator 

= a*-" by Definition 

m being greater than n. 

If n be greater than to, then the to factors common to the numera- 
tor and denominator must be cancelled, and the result will be 



Or a"»-j-o»= 

If TO be less than n. 



1 



QH-m 
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Exercise on Chapter V. 

Xl.) Divide by (a— 6) the following quantities : — 
o«-.6«; a?-6»; a*-6*; a*-^^; o«-b». 

Hence it may be seen that a"*— &" is always divisible by (a—b) with- 
out remainder, whatever positive whole number m may be. 

(2.) Divide by (a+h) the following quantities : — 

a«-6«; o'-6»; o*-6*; a'-ft^; o«-.6»; o'-&7. 

From these results it may be seen that a"*- &"* is divisible by (a+&) 
when m is even, but not when m is odd. 

(3.) Divide by (a -6) the following quantities :— • 

a«+^; o^+ft^; o*+t*; o^+l**; a«+5«; 0^+6^. 

Since rem0inders occur in all these cases, it may be seen that 
a^+6* is never divisible by (a— 6) whatever whole number m may be. 

(4.) Divide by (a +6) the following quantities : — 

o«+6*; «•+&■; o*+6*; o^+fc*; oHfi"; a^+hr. 

From these results it may be seen that a"*+^ is divisible by a-f & 
when m is odd, but not when m is even. 

(5.) Taking as an example o•-6^-^a-6, we have a?-68-!-o-6= 

The form of this quotient should be noticed. 

(a) The number of terms is 8, the same as the index of a and h. 

(b) The highest power of a comes first 1 
The highest power of h comes last I 

The powers of a follow in descending order) 
The powers of b follow in ascending order j 

f c) All the signs are positive. 

Take an example of the kind in (2), (3), (4) respectively ; write 
down its quotient, and draw conclusions as to the indices and signs 
similar to (but not the same as) (a), (b), (c). 

(6.) Write down, without working the division, the quotients of— 

a^-y8-4-a;-y a;*-y*-J-a:+y a^+y'-hx+y 

a^-j^-i-a;-y x^'+y^-^x+y sc*-y*-4-aj-y 

^^y7^x-y a?+y7-irx-\-y o^-j/^-j-z-y 

a^-yS-i-aj-y sfi+y'-i-x+y a;'*-y»*-i-a;-y 
ajii+y'i-i-aj+y. 

(7.) Divide 27y»- 1 by 3y- 1 

Working. 27y»-l-J-3y-.l = (3y)»-(l)»+3t|-l 

= (3y)«+(3y) l+Cl)*=V+^y-V\ 
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Similarly. 32a^+2486»oio^2o+3&c» 
= (2a)»+ (3ftd»)*+2a+3&c« 

= (2o)* - (2a)» . (36c*) + {2a)* . (36c*)« - (2a) . (36c«)»+ (3&c«)* 
= 16(«*-24a»lK^+36aWc*- 54a6»(J»+816«c« 

In like manner find the following quotientB; — 

4a«-l-j-2a+l; l+8«^-j-l+2a 
l-8a^-,-l-2a; 16a«-l-4-4o-l ' 
9a«-6*-!-3a«+6'; 4a«6»-c*+2a6-c 
25a«ft»c«-16aj»-i-5a5c+4a5; a*-l-i-a-l 

9a«-.165»-l-3a-46; 16ajy-.«*-j-4ay+« 
27a»-86»<J>-l-3a-26o; 81(i*-l-J-3a+l 
343a?-8-4-7a-2; 243a»+32&^-4-3a+26 
64a?(i»+86«(J»-!-4ad+26«c« ; 32iB»y»«»+1024o«63c»+2a5y2+4a6c. 



CHAPTEE VI. 

INVOLUTION AND EVOLUTION; 

Or, the Method of obtaining the Powers and Boots of Algebraical 

Quantities. 

37. Involution is the method of raising an Algebraicdl Qyantity 
to any required power. 

By Def. 10 it appears that this process consists in suc- 
cessive mtdtiplications of the same factor. 

Thus the square or 2nd power of 3 

=3x3=9 

The cube or 3rd power of 2a 

=2ax2ax2a 

=8a». 

We shall now consider some particular cases of Involu- 
tion to which short and convenient rules may be applied. 

Ex. (1.) Baise a' to the third power. 

Since {a*"f=a*xa*Xa* 

=a*xa*=:a' 
.-. (o»)»=a«. 

Similarly it will appear that 

(a«)»=a»» 
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Ex. (2.) Find the 4th power of 2a5V. 

{2dt^i^y = 2aJ«c» X 2a6»c» X 2a6»c» X 2a6«c» 

=2x2x2x2x a.o.o.a.6«.6'».6«.6'.<}».c?.fl».fl» 
=2*.a*.6».c>« 

or (2a6V)*=15a^c>«. 

88. From these examples we may dednoe the following 
Eidefor raising a quantity ofom term to any required power. 

RULE. 

Mvitijfiy the index of each letter by the index of the required 
power. 

Note, — ^ThiA rale is in fact the same as that given in p. 19 for the 
index of the product of different powers of the same letter ; for by that 
rule we add the indices of the factors together; but, in the case of 
Involution, the indices of all the fEictors are equal, and to add a num- 
ber of eqwd indices together is the same thing as to multiply one of 
the indioes by the number of them. 

Ex. (8.) Baise -a^xy to the third power. 

( - o'ay)* = ( - a^a^y) . ( - o'a^) . ( - a?xy) 

Hence it appears that when the quantity is negative and 
the index of the required power is odd, the sign of the 
required power is also negative ; for the product of an odd 
number of negative factors must be negative. 

But, if the quantity be negative, and the index of the 
required power be even, then the sign of the required 
power is positive ; for the product of an even niunber of 
negative factors must be positive. 

Ex. (4.) Find the square of (a+5). 

By the accompanying multiplication it is seen that a+ h 

a+h 

a^+ah 



(o+l>)'=a«+2a6+6« a*+2ab+¥ 

Similarly we shall find by multiplication, that 

(a-&)«=o«-2a6+6» 
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Now a*+2a6+6* is made up of the square of «, the square of 

h, and twice the product of a and h. 

And a'— 2a&+i* is made up of the square of a, the square of 

( - 6), and twice the product of a and '' — 6). 

Or, the square of any binomial (a+&) consists of three terms 

1®. The square of a; a' 
2*». The square of o; 6* 
8<*. Twice the product of the two quantities a and b ; 2ab. 

The learner is requested to pay very particular attention 
to this Eule ; for more errors arise from the neglect of it 
than from any other cause. 

Ex. (5.) Find the square of 3a -26. 

(3a-25)«=(3a)«+2.(3a).(-26)+(-26)« 
=9a«-12a6+46«. 

Examples IX. 

Ex. (6.) Write down the squares of the following quantities : — 

Sah, 8a«c, -9a», -ax*y', -lOaz*, 8pV. 2a, ^x^% -2xy««, 
axy, ^hc^d', — 4a;*y'2;*. 

Ex. (7.) Obtain the following powers : — 

(-8a)', (4a«)«, (7a6)», (-26»)S (-3a6c)». (3a?)*, {-xyzy, 
{2xyz^)\ (10p»2V)», (-100a^)«. 

ilz. (8.) Write down the squares of the following quantities : — 

(a-1), a+2, 3a4-26, 7o4-4, 5x-2y, ax-hy, 7«-4, a6c-4, 
ax^+hf, 3ar»-4y», a^z-2h*c, ah?+li^f, bsfi-af, -a+1, 
"xy-yz. 

To find the square of a+b+e, 

(a+5+c)«=(a+H-c)« 

=a+6|«+2a+6.c+c« 

if a+b be regarded as a single quantity. 

.-. (a+6+c)« = (a«+2a6+62)+2ac+26c+c« 
= a«+6«+c«+2a6+2ac+26c 

Sunilarly (a+6-c)«=a«+&*+c«+2a6-2ac-26c. 

Again, the square of a+b—c+d, may be found in a similar manner. 

For {a+b'C+dy={a+b-c+dy 



_(a+6«c)«+2a+6-c.d+d« 
_fl«4.5«-|-c*+2a6-2ac-26c+ 2ad + 2hd 

^2cd+d^ 
=o«+62+c»+d*+2a6 - 2ac + 2a<i - 25c 

+2bd-2cd. 
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89. By observing the two last results we may deduce 
the following Etde for obtaining the square of any Multi- 
nomial. 

RULE. 

Write down the square of each term, and then twice the product 
of each term into the several terms thatfdhw it. 

Examples X. 

Find the square of 2a->3&+c. 
By the Eule (2a-36+c)«=4a«+96»+c*- 12a6+4oc-66c. 

(2.) Write down the Bquares of the following quantities : — 

(a+ft-c-d), (o-26+3c), (l-a;+a^), {1+x-x*) 
(o-26-3c-3d), (l-2a;+3a;«-3a^), (a-26+3c-4d+5€) 
{dbc+abd+acd+bcd), (l-2«+3a;«-3iB»+4x*-5jB5) 

2iB«-3a;+7, a?-7x+12, aHa&+fc*. 
(3.) Expand the following expressions : — 

{i-xY. {i-x+^y, (i-xy, g+i). (I - 1)' 

(1+1 + j + j)'. (2a-5&)», (aa^-te+c)«. (3x-iy 

(-+-+v')s(f-^y.(^-j+:-iy- 

(l+a;+a!*+aj>)3, (o-6+c-d)s, l-2a5+3a^-4a?)8 



&■-?)'• ('-?)'■ (•+'•)'■ 



(4.) Let it be required to find the coefficient of a^ in the expan- 
sion of 

(l+aaj+6a;«+car»)« 

Since we know that the square of the whole quantity within the 
brackets consists of the squares of each term, together with twice the 
product of each term into every term that follows it, we need write 
down only those terms which produce a^. Now the only products 
which contain a?, are 1 X cz? and aa X hx\ 

Therefore the coefficient of a^ in the expansion is 2c+2a&. 

Similarly, the following may be found : — 

The coefficient of a* in (a*+aHa«+l)" 
Of iB» in (1 - »+a;«)S of a^h in {a^-db+V^y 
Of y» in (1 - y)\ of o^ in {x^+xy+a^y, 

40. Evolution is the method of extracting any required 
root of a given quantity. 



f > 



) ) 



» f 
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Since x^xafi = a;" 

. • . aJ «" = JB? by Definition. 
Also, a;*Xa^Xaj< = a;i« 

a?Xa?Xa^X3^ = a;'^ 
.-. V^^ = «3 

Since 2a x 2a; X 2a; = 8ar* = 23a;? 

.-. ^ 8a;3 _2a; 

And, 3a2.3a«.3a«.3a2=81a«=3^(aV 

Again, 4:a?hc . 4a26c . 4a26c = 64a«&»c8 = 4So«b3c» 

.-. y 64a«6»c8 =4a26c. 

41. From these examples we may deduce the following 
Rule for extracting any required root of a given quantity consisting 
of a single term. 

RULE. 

Express the numerical coefficient as the power of a number, 
having the sama index as the required root. Then divide each 
index in the quantity by the index of the required root. 

Examples XI. 

(1.) Find the square root of a«62, of 4a;*, of ^a^lfhfi 

Working, /Jc^-a^ll^ by dividing each index by 2 

or ^a^h^=db the figures in this case being 

omitted. 

Also, V4JB*= A/^=2KiiP 

And, ^27o3bV =^3V6»a^ = 3KaKhKx' 

=dab3^. 

(2.) Find the square root of 16a<, 9a*, 25nMp\ 36a*Wo, 49aV. 

(3.) Find the cube root of o', 8a«, 8a»6'c3, 8a«6*c2, 125o3, 216xyz», 
343ai36i2c34^ 512m3nV» 7292", 27wV, 64a;V. 

(4.) Find the 4th root of lQa*h\ 81o*6V«, a;y««. 
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(5.) Express the following in their simplest forms : — 

^i28a", y27m3»'2, V49aV, Vl21aY«'*- 

42. Since (+o)x(+a) = +a2 
and (-o)x(-a)=+a2 

and Aja?=-a\ 

Similarly y^=+a») 
or -a2J 

and thus it may be made to appear generally, that an even 
root oi 9k positive algebraical quantity is either positive or 
negcUive. 

Again,.since (+a)x(+o)x(+a) = +a? 
and (-o)x(-a)x(-a)= -o' 

V— ^=— a] 

Hence it may be shown that every odd root of a positive 
quantity is only positive, and every odd root of a negative 
quantity is only negative. 

Also, it is impossible to extract any even root of a negative 
quantity ; for any even number of equal fiBictors multiplied 
together must give a positive result. 

(6.) Extract the square root of \aH^, 
Since VF=J 

(7.) Find the square roots of the following quantities :— 

*** ' 1662* 25a262' ioo' 9Xd?¥<fi' 
(8.) Express the following in their simplest forms : — 

y?f y 32a^bScS /l69o«6»V 

V 81* V 243aW6w^' V 196a^*W 

43. To investigate a method of extracting the square 
root of any compound quantity. 

Since (a+ 6) . (a+ 6) = a2+ 2a5+ 62 

VoH2a6+62 =o+6, byDef. ofthewvaax^TwAK 
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We must now consider, how (a + b) might he deduced from 
a'+2a6+6*, the latter quantity heing given. 

The first term (a) of the root is evidently the square root of (a^, 
that is, the first term of the root is ohtained hy taking the square root 
of the first term of the given quantity. 

a2+2a6+6?(a+6 



2a+6) 2a6+6? 
2a6+62 



If, then, a? he suhtracted from the whole quantity, there remains 
2a&+&3^ and to ohtain h from this, it is necessary to divide the first 
of its terms hy (2a), the douhle of the term already ohtained : this 
result is (6) ; and if 2a+6 be multiplied by (6), the product is 2a6+6^ 
which just makes up the remaining quantity. 

The Rule for extracting the square root of a quantity 
may be stated as follows. 

j(a.) Arrange the terms according to the descending powers of the 
same letter, 

(b.) Eoctract the square root of the first term and write it in the 
quotient^ square this^ and subtract the residt from the given 
quantity y and consider the remainder as a new dividend. 

(c.) Double the quotient and write it as a trial divisor ; find hmo 
often this is contained in the first term of the dividend^ and write 
this result both in the quotient and divisor, 

(d.) Multiply the whole of the dioisor thus formed by ^ the term 
last written in the quotient, and subtract the result* 

(e.) Jf there be still a remainder, proceed again according to (c), 
remembering to double the whole cf the quotierd. 

Examples XIL 

(1.) Find the square roots of the following quantities : — 

a«-4a5+462 4aH4a!>+62 

a?-6aj+9 4a;2-l2aJ+9 

a;*+2ir?+l a2d;2-4ax4-4 

(fi - lOaH 25 4a*624.28a26+49 

9a? - 24a*6+ 1663 25aJ*+ 60a;^4-36y2 

16a262+40a5cd+25c2dP ^Q3^^-U^h+^^ 

144xV - 72aj2y222+9a!2y* 49a^d2 - l^abcd+12W<?. 
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X2.) Find the square root of a«-4a*+8a*-10a?+8a«-4a+l. 

Working. a«-4a«+8a*-10a3+8a2-4a+l (a?-2aH2a-l 
a* 

2a3 - 2a2) -4a*+8a* 
-4a«+4a* 



2a3-4a«+2a) 4a*- lOa'+Sa^ 

4a*- 8a?4-4a« 



2a»-4a«+4a-l) - 2a3+4a2-4a+l 

- 2aH4a2-4a+l 



An8, a?-2aH2a-l. 

(3.) Find the square roots of the following : — 

a2+624.c2+2a6- 2ac- 26c 

a2+462+9c2 - 4a!> - 6ac+ 126c 

9a^- 18x*- 6a?+9a?+6a;4-l 

9a«- 12a?+46a*+38a»+5a24.154a+121 

aji2 - 2x» Y+3a^ - 4aJ»/+3jB*y8 « 2;^io+yia, 

(4.) Find the square roots of 

62 , a« 

a«-a6+-; 4a<-Ja?+-- 

Aa^-fac+l; {a?+2icy+Sj/8 

g* . gy . y^ _^ I ^ ^ 

4"*" 16 4 4"*'2"4 

4a*62-2a363+^ 
4 

J a«+6a»+i a26»+§ a634. J 6*. 



rs.) Find V»^*»-2aJ"+l 

Working, «*" — 2x"»+ l(a^ — 1 



a;" 



2a^-l) -2a;"»+l 
-2a?»+l 



-ifW. »"*— 1. 

Where the indices contain letters, as in this example, the same 
rules must be observed as when they are whole numbers. 

(6.) Find the square roots of the foUowiag : — 

4a*»-12a"'+9; a«P-4aP69-46«9 
a*P- 6a8p+15a*- 18aP+9 

9a*"6*"-24a*»+». 6"^+16a*"6*» 
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aj«»y - 8a?+«. y^T^ 16aV"- 

"25 T"*" 45 ^y+ 4- 

44. We shall now investigate a metliod of extracting 
the cube root of a given quantity. 

By actual multiplication it is seen that 

(a+6).(a+6).(o+6)=a?+3a«6+3aJ»+63; 

that is, the cube root of cfi+Sa^+Sdtl^+l^^a+b, and we must now 
consider how (a+6) may be found from a?+3a'6+3a6*+b'. 

aS+3a26+3a6S+6»(a+6 






Now a, the first tenn of the root, is the cube root of the first term a?. 
Let a be written in the quotient ; then, if a be cubed and subtracted 
from the original quantity, there remains 3a%+3a^+^> &nd h may be 
obtained from the first term of this by dividing it by 3a^ Let 3a^ be 
written as the beginning of a new divisor, and h be written in the 
quotient. Then, if the two terms 3ah-{-JP be annexed to 3a' in the 
divisor, and these three terms be multiplied by 6, the result will be 
3a%+3a&^+^, which, being subtracted, leaves no remainder. 

Hence, the Rule for extracting the cube root of a compound quan- 
tity may be stated as follows. 

(a.) Arrange the terms according to the descending powers of the 
same letter (a), 

(b.) Eoctract the cube root of the first term ; write this root (a) in 
the quotienty cube it and subtract. Consider the remainder as 
a new dividend. (3a*6+3a6*4.6'). 

(c.) Begin to form a new divisor hy squaring the quotient (a) 
and multiplying itbg S (3a*). 

(d.) Divide the first term of the dividend hy this trial divisor , and 
write the result (6) in the quotient. 

(e.) Complete the divisor hy annexing to it three times the product 
of the two terms of the quotient (3aft), and the square of its last 
term (6). 

(f.) Multiply the divisor (da*+3ab+l^) hy the last term (h) of 
the quotient and subtract^ 
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(g.) If there he no remainder, the root is ccmpletely extracted, but 
if more terms remain, proceed again according to (c), (d), (e), 
(f), remembering that both terms of the quotient are mm to be 
dealt with. 

This process^ beginning with rtde (c), must be continued till the 
entire root is found. 

Examples Xm. 
(1.) Find the cube roots of the following : — 

a?-6a^+12a;-8 a«-9a*+27a»-27 

64a?+48a?4- 12a;+ 1 8a3+36a«x+ 54aar2+27a' 

l-15a6+75o262-i25a363 -8x8-48jB»-96x<-64a:». 

(2.) Find the cube root of x^- 6a;H 21a;* -44a?+ 63a? -54a;+ 27 
Working. a^-6a;*+21a;<-44a?+63a?'-54x+27(a?-2a;+3 

3x* - 6a?+4a?)-6a?^+21a;<-44a!? 
-6a*+12x«- 8a!? 



3(a?-2a;7 = 3«*-12a?+12a!? 
+3(ai2-2a;).3+32=3a;* 
-12a?+21a?»-18a;+9 



9«*- 36a?+63a?-54a;+27 
9a;* - 36a!?+ 63a:2 - 54a;+27 



The learner should notice carefully the way in which the second 
diyisor is formed : the quantity (a?— 2x) is regarded as a single quan- 
tity at first, and is placed within brackets ; the divisor is then formed 
by rules (c), (d), (e), and the whole quantity is then taken out of 
brackets and multiplied. 

(3.) Find the cube roots of the following quantities : — 
Of a^+9a^+6a;*-99a?-42a«+441x-343; 
Of jc»+9a:Py4-36a:7j^+84aV+126x*y*+126xy+ 84xy+36a?«^ 

+9xy9+2/». ; 
Of 27a? - 54a26 - 27a2c + 36aJ2 + 36afic+ 9ac2 - 863 - x2&2c 

-66c»-e?; 
Of a»-3a«+6a7-10a«+12a5-12a*+10a?-6o2+3a-l; 
Of a» + 9a^tP + 27a7h* + 3a75 + 27a«6* + 27a^65+81a»6*+3a*6* 

+Sla*V + 2W¥ + Sla^lfi+aW + Sla^¥ + 9a26»+27a67 

+2769. 
y^i. fl^ /v<*' . 27a __ 

Of fta?-2a?y+|!r9»-Vj(» 

Of 64afti?-12a»aB*+iaV---- 

Of a«"-3a*«+6a*"-7a3"+6a«"-3a"+l 
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CHAPTEE VIL 

THE GBEATEST COMMON MEASUBE AND THE LEAST 

COMMON MULTIPLE. 

45. Bef. Kisn algebraical quantity that divides another 
without remainder is called a measure of it. 

Thus a is a measure of 3a^ 

7a2> is a mectsure of I4a&c 
and (a+6) of a2+2a6+6?. 

Any algebraical quantity that divides tnoo others without 
remainder is called a ccmmon measure of these two. 

Thus a& is a common measure of 3a^& and 6fl^. « 

The greatest algebraical quantity that divides two others 
without remainder is called the greatest comnwn measure of 
these two. 

Thus Sab is the greatest common measure of Ba% and BoC 

Where the quantity consists of a single term, all its 
measures may be found by simple inspection. 

Thus the measures of 12a^l^c are — 

2, 3, 4, 6, 12 ; a, 2a, 3a, 4a, 6a, 12a; ah, 2ab, Saby 4a&, Gab, 12ab; 
abc, 2abc, 3a6c, 4a6c, 6abc, 12abc; a\ 2a^, 3a^, 4a2 6o2, 12a«; 
a% 2aV), Sa\ ^a% 6a% 12a% ; &c. 

If the learner writes down all the measures, he will find that the 
Whole number of them is 143. 

Write down all the measures of the following quantities : — 
8a2, 69a6, 15a^a^ ; ai^d', 30a\ p^qh-K 

Find the g. a m. of 4a2a? and Qabx. 

It is evident from inspection that 2ax is the greaiest quantity 
that will divide both of the quantities without remainder, 
. • . G. c. M. of 4ia^2? and 6dbx=2ax. 

Examples XTV. 

(1.) Find the G. c. m. of the following quantities : — 
7at^a? and 14a2a5 ; a^he^ and ab^c ; 
-4a3a? and lOfcy ; 12xyz and - 12zV22 ; 
-48a36?c and -36a62c3 ; 10af^lfid*a?fz and SOabf^<?xY^' 
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(2.) Find the g. c. h. of the three quantities'^ 

4a26c, 6a62c, 5a6c3 

The G. c. M. of ^aV)e and 6a6*c= 2a6o. 
And the g. c. m. of 2a6c and 5a6c*=a6c. 
And G. c. M. of 4a^6c, 6db^ and 5ahc^ = dbc. 

Hence, to find the g. c. h. of three algebraical expressions, find the 
G. c. M. of the first two, which call M, then find the G. c. m. of M and 
the third quantity ; this will be the g. c. m. of the three expressions. 

This rale may be extended to find the g. c. h. of four or any number 
of quantities. • 

(A proof of the rule will be given hereafter.) 
Find the G. c. m. of the following quantities : — 

3irs, 6a?, 2x ; ia?y, exyz, 12xyz ; ld?\^(?, UaV^d?, 21a«(AP, 212AAi* 

ISp'sV, 35p2g3r2, 20p2gV ; 

-9o6cdc, -18de/, 12od/; ~a^,xh\ -y^z*; 

4af"+'.y"+*, 12af"+*.y^+*; 8a5"»j/*'V", 12x*^«*", 4a^"y"2*". 

(3.) Find the G. c. m. of ah? and a^x+aa?. 

Now a^+ da? = aa;(a+ x) 

And the g. c. m. of ah? and ax{a+x)=ax. 

Similarly may be found the g. c. m. of the following : — 

Soju and (6a2-6aaj) ; (4a«6-4a62) and (2a?-2a«6) ; 
Sa^lPt? and {^a^bc'4:al?c+iah(?) ; 

ooj ( -a?) and aV(aHa?); Ga^ft^, i2a6(a-6), lSab{a+h); 
(a»a;-a?)3, (aa?»+a?), 2aa?, 

46. When the quantities both contain more than one 
term, it will be necessary to proceed differently. 

The Eule in this case may be thus stated ; — 

Arrange both the quantities according to the descending powers 
of some letter which is common to both; make the quantity of 
highest dimensions the dividend, and the other the dioisor; 
work out the division as far as possible : then make the re- 
mainder a new divisor , and the former divisor a new dividend; 
work out the division again as far as possibhy continue the 
former process with the remainder and divisor until there is 
no remainder. The last divisor loUl be the greatest commort 
measure required. 

If A and B represent the two quantities whose G. c. h. is reqtured, 
the dimensions of A being equal to or greater than B, the process may 
be thus written : — 
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B)A{p 
pB 

C)B(q 
rD 



Here A contains B, p times with a remainder C, 

B « t» C, q tt » » » » •*^» 

C , , J), r times exactly. 

It is now required to prove that D is the a. o. ic. of the two quan- 
tities A and B, 

The proof of this rule depends upon the truth of these 
two propositions. 

1\ Jf one quantity/ measure another ^ it wiU also measure any 
multiple of that other. 

Let X measure F, m times 
i.e. Y =m.X 

then nY =.mn,X, 

or, X measures nY, mn times. 

Example. 5x measures lOa^. 

Also, 5x measures 20a^, 30x^, 40a:?, which are multiples of lOa^. 

2°, If one quantity measure two others^ it wiO, also measure the 
sum or the difference of these two. 

Let X measure Y, a times and Z, h times. 

So that Y = aX 

Z = hX 
Then Y+Z = aX+hX 

or, Y+Z = {a+h)X 

and Y-Z = aX-hX 

or, Y-Z = (a-6)X 

j^eafTipZe. 8x^ measures 15as? and 9a^ 

.-. 9a?+15a?=3a:?(3+5a;) 

or, 3a:? measures 90^+152? 

Also, 15a?-9a:? = 3a?(5a;-3) 

or, 3a? measures ISa:^ - 9a?. 

Now, by referring to the division, we see that— 

A=pB+C 
B=qC+D 
* C=rD. 
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That is B=qrD+D 

or, B = {qr+1)D; .*. D measures ^ 

A=p.{qr+l)D+rD 
or, A = (j^-{-p+r),D; .*. jD measures A 

jD is therefore a eammon measure of A and B, 
We must now show that D is the greatest common measure of A and B. 

For if D be not the g. c. m. of A and B 
let J^bethea. c. M. 

Since E measures A and B 

.' , E measures A and pB and A -pB by Prop. (2). 
That is E measures C ; for A -pB = C 
,'. J^ measures gC and B-^C 
or, J? measures JD; for jB-gC=I> 
.' . E the a. c. h. of A and ^ cannot be greater than B, 

Examples XV. 
(1.) Find the G. c. m. of x2-7a;+12 and ay^-Saj+ie. 

WwUng, Q? - 735+ 12)x? - 8a?+ 16(1 

»2-7x+12 

-a5+4)a?-7a;+12(-aj+3 
a!'-4a5 



-3x+12 
-3a;+12 

.• . G. c. M. = — aj+4 

or, oj- 4, if we multiply ( - a;+4) by ( - 1), which is always 
allowable. 

(2.) Find the g. c. m. of the following quantities :— 
fl:3+6a5+9 and a?+5x4-6 
a;2- 154-56 and a;^- 16x+64 
aj*+a52-12anda;*-9 
a52+3a;+2 and a?+3a:2+3a;+l 
a:?-5a:?+5a;-4 and a52-5x+4 
6352+7x4-2 and 12x2+16x+5. 

(3.) Find the g. c. m. of 3x2+4x+1 and 3x?-2x«-3x+2. 
WwUng, 3x?+4x+l)3x8-2x?-3x+2(x-2 

3a:3+4x2+x 

-6a?-4x+2 
-6x2-8x-2 



4) 4x+4 



• 



x+l)3x2+4x+l(3x+l 
3x2+3x 

x+1 
x+1 



u 



Note. — lit tins esamiile, Hn 



'■te4~t. i» »fividadby4r ft 



ibai fibunii tint ^z+t^ <fiviiie» into 3x^+424-1, and tiie oaaoit d 
tuned br diyidm^ by x+-V: ifSl b» coiiaet: fiir it m efrideot tiuiit ti 
•>. a X. of ' uH-I.- and 3 k r h ta H-I i» the ann a* the <i. a m. of -IcbH- 
and 3ar-MiBH-r) : aiii» liififiMter^^ windii»(iiiiiitBd,>ift ivputof ti 
a. CL X. And in. all caseei the remninditt' ^lonid be JmiEed bjr « 

(i.) Wind the a. a X. of the &nowin^: — 

<i*-^ skL ^a-f^;» ; a^5»4-« and JBr-«3r+-2 

ar-* - 12 and ii^-Ae-flfi ; ar-lDO and ar~JB-9«. 
jB»-IlaH-2D and jJ*-5aB?-H)ar-«5 
72?-3icM-28!ir- 12 and 14flr4-*-3 
arS-5ar— 12and i!*-Nr-12. 
a!»~22B~15 and aaH-ateH-lte-^ 
24a!H-4&B2-h29aH-45 and .aaa~22ar~llx+^ 
«a*-M0aB»-12ir-17aH-o and laai^H-rTa^-^SisH^aB+o 
iB*-7aH-10 and Ji^^4Sar^liQgf^im 
3«r->10a64-^«2 ami 30H-4a&-4i^ 
4«*H-14fl!^-h«af¥~21ayi-18y* and arM«14fl?y--3sE52-«2i:f». 

(5L; B^nd liie «i. CL M. (rf 12x»-13ary--llaar4-aB* and 



12B*-^iaB2y-lIa>r+^12rN-50a^-^28«y-«5i^ 

12x^~iaB?j- lla?yH^2zj2 

-Ir 



252a?y - 273ay- 2Slacy»+42^ 
/^429aBy-fl99ay»-o8y* 
^29ar-hl9«av5»r' 
429«H-19eay-o8r 1'^*^- 18«9ir2y- 1573b^ 

171 jH- 79«ap!y^ 232xr 

-2665a!2y-.13«acr4-28«^ 

^143 



379666ary+ IdlTtSter- 408&8y3r 886y 
379tf6&B^+ 176115sr - olSSOy^ 

52i6^ri5«S^+liH32^ 



42»«H-:i8tey 
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This example should be carefully studied, and the following points 
observed : — 

V*. One of the quantities is multiplied by 2, in order that its 
first term 12a^ may exactly contain the first term of the di- 
visor 122^ ; similarly, the first remainder is multiplied by 4, in 
order to make its first term divisible by that of the divisor. 
2°. The second remainder is divided by y^, before it is used as a 
divisor. 
Similar observations may be made on the second part of the process ; 
and a like method must be pursued whenever the remainder or divi- 
sors require it. 

(6.) Find the g. c. m. of the following quantities : — 

2x*+a?+5a?+2x-18 and 4a?+7sc2-8a;-U 
21aj»-47x-24 and 6a?-16a^+9a;-24 
4a?-9a26-16afc2+2163 and 3a*-6a36-lla262+4ai»+6&* 
110a2-221o64- 11062 a^d 110a2+21o6- 11063 
24a*-22a36-17a«62+23a6»-66* and 
24a* - 14a36 - 23a^l^ - 22a63+ 66* 
48«*+68a?6-84a26»-41a6'+306* and 
105a*-34a86- 160a«68+208a63-966*. 

(7.) Find the G. c. m. of 6a«aj-6x? and Sa^aM-lSaa^+lSx*. 
Working. 6x)6ahi - 6a? Sx^)3a^a?+ 18aa?+ 15aJ* 

^^^ aH 6ax+ 5ji^ 



a2-a?)o2+6aa;+5a?(l 
a2 -.-B^ 



ex)6ax+6ix^ 



a+x)a'— a;*(a— as 
a^+ttx 

— ax—a? 

— oas-x' 



a+x is therefore the g. c. m. of a^-x^ and a^+Qax-{'5a?, but the 
original quantities were divided by 6x and Sx^ respectively, before the 
operation began, and these contain a common factor 3x. 

Hence the G. c. m. of 

6a2x-6x? and 3a2x2+18aa?+15x*=3x(a+x) or Sox+Sai^. 

Note, — ^Any factors which can be discovered by inspection should 
be removed from both the quantities at first, and if any of such feictors 
be common to both the quantities, they must be introduced into the 
G. c. M. as in the last example. 

(8.) Find the g. c. m. of— 

4fl^+32x+28 and 6a^-24x-30 
7«*y+7aiy and 5ai^"5xt/^ 
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2a!?-8a5«y+16aJ2/3 and 8a?-4jBy-24^ 
3a:?-3aj-36 and 7jr?- 56x2+ 112a; 
5a?-55a5+100 andlOiB*-50iB?+90a58-50aj 
14aV-6a^+56a:3^-24j^ and 42a%+3icy-9y 
3a?-24x«-36a;+432 and 6JB*-32a?-24a;^. 

47. To find the G. c. m. of three algebraical quantities 

RULE. 

jPYrs^ /rw? *Ae G. c, u. of X and Y; call this M: then find 
the G. c. M. of M and Z; this shall be the G. c. M. of X, 7, Z. 

To prove this, consider — 

1*>. That every common measure of X, Fis a measure of JM";* 
and, therefore, every common measure of X, F, Z is a com- 
mon measure of M and Z, 

2°, That every measure of Jlf is a common measure of X and F 
(page 42), and, therefore, every common measure of M and 
Z is a conmion measure of X, F, Z, 

Hence all the common measures of M and Z are the same as the 
conmion measures of X, F; Z, and . * . the a. c. h. of M and Z must be 
the G. c. M. of X, F, Z. 

48. To find the g. c. m. of four quantities X, F, Z, TT. 

RULE. 

Find the G. c. ^.ofX^Y^Zly the last rude; call this N: 
then find the G. cu. of N and Z : this shoM he the G. c. M. of the 
four quantities. 

The proof of this rule is similar to the last ; it should 
be written out by the pupil. 

A similar method is to be used when the g. c. m. of five 
or six, or any number of quantities, is required. 

Examples XVX 

(1.) Find the G. c. m. of— 
4x2, iojbj^^ 20aV 
-a?62c, 3a263c, -lOa^ftc 
14a2, 1062, 16c2, 2^2 
24a^z, 120«Vz^ 48a?i/»23 
7a6c2(P, 12a268cd, 24a25cdP, Uai^<?d. 
448p3^», 56(ygV», 480pY*^- 

* For if it were not» X and F would have a oommon factor, P sappoee, not contained 
inJCand, therefore, Xand r would be divisible by the product of P and Jf, or their 
0. a JK, is greater than Jf, which ia impoMdble. 
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(2.) Find the g. c. m. of— 

4a^, lOojy* and ^a^^xt^ 
(x+yY, 4a;+4y, 6a5»+12ajy+6j^ 
{i^-xy)\ 2?'\-xy)\ a?.(a?-j/«)» 
15a^, 3(a?+as5)». 24(a? - xzf 
o«+2a6+62-c». o«+2a<J+c»-68, 68+25c+c»-a« 
(aJ*-y*), (a5«+y^)«. 4a?+4ajjr^. (aV+y*)' 
a?+6a!+9, x*+5a;+6 and a52+2a;-3 
12a^+16aj+5. 8a?+4x2+6aj+3 and 6x2+7a;+2 
iB*-10a?-4aj+40, a?- 100 and a^-aj-QO 
21a»+aft-106«, 3aH4aft-468 and 3a«-10a6+868 
2x*+a:'-28, a^+aj^- 12 and 2a;*+5a;2-12 
12a?+17»»+3aj-2, 12a:?+23a«+13a;+2 and 3a?-3a:?-3a;+3 
a^- 13a?+36, a!*+a:?- lla?-9a;+18, a^-10a?+9 and 
a^-a?-13a^+aj+12. 



THE LEAST COMMON MULTIPLE. 

49. A " Common Multiple " of two algebraical quantities 
is one that contains them both a certain nnmber of times 
exactly. 

The " Least Common Multiple " of two quantities is the 
least quantity that contains them both a certain number 
of times exactly. 

Thus 12 is the l. c. k. of 6 and 4, 

and ISa'b' is the l. c. m. of 3ali' and 5a%. 

To find the l. c. m. of two quantities, observe the following 

RULE. 

Multiply the two quantities together, and divide this product hy 

their o.CM. 

This rule may be proTed as follows : — 

Let XF be the two quantities 

M i^eir o. c. ic. 
Also, let X=MP 
Y=MQ. 

Then PQ can have no common factor, for if they had, ilf could not 
be the g. c. m. of XY, 

Kow MPQ contains MP or X and MQ or Y; therefore, MPQ is a 
eomimon muUiple of XY. Also, it is the least common multiple of 
XY. For the l. c. m. must contain all the factors of M and P toge- 
ther, also it must contain all the fiEictors of M and Q \o^\k«t \ \ra^ 
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since P and Q have no common factor, it must therefore contain all the 
factors of JtfPQ together, and MPQ is the least quantity that contains 
all these. 

Hence MPQ is the l. c. m. of X and Y. 
But 3^pQ^3fPxJfQ 



M 
X.Y 
M 



which is the L. c. m. 



Examples XVIL 

Find the L. c. m. of 15a^ and \2ah. 

Working. G. c. m. of 15a?hc and 12ab 

_15aV)cxl2ab 

= 15o26cx4 
= 60a26c. 

Also of 3(a?-a2) a^d 23?+2ax. 

Here the a. c. h. is found to be x+a 

• * a La Ca Ma — , 

= 3(a?-a*)x2aj 

= 6a;(a52 - a^) = 6a? - 6o%a 

Note. — In the fractional expression for the La c. h. the denominator 
should always be cancelled against some of the factors in the nume- 
rator, before the multiplication is effected. Also, great care should be 
taken to work out all the examples in a form similar to the two just 
giveUa 

(2.) Fmd the La c. Ma of c^-a? and 4flC<+4aV+4a^a 

Bemoving the &ctor 4' fh)m the latter, we proceed to find 
the 0. c. M. 

a^+a^x+aa? 

"O^ — dX^ — Sl^ 



,-. o. c. H. a*+ax-har. 
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And by the rule — 

' ' ' ~ {a^-^-ax+a?) 

= (a-x)(4aH4aV+4aj<). 

(o— a?) being obtained by cancelling (a'+oa+aj*) against 
(j^—Q?, By multiplication the result is known to be — 

L. c. M. = 4a*-4a%+4a?a?-4aV+4aar*-4jB*. 

AH the examples should be worked out in this form. 

For examples of l. c. m. the reader is referred to those in the 
o. c. H., each of which is well adapted for an exercise in finding the 
least common multiple. 



CHAPTEE VIIL 

ABRIDGED MULTIPLICATION AND DIVISION. 
50. By actual nmltiplication we find that — 

Here (a+&) represents the sum of the two quantities a and h. 

And (a- h) represents the difference of a and 6. 

And (a^— 5^) represents the difference of the squares of a and h. 

Hence the above foimnla, put into words, gives the 
following Knle — 

The product of the sum and the difference of any two quantities 
equals the difference of their squares. 

Thus (3a+x).(3a-a5) = (3a)2-ai^ 

(5xy+3a6) . {5xy - 3ab) = (5xy)2_ (3^6)2 

= 25a;V-9a252. 

Examples XVIIL 

(1.) Write down the products of the following, without the work of 
multiplication : — 

4a+l and 4a- 1 ; 6a«-l and 6aHl 
lah+ixy and lab-^xy ; a?+y^ and x^-i^ 
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5a^+2xy^ and 2xi/^—5a^, 
(2.) Find the product of a+64-c and a+6-c. 



Working. — Regarding a + 6 in the first instance as a singly 
quantity, and placing a vinculum over it, we have 

{a+b+c) {a+h-c) = (a+b + c) (a+6 - c). 

= o2+2a5+52-c2. 

Again, the product a + h + e + d and a + 6— c— d may be thu» 
found : — 



{a+h+c+d) {a+b^c-d) = (a+6+c+d) {a+b-c+d) 
= (a+6)2-(^)2 = a2+2a6+62-c2-2a?-d2. 

^0^6. Any two factors which contain the same letters and the samcf 
coefficients may be arranged as a sum and difference, and their pro- 
duct found by the above Rule. 

Thus the two factors 3a-46-4c+5(Z and 3a+46-4c-5(2 are equal, 
to (3a -4c— 46-5(1) and (3a-4c+46— 5d) respectively. 

Find the product of — 

a+b-\-c and a+b—c a+b+c and b+c~a 

a-^b+c and a^b^c d+b-^-e and 6— a — o 

a+b+c and c — a—b a-^-b^c and o— 6— c 

a+c— 6 and b^e^a b'\-o-a and a^b^c 

Also of a+6+c+d and a— 6-c-d5 
6+c— <i— a and a-6+c— d 
l-x+x2-a^+iB* and l+x+a;2+a?+aj* 
l-2aj4-3ai2+4a^ and l-2x- 3x2+4x5. 

Find the continued product of — 

aj+y+2?» x+y~z, and x^+j/^— 22^.23^ 
l+x+x2, l-x+x2, andl-x2-3/4. 

51. By actual multiplication of the factors (x+d) and 
(x+b) as below, we find their product to be — 

aj2+ (a+6)x+a6 x+a 

x+6 

x2+ax 
+6x4-«6 



x2+ (a+6)x+a6 
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Whence it appears that the coefficient of a? in the pro- 
dnct is the sum of the last terms of each factor, and the 
last term of the product is the product of the two last terms 
of each factor. 

Thus {x+7) {x+9) = a?+ (7+9) a;+7x9 

= iB?+16a;+63 

Again, (a;+2)(a;-5) = x^+ (2-5)a;+2x (-5) 

= a;2«3a;_io 

(a;-4)(a;-7) = a^+ (-4-7) a;+ (-4) X (-7) 
= a?-nx+2S, 

Similarly, may the products of the following be found : 

x+13 and a;— 1, x+8 and a;— 7, a;-14 and a— 13 
»+4 and a;-4, x— 9 and a;— 10, a;+10 and a;+l 
a— 3 and o— 2, a+7 and a— 8, a-3 and a+4 
a— 46 and o+76, a— 6 and a— 26, a+76 and a+106 
x-\-y and a;+4y, a;— y and a;— 7y, a?+y^ and a?+4:y^ 
a^'-Sbl^ and a2-462, aH1062 and a^- 1163 
ix?-^ab and f-7ah, a:?-102/3 and a?+2f. 

Also, the continued products of the following factors : — 

x+^y, a;— 4y, and x^+y^ 

For, (a;+4y) (a!-4y) = a?-16f by Rule (p. 49) 

And, (a?^-16y2) {x^+y^) = ar*+ (1-16) xhf^~ IGy* 

= a;«-15a;V-16s^. 

0+36, a- 36, and a^-3l^ 

4a+a;, a;— 4a, and a^+23^ 

la-h, 7a^+h^, and 7a+6 

aj2-2y2, a^-4y* and 22r'+x» 
(aJ+2/)2 and {x~yf, {a+hf and (a-6)8 
{a+h+c, a+6— c and a*— 2a6— 6*— c^. 

52. It has been shown (p. 29) that a"*— t"* is always 
divisible by a— 6, and the form of the quotient was there 
given. Hence the quotient of any quantity of the form 
a"— 6*" -f- a— 6 may at once be written down without work- 
ing out the division. 

Thus, o4-6*-4-a-6=a3+a^6+a62+68 

Also, since a*-6* = (a-6) {a^-{-aV)+aU^+lfi), 

it is always possible to write down the factors of such a 
quantity. 

D 1 
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Examples XIX. 

Resolve into their factors the following quantities : — 

27a366c9-l, 64jp3_g^, 81aV- 25668. 

It was also shown in the same Article that 

a™— 6™ is divisible by a+&, when m is even, 
a"»+6"» is divisible by a+&, when w is odd. 

. ' . a*"— &"» is divisible by both (a-&) and (a+6) in the former 
case. 

Thus a« - 6« = (a' - 53) {a^+V^) 

= (3a-62) (3a+62) (9aH6'). 
Again, 

(a4-2a262+64 = (a«-62) (a^-ftS) 

= (a-&) (a+&) (a-&) (a+6). 

Resolve into all their factors the following quantities : — 

ar^-a*, 64a6-a:«, aV-5««/8, 256aj*-162^, 729a«b8c«+iBV2?, 
64+a«, a>H&^ 1024a»0-l,p3^r»-27, 216a:P-27, a^-j/^, a^+y". 
4a5-4a2a:?, 16a:?+2, a^-a^v^, 192+3a«, a^ii^-x\ 5862- Sa^, 
|>H64p3g«, 4ic7+i28a8a;2. 

53. To resolve into factors a trinomial, as — 

a;*+5a;+4 

In Article 51 it was shown that x^+ {a+h)x-\-ah is the pro- 
duct of two factors (x+a), (a;+6). Now, since aj2+5a;+4 is of the 
some form as x^-{- {a+h) x+ah, let us assume the two factors of it to 
be (x+a) and {x+h). Then we must have — 

a+6 = 5 
a&=4 

And we must now find by inspection such values of a and h as shall 
fulfil these two conditions ; we thus find — 

a = 4 
6 = 1 

Similarly, to find the factors of 

a;2-a;-12 

we must have 

a+6= -1 
a6= -12 
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Therefore, a and h must be of opposite signs, and the negatiye quantity 
is the greater. 

Hence a = -41 

6=3/ 

Or, jB2-a;-12 = (a;-4) (a;+3). 

Examples XX. 
Besolve into factors the following quantities :— 



aj»+7iB+10 

a?+3a;-28 

a^-lla;+10 

a?+lla;+30 

a?+3a^+2y* 

a?-8xH7x 

4aSl>-28a262_72a6« 
lABy-7afca?y-18a2»* 

arV+3iBy-28aY 



a!?+14a;+24 
0^2-805-28 
iB2-4a;-21 
jB2+a;-30 

a;2-7a^+12y2 
^-7^4.1258 

aj»+21a:?+110iB2 



ai2+aJ-90 
a;2-]la;-12 
iB2+4x-21 
a!?-a;-30 
a:^+7«y+10y» 
i?*— 7p5+65' 
j/»-10y2+21y 
o262-a63-420&* 
«*+16x«y+63y» 
^"-2a?62-636* 
xy22+7a^z-30 



CHAPTEE IX. 



FRACTIONS. 

64. In Arithmetic, the Denominator of a Vulgar Frac- 
tion shows into how many parts the whole is divided, and 
the Numerator shows how many of those parts are taken. 
Thus, the fraction 4 denotes that the imit is divided into 
8 equal parts, and that 3 of those are taken. 

Similarly, in Algebra, the fraction - denotes that the 
unit is divided into h equal parts, and that a of these are 



taken; 



a-^-x 



, that the unit is divided into a+x equal 



parts, and that a—x of these are taken. 

Also, in Algebra as in Arithmetic, any fraction may be 
supposed to represent the quotient arising from the division 
of the numerator by the denominator. 
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Thus — =a-4-6 



For J- means the &th part of unity, 

And T- means a of those parts. 

Again, a-i-h means the Mh part of a, which must be a times as 
great as the &th part of unity. 

Hence - = a -4- 6 

o 

55. To represent any integral quantity as a fraction with 
a given denominator. 

RULE. 

MiMply the quantity by the given denomnator. 

For a = ab -4- 6 = -j- 

o 

That is, to reduce a to a fraction with denominator 5, we must 
multiply the a by & for the numerator. 

This rule is chiefly applied to such cases as the fol- 
lowing; — 

To find the sum of o H — 7- 

db ^ ah ah ^ ab " ab 



Again, 1 - 



2ah 2ah 2ah 



Examples XXI. 

Beduce to their simplest forms the following : — 

. 6^ , h a' a^+2ah . , ^462 

a a ¥ (y^ €r 

aj-y , - x^+f x^+y^ a^+V^ 

Working, (2a-2&) (-a+6) = - 2aH4a6-262. 

a^+l^ _ aH&^ -2aH*4a6-2&3 _ 4a6-ag~68 

• * • 2a-26 " ""^ " 2a- 26 " 2a- 26 
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7a+Sh a+x ^ ' 



66. i. To prove tliat t X c = — 



a OA 

For -I- represents the 5th part of a, and -r- represents the (th 
o 

part of ac ; but o/g ]s e times as great as a, and therefore -=- 

is e times as great as -r-* 

o 

Hencej to multiply a fraction by any integral qiuintity, rnvHr 
tiply the numerator by that quantity^ and retain the sarn^ 
denominator, 

ii. To prove that - x c = ^ 

be 

For, in the fonner fraction -7—, a is divided into he equal parts, 

be 

and -7- is one of those parts ; in the latter case, a is divided 
he 

into h equal parts, and ~ is one of those parts, and each of 

ihe parts in the latter case is e times as great as in the 
former case, or 

-r IS 6 times as great as -r--. 
h ° he 

Hence, to multiply a fraction by any integral quantity, we may 
divide the denominator by that quantity and retain the mm/e 
numerator, 

ui. To prove that t -^ ^ = t 



Repeat the reasoning of (i.). 

JSence^ to divide a fraction by any integral quantity, dvoidt 
the numerator by that quantity, and retain the same deno^ 
minator. 
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IV. To prove tnat --7-0 = — 

DC 

Bepeat the reasoning of (ii.). 

Hence, to divide any fradiofn hy any integral quantity, myt- 
tiply the derummatcfr hy that quantity ^ and retain the same 
numerator. 

Note, Bnles (ii.) and (iii.) are not always possible ; but when they 
are so, these should be used in preference to (i.) and (iy.). 

Examples XXIL 

ah? 

^^*^p^y -p^ ^y ^• 

„ ,. , ah? ^ an?(?7? 

Divide — z— by a+x, 
ab 

By (iv.) — 7- -4- a+x = 



ab ah {a+x) 

Here tlie advantage of (ii.) and (iii.) is seen in giving 
the answer in lower terms. 

(1.) Multiply into xy, -^ into xy, -r-y into 6d, 

xy <wc oca 

a^-\-s? a^—a? 

* into aj, -7- — s into 4 {a+o^ 

ax a'+jc' ^ 

(2.) Find the following quotients : — 

a-x ^ ' {db+ey) ^ ^^ 

(3.) Find the following products and quotients : — 

5a«-56» ,^ , 9abc , . ^ . ^ SxY ,. . . x 
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^Z^,,2<i^., 7f^ X (4a«-36»). 
iOxy ^* 16a* -96^ ^ '^ 

';^-^(-3'). ^4-»-(«^+2^). :^^.+('-«^ 

57. K the numerator and denominator of a Fraction be 
both multiplied by the same quantity, the value of the 
Fraction is not changed. 

Thus ^ = ^ 

he 

¥oTf the effect of multiplying the numerator by c is to multiply 
the whole firaction by c, and the effect of multiplying the 
denominator by c is to divide the whole fraction by c ; but when 
a quantity has been both multiplied and divided by the same 
number or quantity, its value is not changed. 

a cbo 

For the same reasons it appears, that if the numerator and 
denominator be both divided by the same quantity, the value 
of the Fraction is not changed, that is 

€Ui a 
68. To reduce a Fraction to its lowest terms. 

BULE. 

Divide the numerator and denominator ly their G, c. M. 

For, since numerator and denominator are both divided by the 
same quantity, the value of the fraction will not be changed ; 
and since the divisor is the o» c. m., no common factors can 
remain in the numerator and denominator, or the fraction 
will be in its lowest terms. 

4a5c 
Reduce , ^ ., . . to its lowest terms. 

Here g. c. m. = 2ahc, 

4ahc 2ahcx2. 2 



And 



lOa^b^c^ 2ahcx5ahc 6db€ 

D 3 



58 PBACTIONS. 

Reduce ^ . » «t . or o ^ i*s lowest tenns. 
Here g. c. m. = a{a+b). 

a^+2aS6+a262 "" a {a+h^x (a^+db) " a^+ofe" 

Examples XXm. 

(1.) Reduce to their lowest terms the following fractions : — 

33? 7dby 12a%2 125a46W a~l 2o+26 

4a;y2* 14a;y Uc^cP' S50a^b'c^d^* a«-l' Sa^-Sfc^* 

o:*-! 4ag6~4o6^ J^ay_ g^+ 1 7(a^-l) 

3^+3' 4^^4a26*' 56y-2cy' ^^"1)2* 14(a3-l) 

4a2&^a62c4.4a6c2' 2*2+3;- 6 * x<+2iBV+J^ 
as'— 3a5— 2 aj^+ooj aa!+ay4-6»+&y 

20^+32?— 1* aj2+aaj+ 605+06* aa;+ay— 6a5— 6y 

»* — aaj*+cr*aj— a* jj^^Oj+^+O m^-wn'* 

»*-a« * l>H2Hr2+2p2+2pr+2gr* w^+wm? 

a2+2a&+ b2-l a^- a; 

o2-26-^-l ' jB*-a;'-a?-a;2-a;-2* 

59. To reduce a quantity of the form of an improper 
fraction to a mixed quantity. 

KULE. 

Divide as in ordinary Division, so long as the work can he 
continmd; the quotient wtU he the integral part, the remainder 
the nuimrator, and the divisor the denominator of the fractional 
part. 

Reduce to a mixed quantity. 

fl*~ aj 

Working, a—x)<ifi+sfi{3^+ ax+ x^ 



a^x+7? 
c?x^aa? 



aa;2+aj» 



2a? 



"'+^ = a2+ax+cc2+2«^ 



o-aj a— J5 
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Examples XXTV. 
Beduce the foUowing to mixed quantities : — 

aj-h ^^ q'+y a?+2x+3 a:»-4 a^+4gy+2y« 
o— 6' aj— 1* a—b' aj-7 ' «+l* jc+y 

a?+y^+z^+xz+xy+yz a»~y 12a:»+9a%+28y« (x+y ) 
«+y+« ' a+l>* 3a?+7y2 

(a+'5) (q»+y) (o-6y 
60. To reduce Fractions to a common Denominator. 

BULE. 

Ihid the Least Common Multiple of aU the denominators ; this 
fciU be the common Denominator of aU the Fractions. Divide this 
L. c. M. fty the denominator of the first fraction, and multiply th£ 
first numerator by the quotient obtained; and proceed in tlie same 
way with every other fraction. 

Beduce , -=•, — r to a common denominator, 
a; JB^ a? 

Working, By inspection, l. c. m = x?. 
And a? -T- a! = a? 

1 s^ 

a; " a?* 

Also, S^-^r7? =z X 

a ^ ax 
•*• '^-~^' 

The last denominator is the same as the l. c. h. and need not be 
changed. 

1 a €? 0^ ax g' 
•'• x' 1^' ^ "!?• a?' a^* 

a+aj a— 35 2a' ■• • x 

Beduce ^77 r, s-;^-r-:. 5-ri — ?: *<> * common denominator. 

2(a-aj) 8(o+a;) 3 (a'- a?) 

Here l. c. m. = 6 {a^-x^ = 6 (a-a;) (a+x^ 

Now, 6 (o2-x«) -4- 2 (a-x) = 3 (a+x) 

o+x __ 3(a+x)(a+x) __ 3aH6flx4-3x' 
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Again, 6 (a2-a;2) -i-3(a+a;) = 2(a-a;) 

(a-o;) _ 2 (a — a;) (a- a) _ 2a2— 4aa;4-2x2 
* * ' 3 {a+x) " 6(a«-a;2) - 6(a«-a;2) 
6(o2-a;2)-i.3(a2-x2)= 2 

2o^ 2x2a^ 4a2 

*** 3 (a2-ic2) " 6(a2-a;2) ~ 6(a2-a;2) 

Examples XXV. 

Reduce to a common denominator the following sets of fractions : — 

a ^ J_ J_ 1_ ^ ^ ^ ^, 
h* "P"' 2^* 3»2' 4aj8' a' ac* 6c' a^ ' 

a 6 c 1 1 1 1 

be* oc* db * abc abd* bed* acd 

be ac cib 1 1 1 1 x a 



x^* i/* a2 » a» 5' a+b* a-b* a+x a-x 

o+aj o— aj a^—a? abed 
T"* "T"' ""i»"' 2' 3* i' 5 
x—y y~z x~z 1 x a? 



xy * yz * xz * x—V a;^— 1* a^ — 1 

a^ a^ a* xy ya xz 



x^ / rga^jfi* jc4-y4» 2(a;-y)* 2(y-2)' 2(aj-z) 

p pq pq^ x+y x-y 

m^n m^~mn m^^m^* x^+xy+y-* x^^xy+y^ 

1 1__ 1 1 x*-ha* a^-a* 

{x^af {x+af (a;2-a2)2' (a;2+a2)2* ar^-a^* x'+a\ 

X aj2 a? X* 

x+V a;2+l* ^+1* flJ*+l 

a 2a2 3a3 



2d5 - 2a* 3x2 « 6ax+ 3a2' 4tt3 - 12a2+ 12ax2 - 4x3 

61. To add or subtract Fractions. 

RULE. 

Reduce them to a common denominator ^ then take the sum or 
difference of the numerators^ arid retain the sama denominator, 

.,,.., X a ax 
Add together -, -, 



a' X* a2-x2* 
L. a. M. = aa; (o2-x2). 
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a; g ax _ x^{a^~x^)-{-a?{ a^ ~7?)-{-ah? 
' ' a X a^-x* ~ ax{a^~x^j 

_ a*+a^x^-x* 
ax{a^~x^) ' 

Subtract r-— r — —• firom 



3(»2-l) 6Ca;+l) 

Here the l. c. m. = 6 (aj^-l) 

1 X _ (g~l) - 2x 

''' 6(a;+l) " 3(^a?i-l) " 6(a;2_i) 

~ 6Cx2-l) 

*■ -6(l-a;2) 
~ 6(l-a;) 

Examples XXVI. 

(1.) Find the following sums : — 

a+a; , 2a 3a; ^ a x+a x^— a^ x^+a' 

a — X X a * x+a a x^+a^ a^—a^ 

a+h , a— 6 1 . a^ . a 



a^+ab+lfi a2-a6+6** a-6 o3-63 aHa&+62 
y j_ 2yg ._ V_. V. a?+2 , x-2 . xS 



X ■ X2 ■ X» • X* * X2-1 ' X*+l • X*-l 

OX g^x^ gSx^ * j. ^ j_ i 
(x-g)2 ■*■ (x-g)4 "^ (x-g)6 ' i+T "** x+9 "*" 

g-l 2x+3 g+fe+c , h+c+d a+c+d a+h+d 

x+3 xHSx+e ' dbc "*" 6cd gcd "*" abd 

(2.) Find the following differences : — 

xx4g6x2x 1 1 



2 3*6 4a ' g2 g * a — x g+x 
g2 g x+1 3 11 



g2-x2 g+x* a52+7x+12 x+4 * x-4 x-3 

X X2+X-42 4x3 3x 

x+6 ~ X2-X-42* x*+7x2+10 " ^+2 

g+l gg+l 3 5 

iWJ+l " a*i^-l ' 4(x-l) " Q{7?'V) 
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In some examples, Addition and Subtraction are combined, as in 
the following : — 



Find the value of — 



a ax X 

+ 



a+x c^—Q^ a—x 
Working. The l. c. m. = a^~x\ 

a ax X a(a'-x)~ax-{'x{a+x) 



a+x cC^—x^ a^x 

(3.) In the same way, the following results may be simplified — 

3 4 5 ^ a-6 a—c c-h 
X 7? 7?* ah ac he 

X 2a^ _ x{x^-a^) 

x-a {x—a)^ (a;-a)3 

1.2 3 



a+h+c-^-d a+6 — c-(i c-{-d—a~h' 

In this example, it should be observed that the two latter fractions 
have the same denominator, for, on multiplying the numerator and 
denominator of the fraction, 

3 —3 

—— ; =- by -1 it becomes — -r ;. 

c-\-d—a^h a-{^h-c~d 

J L + _i !_. i+^_^^_^z^ 

a+a a-\-x a^— x' x^-a^* x—a x+a a^-{-x^ 
o2+a;2 4a 3x2 43.2 33. 



a^-n^" a^+ax+a^ a^-a^ a^+a^ a^-^ax+a^ 

4a^ a 4x2 5 5 ^ 

+ i + 



a— 6 6— c 6— a a—c c—a c—h 

gg-gg (g^-x^) a 

3 (x2+aa;+a3) "^ 5(g3-x5; " g-x 

62. To mnltiply Fractions together, observe the following 

RULE. 

Multiply the numerators together for a new numerator^ and 
the denominators for a new denominator. 
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This Rule 


may 


be proved 


, as follows : — 


Let 






|- = «. (1-) 


And 






i = V' (2-) 
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Multiplying both sides of (1) by &, we have — 

a = bx 
Similarly, c = dy 

Multiplying these last two equations together, we have — 

ac = hdxy 

And dividing both sides of this result by hd, 

ac 

ac 

or. ^"^y-bd- 

, . a c a^ ^ product of the Numera tors. 

' h ~d ^ hd " product of the Denominators. 

Note. — In multiplying fractions together, the work should always 
be shortened by cancelling common factors in the numerator and 
denominator. 

(1.) Multiply together —r and rrr-s* 

00 lloy^ 

4ta 3ahi _ 12a^ 
"56 ^ liV "" 556Y' 

(2.) Multiply together •-- r and ^ ii * 

2x 9(a;2-y2) 2xx9(x- y)(x+y) ex(x+y) 



3 (x-y) 11 {a?+y^) 3 {x-y) X 11 (jx?+f) 11 {x^+y^/ 

Szamples XXVU. 

(3.) Find the products of the following : — 

T^^ "^' 2d' 3^'^^^ Em 

x+a , x^—ax+a^ o? ,6 

and : : and 



x^ — aab-^-c? x-{^a ' cx-ac x+a 

7a2 7x~14 4x 4x+l 

4x-8 *^ 14a2y2 ' 12x2 -Sx- 2 7ax3 

9x +l , 3x-8 

6x2+5x-56 ^ 27x2+48x4-5 
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2x3+7 , 11x2-9 

and 



99x*-81iB3- 121x2+99 6x»- 16x3+21x2-56 

X — a x+2a _ x — 2a 
- , and 



x2 — 4a2' x3 — a3* x2 - ax+ a2' 

1 _ 

(4.) Multiply together 1+, and 2—-——. 

1— a 1+a 

These expressions must be reduced to a fractional form at first. 

Then (1+ ) x (2+ — -) ^ X — - 

\ 1-a/ \ 1+a/ 1-a 1+a 

_ 3+a 

(5.) Find the following products : — 

/ 2a \ / o-6\ a^-a&3 a2+2a6+b2 

4(a2-a6) a2-b2 (a+xf a ^^x^y+xi/ 

a26+2aP+P ^ 12a6 * a^-\-f ^ a2+2ax+x2* 

6x3 a+x A ox 
X X 



a3+x3 ax 



\ a2+x2/ 



\l+a"** a j \l-a 2 /* 30-g) i?2+^ 

6p4+p222 _ i2g4 3p^-19j)2g2+20g* 



4i)* -|)32- 2()2)2g2^5pg3 8p4 _ 2^)32+ 122)222_ 3p23 
^2(4p-g)2 a-26 6a+26 



(^3i>2-4g2;2» 6a2-a&-&2 ^ 2a2-5a&+262 
\l-x " 1+x; \l-x/ ' \a+6 a2-62; ^ 



a2+2a&-3&2 a2+62 



a-36 (a+36; Ca2-3a6+&2/ 

68. To divide one Fraction by another. 

RULE. 

Invert the divisor, and then multiply the Fractions together. 

This rule may be proved as follows :— 

a 
Let ~ = X 
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e 
And d ~ ^ 

a = bx, (1) 
And e = dy, (2) 

Multiply (1) by d, and (2) by 6, we have- 
ad = hdx 



he 


=£ 


hdy 




ad 
be 


= 


hdx 
hdy 




ad 
he 


= 


x 

y 




x-i-y 


= 


a 
-6^ 


d 
c 



or. 

That is, 

a c a d 
• 6 a & 

Examples. 

, . ^. .. 4a ^ 8a62 
(lODmde 3^ by—. 

4a 8a^^4a 9^ by the Rule. 
36 9{cy 36 8a62 ^ 

= — ^ by omitting common factors. 

(2.) Divide ^ by ~. 
^ ^ a+x a—x 

a 36 a a^x 

-4- = — T— X 



a+x a~x a+x 36 

a* — ax 
" 3a6+36V 



(3.) Divide l + ^by^-^ 



Now, 
And, 
And, 





a 
4 


*\ 


= 


a+2 
4 










a2 


1 




a2-4 










8 


" 2 


"^" 


8 








a+2 
4 


-*- 


a2-4 
8 


= 


a+2 
4 


X 


8 
a5-4 












a+2 


X 




8 



4 (a+2) (a -2) 

2 
a- 2* 
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Note. — ^If mixed quantities are to be divided, they should be redaced 
to improper firactions before the Bole is a{^lied. 

XfacanipleB XXVUJL 

(DDiTide ^by^; ^by^; g by }. 

- 4^by-— ; f a; by |y; faV by Ja?y 
by 515 ; -TiSIi by -iixi ; ^by- 



116 ^ 3b^' ofiV ^ aVfh^' 3^ -^ 9a^ 

2o^Vd8 a^6V«d |xy jgy 

" 9pV*^ ^3pV**' iofe - ^oW 

/ox T.- M 4a+66 , 2x 
(2.) Divide -,..,..- by -=- . 

^^'^- T^+liP ■" ^ - (S5+2P} "^ X 

_ 2a+3ft y _ 2ay+36y 
~ aH26» ^ i" " a2a;+262x* 

ah^-k-ahxy ax a4-26+3c ^ 

phi-hpgy ^ " 'pq* a3-2o36+3a«c ^ Sa^ 

aj?+l ^2 4a* ^ ai« a'-a? ^ ah 

by - ; by -^ ; by — . 

X ^ X* l-a? -^4 ax ^ xy 

^^•) ^^^^" 3^+36 ^y -9^6+96^- 

^ ,. aH62 4a*+4a262 a2+6» 95(a+6) 

Working, -5- , = r- — -^ X 



3a+36 9a6+962 . 3(a+6) 4a2(a«+62) 

36 
= ~ by omitting from the Numerator and De- 
nominator the common factors (a2+6*), (a+6), and 3. 

Note. — ^All the examples in Division should be worked out in the 
same form as (2) and (3). The first step should always be to break 
the numerators and denominators into their simple &ctors. 

(4.) Find the following quotients : — 

%xy-\-%f 6x^4- 6a;y 3a6o+6a^c ^ 6+ 2a 1 ^ 1 



9a6-962 a2-a6 * 262c-5a6c 362c2 a-1 a+l 

3 , __6_^ g3+l . g+1 . (a-6)(a~c) 
a^ "^ x+^ ' a^ *• {b3-1 • Ca+&) C^+c) "^ 
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*^+^ . 3 4iB2+32a;+28 x+1 

a?*+l "^ x^+2x^-x-2* 7a^-63a; "*" «+3 

a;2-4a;-5 fl^-6a;+5 afi-l a^-l 

2a:2+4a;-6 '*"3jB2+l2a+9' a:P+4a^+4 "*" JC«-4* 

(5.)Dmde (i- jg-) by (3+ ^). 

2aj l+2a;-2a; 1 

Tror/ftngr. 1 — 



And 3+ 



l+2a; l+2a; l+2aj 

2-a; _ 3+6a;+2-a; _ 5+5a; _ 5(1+^) 
l+2a; "" l+2aj ~ l+2» ~ l+2aj 



1 5(l+a;) _ 1 _ l+2aj 1 



l+2x l+2a; l+2a; 5(l+a;) 5 (1+a;) 

Note. — Mixed qnantities must be reduced to the form of improper 
Factions before they can be divided. 

Find the following quotients : — 



a^-a 



&-)-^e-«-)'(-7)-(^-)-- 

Find the following quotients : — 

c^ a 3a^ 6a8 a^ ^ 2afe» 7a+7b Ua^-lW 
■p"'*"6* W'^W' h^'^Scdy' 9a-9a; "*■ Sa^-Say^ 



a^ — ax-^a^ a^+ 

-4- 



S5^('^:-)*('-5) 



a^—a^ x^+ax- 

a4+10a2b2+216* /a«-49a«&* 3a3+21a62\ 



/a''-49a*&* 3a«4-21a(>^ \ 
\(aH76*)2 ^ 7a3-70a62/' 



a4-3o263--706* 

Miscellaneous Examples in Fractions. 
(1.) Find the sum, difference, product, and quotient of - and 

r- ; also, find the difference between — -=• and — -V v . 
a+o a o 
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(2.) Reduce 1 to a simple fraction. 



c 

and find which is the greatest and which the least of the four 
fractions — 

a+h 1 1 1 

(3.) Find the continued product of the following fractions : — 

V'^V^r vi^r w'W v^y 

(4.) Show that— 

o«+y-c'-d« _ {a+c+d-b){h+o+d-d) 
2(ah-^cd) ^ 2{ab+cd) 

(5.) Add together the following fractions : — 

1.1.1 



{a-h){a—c)[x-a) {h—a)ih — c){x—b) {c-a) {c—h){x—e) 
(6.) Reduce to their lowest terms the following fractions : — 

and 



(7.) Reduce to their simplest forms the following : — 

1,1 Sx 

+ 



It 



2x+y 2x-y ^7?—y 

1 , a;-5 , JcHS 

— r — ; — tt: + 



X xix+l) x'y^x-{-l){x-\'2) 

1 _ g+l x_ 

x—1 »'-l-»+l a^— 1* 



On Equations. 

64. An equation is a statement of the equality of two 
different Algebraical expressions. 

The two expressions are separated from each other by 
the sign of equality. 

Thus, jc+l = 3a;-7 

18 an equation. 
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The expression on the left hand of the sign of equality 
is called the first side ; that on the right hand, the second 
side of the equation. 

Again, {c8-3iB"+4a;-7 = 

is an equation whose second side is zero. 

When both sides of an equation consist of the same ex- 
pression, or when they can both be reduced to the same 
expression, the equality of the two is called an identity. 

Thus ix+4: = 4(a+l) is an identity. 

Also, a-l+a;-4 = 2x-7-l-2 

And jc*— a* = (a— o) (a;+ a) are identities. 

An identity is always true, whatever value of the letters 
may be taken. 

One or more of the letters in an equation always repre- 
sents an unknown quantity ; the letters xyz are generally 
used to denote the unknown quantities. 

a;+3 = 13-4a; 
is an equation of one unknown quantity. 

Again, a;-4y = 7y-10x+22 

is an equation of two unknown quantities. 

The equation x+S = 13— 4a; may be thus explained : — 

" A certain number when increased by 3, gives the same result 
as when four times that number is subtracted from 13." 

This number is at present unknown, and is denoted by x. 

If 2 be substituted for x in the above equation, the first side 
becomes 2+3 or 5, and the second side becomes 13-8 or 5; 
that is, the equation is true when x = 2. And it can easily be 
seen that the equation is not true for any other value of x 
than 2 ; for if a greater value than 2 be written for a;, the first 
side will be greater than the second, and if a less value than 2 
be written, the first side wUl be less than the second. 

Def. That vcdue of the unknown quantity which makes both 
sides of the equation equals is called the root of the equation* 

When this root is known the equation is said to be 
solved. 

Thus 2 is the root of the above equation. 

»+3 = 13-4x. 
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65. A simple equation of one unknown quantity is that in which 
only the first power of the unknown quantity occurs. 

Before giving examples of the solution of simple equa- 
tions it will be necessary to consider some of the processes 
employed. 

Take the equation — 

If both sides be multiplied by 10, the equality will not be de- 
stroyed, that is — 

X0x^ + 20» = 10x?^-60. 
5 2 

Or, 2(4a;-7) + 20a; = 5(3x+17) - 60. 

Or, 8a;-14+20a; = 15a;+85 - 60. (6). 

28a;-14 = 15a;+25. (6). 

Let the same quantity (14— 15a;) be added to both sides, the equality 
will not be destroyed. The equation now becomes — 

28a;- 14+14 -15a; = 15a;+25+14-15a; 
28a;- 15a; = 25+14 (c). 
13a; = 39. 

If now we divide both sides of this by 13, the equation will still be 

true, and the result is — 

a; = 3. 

The equation is now solved, and 3 is its root. 

66. The axioms that have been assumed in the preceding 
process of solution are these. 

i. Both sides of an equation may he multiplied or divided by 
the same quantity, without destroying their equality. 

This is obviously true, for if two quantities be equal to 
one another, any the same multiples, or the same parts of 
them must be equal to one another. 

ii. Tlie same quantity may he added to, or subtracted from, 
both sides of an equation, without destroying their 
equality. 

This is also true, for, if equals be added to, or taken 
from, equals, the wholes. or the remainders are equal. 
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Note, — ^To shorten the process of solution, quantities are not added 
to, or subtracted from, both sides of an equation, but are transposed 
from one side of it to the other, according to a Rule which will now 
be explained. 

Equation (6) in the preceding process is — 

28a; -14 = 15a;+35. 

And Equation (c) is — 

28a;- 15a; = 14+35. 

And these are both the same equation as was shown. 

This change in the form of the equation was made by adding an 
equal quantity to both sides. It will be observed that two of the 
quantities, viz., 14 and 15a;, have changed sides in the equation ; also, 
that they have changed signs. In fact, (c) might have been formed 
at once from (6) by writing 14 on the second side with a + sign, and 
15x on the first side with a — sign. 

The following is the Eule of Transposition : — 

iii. When, in an equation, wny quantity changes its side, it 
must also change its sign. 

This is also an axiom; for when two quantities are 
equal, if any positive quantity be removed from one, an 
equal negative quantity must be added to the other, in 
order that they may continue equal : also, if any negative 
quantity be removed from one, an equal positive quantity 
must be added to the other. 

67. From the preceding process, the following Eules 
may be derived for the solution of a simple equation of one 
unknown quantity. 

(a.) If there be fractions in the equation, multiply both sides by 
the L. c. M. of all the denominators, 

(b.) Remove brackets^ and simplify each side by collecting like 
quantities, 

(c.) Apply the Rule of Transposition to bring all the unknown 
terms to the first side, and all other terms to the second side, and 
simplify each side, 

(d.) Divide both sides by the coefficient of x, and the result will be 
the root of tJie equation. 



72 EQUATIONS. 

Solve the equation — - — = . 

u Xo 

Clearing of Fractions 3 (3a;-4) = 2a;+9 

9x-12 = 2a;4-9 

Transposing 9a;— 2a; = 12+9 

7a; = 21 

And a; = 3. 



— 7 13 4 
5x ^ 2x "*" 30x "^ 3 ~ 

L. c. M. = 30x. 

Clearing of Fractions 12 - 105+ 13+40x = 
By Transposition . • . 40x = 105 - 13 - 12 
Or, 40x = 80 

• • iC ^ iS« 

Examples XXTX. 

Solve the following equations : — 

(1.) 7x+10 = 12X-5 
(2.) 14x = 3(5x-2) -1 
(3.) 3x+10 = 5x-6 
(4.) 4x-7 = 8-x 
(5.) 11+x = 12x 
(6.) 14-2(x-l) = 5(x-l) 
(7.) 4(x-l)- 20(x-2) = 2(3-x) 
(8.) 17-3X+4 = 8x- (x-1) 
(9.) (x-l) + (x-2) + (x-3) = 
(10.) 7(x+l) = 13 (x-1) 
(11.) 15-11+4 = x-3x+10x 

(12.) 5(x+l) -7(x-l) = 0; 3x+5 = 10x-16; 2x+ll = 7x-19; 
20-(4x-8) = 5(x+2); 2 (x-12) + 3(x-10) = 6; 2x-7 =7 
+30x; x+3(x-2)= 2(x-l) + 4; 12x+7(x-l) = 42(x-4); 
3 {x- 2 (x-1)} =4(5+x); 3x + x - 2 - 3 (x - 1) + 4 = 0; 
2(x+a+6) = (x+a-b) - (x-a+6); a(x+b+c) + 6(x+a+c) 
+c(x+a+6) = 0; (x-a) (x-b) = (x-c) (x-d) ; x« = (x-1) 

(x-2); 30(2x+l) - 12(3-x) = 138; | + | + | = 2J. 

(13.) 3 (x-1) + 4 (x-2) + 5 (x-3) + 2 = 0. 
(14.) 7rx-2) + 3 = 2x-3-(x-4) 
(15.) (x+12)- (x-12) = 4x 

(16.)|=| + 3; (l7.)|+^+| = lA 
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(18.)4(«-0-3(x+J)+y;=0 
SB— 1 aj+1 4 — 0? X 

(20.) 1 + 1 = 3; (21.)«-|=6 

(22.) ia;-9 = Ja'+7.' (23.) ai-2i = 11} - « 

(24.)|-|-! = |-li: (25.);- + ^-| = -i;i 

,«« ^ 5x Sx , 4a; 5aj , _, 
(2«-) 12-T + T = I4+'* 
(27.) J (aj+2) + i(«+3) = i (aj+l) 
(28.) i (»-2) 4- Ka5-3) + i (aJ-4) - j (aJ+J) =0 

7aj— 6 05 . • 

<«^-> -12- - 2 = "-^ 

,««N 2a5-7 , 3x+l , 35-8 _ /okn c t ^""^^ 

(32.) -jp- + -y- + -^ = 5 (35.) 6a; = 7 - -y- 

a; X 1 — x 
(^•)7-2=-iF-2 



a>rg-i)+i(2«+i)-ni = o 



(37.) »- J = 9J - 4}-x; 12} - | = 2a!-9j 

,„„s 2a! . a-1 . x+l x+1 , 
(38.) -7- + — = x-4: -2 3- = J 

(39.)x-- + ^-j=7;-2- = U 

a,+l a+1 Sic+l 

(40.) :r. + _1_ = 16 _ -^ 

<„, 1|! . it:! . ^ + 3, 

2a;+l _ 402 -3a; __ 471 -6a ; 
29 12 "" 2 

«+L + l = d;l + a + «=4 

a; X a; x x x 

X "^ 2x "^ 3» " 3 ' ""2~ "*" 3 "" T 5~ 
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^ '^ 2x-7 6x-2 (2aj-7)(6a;-2) 

TTorAjingr. l. cm. = (2aj— 7) (6aj-2). 
Clearing of fractions, we have — 

(3a;-4) (6aj-2) - (9a;+l) (2a;-7) = 77 
Or, 18jb» - 30a;+8 - 18a;«+61a;+7 = 77 

Or, 61a5-30aj = 77-15 

31a; = 62 
And X = 2. 

(44.) J-, + 2 3 



x-1 x-2 05+2 
^^^--^ iTl2 - 2^+1 - * 

^^ 5 " x-b 5 

rj^-v 8 » 10+3a; __ 5+a; 5a; 

'^ a;+l a;+3 "" 1+^ " 3 (»+3) "" * 

/±Q\ 1 I 1 3a;-7 . 

(49.) -V + -.« ^" 



x-3a x-hSa 2(»*-9a«) 

(50.) 1+ -^ = ^ + a;»+4aa;«+5a» 
'^ ^ ^ a;+a (x+a)« (a;+a)8 

^ '^ 2x-8 3a;+9 " a;--a;-12 

.-^.3.4 405 . 5a;+3 

(52.) 



a;-7 ^ a;-6 a?^-9»+14 a52-8a;-12 
(53.) ; =ra;4-a; 



a+c Bx+5 5a;- 2 

. 635* 5a;* x c—x 

,,,^ 4x-34 258-5a! 69-a; 
(55) -^ 3— = -2- 

^56.)^' = "-^: (l+.)(l+JL\ =0 
^ a*4-& a+h* \ 1-ha;/ 

(570(l+x)(l+jl-J-(l-.)(l-jl-J=6 
(58.) (1-=.) (l+ J±^) + (l+») (l- 5^) = 0. 
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68. Eqtiatioiis are applied to the solution of Problems of 
various kinds, which cannot be solved by Arithmetio. 
Some examples of these will now be given. It will be 
necessary to bear in mind that the statement of a Problem 
in ordinary language can be translated into Algebraical 
language, and that this Algebraical language takes the 
form of an equation. When the equation is fonned, it 
must be solved by the methods already given, and the 
solution of the problem is known. 

Examples. 

(1.) A number is doubled, and ten is added to the double, and the 
whole sum is 56. Find the niunber. 

Let X =z the number to be found. 

. * . 2a; = the double of it, 
and 2a;+10 = the whole sum; 
but 56 = the whole sum. 

.-. 2a5+10 = 56. 
Then 2x = 46, 
and X = 23, the number required. 

The following Bules should be carefully attended to in 
the Solution of Problems involving equations of one un- 
known quantity. 

(a.) Let X he taken to denote the unknoum quantity , or quantity 
required to be found* 

(b.) Find expressions for all the quantities which occur in tfa 

statement of the problem, 

« 

(c.) Perform all the operations directed by the question upon these 
quantities. 

(d.) Find two different expressions for the same things and put 
these equal to one another, 

(e.) Sdve the equation thusformedf and the ansuoer to the problem 
wiR be known. 

(2.) Divide 57 into 2 parts, such that 3 times the less part sabttsAti^ 
firom half the greater part shall leave 25. 

Y.1 
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Let X = the greater part, 

Then 57— a; = the less part 

And 3(57 — 2) = three times the less part, 

and - = half the greater part. 

.'. ^ — 3^57— a;) = tl^e difference between half the greater 
*^ part, and three times the less. 

Also 25 = the difference between half the greater 

part and three times the less. 

.-. ^ -3(57-a;) = 25, 

Working out this, we find 

aj = 56 the greater part, 
and 57— a: = 57-56 = 1 the less part. 

(3.) A grocer mixes sugar at 4Jc?. per lb. with sugar at 6Jd. per lb. 
The value of the mixture is 5e^. per lb., and the weight of the mixture 
is 480 lbs. Find the number of lbs. of each kind of sugar. 

Let X = the number of lbs. of sugar at 4 J(i. per lb. 

.*. 480 -» = „ „ „ 6Jd. „ 

9 
And o ^ ^ ^h® value of Ist kind of sugar in pence. 

13 

-^(480 -a;) = „ 2nd 

9 13 
. • . ■~x-\ — — (480— a;) = tiie whole value of the mixture. 

Also 480x5 ^ the whole value of the mixture. 

.-. rx4-^(480-^) = 5X480 

Solving this question, we find 

X = 360 the number of lbs. of the first kind ; 
and 480 - a; = 480— 360 = 120 the number of lbs. of the second kind. 

(4.) A number consists of three figures, in which the hundreds' 
figure is one less than the tens* figure, and the units' figure is one more 
than the tens' figure ; and if 14 be added to the number, a new number 
is formed in which the units* figure is twice as great as the tens* figure 
and the tens* figure is twice as great as the hundreds* figure. Find the 
number. 



*> »* »» 

t» *t tf 
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Let X = the hundreds' figure of tlie first number i 

then x+1 = the tens* fig^ure 
and x+2 = the units' figure 

. • . 100a;+10(a;+l )+(x+2) = tlie first number ; 

and 100x4- 10(aj+l)+(a5+ 2)4-14 = the second number. 

Agam X = the hundreds* figure of the second number ; 
2x = the tens' figure „ ,. „ 

4x = the units* figure „ „ ,, 

• •. 100x4-10x2x4-405 =x the second number. 

.-. 100x4- 10(x4-l)4-(x+ 2)4- 14 ±= 100x4* 10 X 2x4- 4x. 

Solving this, we find 

2 = 2 the hundreds' digit of first number. 
x+1 ^ 3 the tens' digit. 
x4-2 = 4 the ihnits' digit. 

. • . 234 = the first nimiber. 
and 2344-14 = 248 the second numbet. 

XSxampleB XXX. 

69. Easi/ Problems in Simple Equations of one Unknown 

Quantity, 

(1.) If a number be doubled, and six be added to the double, the 
whole sum is 20 : find the number. 

(2.) Find a number which is as much above 17 as it is below 33. 

(3.) Divide 7 shillings between two boys, so that one shall have six- 
pence more than the other. 

(4.) The united ages of three brothers are 37 years ; the eldest is 
two years older than the second, and the second three years older than 
the youngest : find the age of each. 

(5.) John starts at six o'clock in the morning on a journey, walking 
at the rate of 3^ miles an hour ; William starts after him at 8 o'clock, 
walking at the rate of 4^ miles an hour : find where and when the 
latter will overtake the former. 

(6.) The diflference in the age of two persons is 16 years, and one 
is three times as old as the other : find the age of both. 

(7.) How much tea at 38. 9d. per lb. must be mixed with 50 lbs. of 
tea at 4^. Qd, per lb., in order that the mixture may be worth 4^. 
per lb. ? 

(8.) A cask of spirits is worth 128. Sd. a gallon, but if 4 gallons of 
water be added to it, the price will be only lis. 6(2. a gallon : find the 
number of gallons in the cask. 

(9.) A regiment on a forced march, marches 2 miles more every 
day than it marched on the preceding day ; at the end of »x. d».^^ \\. 
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is 138 miles from the starting-point : find the distance marched on 
each day. 

(10.) Divide 25 shillings among 4 brothers, so that the three 
youngest may have equal shares, and the eldest may have as much as 
two of the others. 

(11.) There are three fields, the largest of which is twice as large 
as the smallesi; and the largest and smallest together are twice as 
large as the other, and all the fields contain 18 acres : find the number 
of acres in each field. 

(12.) At a contested election, 1793 votes are polled, and the de- 
feated candidate is left in a minority of 313 : find the number of votes 
for each candidate. 

(13.) A gentleman contracts with a builder to finish his house in 
30 days ; the contract is for £800, but the builder is to forfeit £5 for 
every day beyond the 30 days that it remains unfinished ; he receives 
only £780 : find the time at which the house was finished. 

(14.) If one man can mow a field of grass in 7 days, and another 
can mow it in 5 days : in what time could both, working together, cut 
the field ? 

Working, Let W denote the number of acres in the field 
Let X denote the required number of days. 

W 
Then, -^ s number of acres mown by the first man in one day 



And -- = 




, , , , second man , , 


And — = 

X 


,, ,, both men ,, 




W W W 




•*• 1^ ~ "5 "^ 7* 


ding both sides of this equation by W, it becomes— 




i-i*< 


Or, 


l-» 




x=^ 




- 2^ the nmnber of days required. 



(15.) A citadel is garrisoned by 800 men, who are provisioned for 
80 days ; at the end of 20 days they are joined by a regiment of 1000 
men, who are provisioned for 120 days : how long will their provisions 
last after they join ? 
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Working. Let p = one man's daily provision 

And X = the required number of days 

Now, 800 X 60p =. the quantity of provisions in the garrison 

when the reinforcement arriyes 

And 120 X lOOOp = the quantity of provisions brought by the 

reinforcement 

,•. 48»000pxl20,000p = the whole of the provisions when the re- 
inforcement has arrived 

But (800+1000) x.p = the provisions eaten in x days 
.-. (800+1000)a;.|) = (48,000+120,000) |) 

Or, 18000 = 168,000 

168.000 ^^, ^ 

••• * = "1800- = ^^ ^y^- 

(16.) A cask can be filled by each of 3 taps in 12, 15, and 18 
minutes respectively : find in what time it could be filled by all three 
taps running together. 

(17.) Two coaches start at the same time from York and London, a 
distance of 200 miles; the one from London travels at 9| miles an 
hour, and that from York at 8) : where and when will they meet ? 

(18.) A merchant lays by at the end of each year one-third of his 
capital, except an annual expenditure of £500 ; at the end of 7 years 
he is worth £10,000 : what was his original capital ? 

(19.) A person sets out on a journey at the rate of 30 miles a day, 
but fiEklls off in his speed 4 miles daily ; four days afterwards another 
sets out from the same place on the same route, travelling 50 miles 
the first day, but &lling off 4 miles daily : find when one will overtake 
the other. 

(20.) K il and B have £600, B and C £800, and iL and C £1000 : 
find the sums possessed by A^ B, 0, separately. 

(21.) A general sent ^ of his army to take possession of a fortress, 
and 756 men more to attack a detachment of the enemy ; and he then 
found that only | of his men were left : find the number of his army. 

(22. ") If n shUlings be distributed among a persons, some receiving 
lOd. each and the rest 14d. each : find how many receive lOd. and 
how many receive 14(2. 

(23.) If lis. be distributed among 12 persons, as in the last ques- 
tion; find the number of those who receive 10(2. and 14(2. respec- 
tively. 

(24.) A son's age is one-half of his father's, but 20 years ago it was 
only one-sixth of his feither's : find the age of each. 

(25.) Four reapers begin to cut a field of com ; on the first day they 
cut one-fourth of the field, on the next day they cut one-fifth of what 
is left, and half an acre more ; and then only half the field is out : 
find the number of acres in the whole field. 
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(26.) There are 20 coins in my purse, and they consist of half- 
sovereigns and half-crowns : the value of the whole is £7 158. : find 
how many there are of each sort. 

(27.) 124 apples and oranges cost 3«. ; the apples are sold at 5 a 
penny, and the oranges at 3 for 2(2. : find the nnmber of each kind 
of froit. 

(28.) A cask contains a mixture of spirit and water, 106 gallons in 
all ; now, if 8 gallons of water be added to the mixture it is found that 
the water in the cask is one-fourth of the whole : find the quantities of 
spirit and of water in the cask at first. 

(29.) Find at what time between 1 and 2 the minute and hour hands 
pf the clock are together. 

Let X = the nimiber of minute divisions between the figure 1 
and the point at which the hands coincide. 
Then x = the number of divisions passed over- by the. hour hand 
since 1 o'clock. 
And 5+x zz the number of divisions passed over by the minute 

hand since 1 o'clock. 
Now the number of divisions passed over by the minute hand is 
twelve times the number passed over by the hour hand in the same 
time. 

5 H- a; = 12 « 
Or, 11 a; = 5 

a; = ^ of a minute 2= 27-^", 
That is, the time required is 5' 27" -ft after 1. 

In like manner the following cases may be solved : — 

1. At what time between 9 and 10 will the hands be together? 

2. At what time between 9 and 10 will they be peipendicular 
to each other ? 

3. At what times between 10 and 11 are they perpendicular to 
each other. 

4. ^t what time between 6 and 7 are they exactly opposite to 
each other? 

(30.) The difiference of the squares of two consecutive numbers is 
381 : what are the mmibers? 

(31.) A farmer has oxen worth £12 10s, each, and sheep wprth 
£1 188. each ; the whole number of oxen and sheep together is 35, 
and the whole value is £426 188. : find the number of oxen and sheep 
respectively ? 

(32.) An estate of 450 acres of land is to be divided equally between 
two brothers ; the first is to have 180 acres of land, and the second the 
rest, and the first is to pay the second 9000 guineas : find the value of 
the land per acre. 

(33.) A house and garden cost 800 guineas, and the price of the 
house is to the price of the garden as 7 : 3 : find the price of each. 

(34.) Two persons set out at the same time from Plymouth and 
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Exeter to meet each other ; their rates of walMng are 8 and 4 miles 
an hour respectiyely ; they pass each other and reach their destina- 
tions, and, after remaining two hours in Exeter and Plymouth respec- 
tiyely, they return home again : find the place of their first and second 
meeting ; the distance between the towns being 49 miles^ 

(35.) A gentleman's income, after paying poor-rates, and an income- 
tax of 7(2. in the pound, is £486 ; the poor-rate is £22 lOs. more than the 
income-tax : find the original income, and the amount in the pound of 
the poor-rate. 

(36.) One cask contains 12 gallons of wine and 18 of water ; and 
another cask contains 9 gallons of wine and 3 of water : how many 
gallons must be drawn from each cask so as to make a mixture of 7 
gallons of wine and 7 of water ? 

(37.) Two men set out on a journey, walking at th0 rate of 4 miles 
an hour ; after -yralking for six hours, one of the two lessens his rate 
to 3 miles an hour; the other continues on at the same rate, and 
arriyes at the end of his journey an hour before his companion : find 
the length of their journey. 

(38.) A rower who can pull at the rate of 6 miles an hour, can 
pull 10 miles down the riyer in half the time that he can pull 10 miles 
up it : find the rate at which the riyer fiows. 

(39.) The duty on tea was formerly 2s, per lb., but in consequence 
of a reduction in the duty, the quantity of tea consumed was increased 
by one-fourth, and the amount of reyenue was increased by one 
twenty-fourth : find the reduction in the duty per lb. 

(40.) The sum of three niunbers is 74 ; and if the second be divided 
by the first, or the third be divided by the second, the quotient is 2, 
and the remainder 1 : find the three numbers. 

(41.) A railroad runs from ul to C ; a goods train starts from A at 12 
o'clock, and a passenger train at 1 o'clock ; after going two-thirds of 
the distance the goods' train breaks down, and can only travel at 
three-fQurths of its former speed. At 20 minutes before 3 a collision 
occurs, 10 miles from C The rate of the passenger train being 
double of the diminished speed of the goods* train : find the distance 
from Aio C, and the rates of the two trains in miles per hour. 

(42.) A luggage train going at the rate of 10 miles an hour is some 
distance in advance of an express engine, which starts to overtake it, 
and just comes up with it in 5 hours ; had the express engine travelled 
10 miles an hour less, it would have been 7^ hours in coming up with 
the luggage train : -find the distance between the train and the ex- 
press engine at firsts and the rate at which the latter travelled. 

70. Simple Equations of tux) or more Unknown Quantities, 

In the equations of this chapter we have hitherto sup- 
posed only one unknown quantity, x. We may Ixorw^N^-t 
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have equations with two or more unknown quantities in 
them. 

Thus 2x~y = 13 

is an equation of two unknowns, x and y. 

When one equation contains two unknowns, the values 
of X and y cannot be determined from it alone. In &ct, 
an infinite number of values can be found to satisfy such 
an equation. For example, the following are values of 
X and y that satisfy the above equation. 

aj=5i 05=61 z=z7\ x= 81 «= 9i 
y=2j y=5j y=8/ y=ll/ y=14r 

If, however, there be tvoo equations in x and y, it will be 
found that one value and only one value of each of those 
letters can be found to satisfy the two equations. 

Thus if we have the two equations 

3aj-y = 13 (1.) 
x+y = 7 (2.) 

Adding (1.) and (2.) together, we find 

4a; = 13+7 
Or, 4aj = 20 

X = 5 
And y = 7— a5=2. 

Therefore 5 and 2 are the yalnes of x and y, which satisfy both the 
equations, and no other values could be found to satisfy them. 

Equations (1.) and (2.) are called smtdtatneous equations, 
because they are simvUaneotisly satisfied by the same values 
of X and y. 

71. The general form of simultaneous equations is the 

following : — 

ax+hy = c (1.) 
dx+ey = / (2.) 

It will now be shown generally that there is one pair 
and only one pair of values of x and y which satisfies the 
two equations. 

First, multiply (1.) by e and (2.) by h: we have 

acx+hey = ee 
And hdx+hey = hf 
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Subtract .•, acx—hdx = ce—hf 
Or, ziae—hd) = ce—bf 

ae^bd 
Again, multiply (1.) by d and (2.) by a, we have 

ac^ar+Mj/ = cd 
adx+aey = a/ 

Subtract .*. hdy—cicy = cd—af 

Or, y(a«— W) = af—ed 

af—cd 
ao— oa. 

Thus one value for x and one for y has been obtained, which are 
simultaneous, and which satisfy the equations. 

But besides these, no others can be found to satisfy the equation ; 
for, calling the values of x and y just found a and $ respectively, let, 
if possible, a' he two other values of x and y which satisfy it. 

Then we have aa+h$ = e 

aa'+h^ = c 

By subtraction o(o-a') + 60-^') = 

Similarly, c(o-a') + <J[^-^') = 0. 

Multiply the first of these by (2, and the second by h, then 

ad(a-oO + hd{$-$') = 

6c(a-a') + M08-^') = 0. 
By subtraction {ad —be) (a-o') = 0. 

Now one of these two factors must = ; but ad— bo does not equal 
zero necessarily, therefore a— a' = or a= a' ; that is, the second value 
of as is the same as the first, or there are not two different values of x 
which can satisfy the equations. 

In the same way it can be shown that there are not two different 
values of y which satisfy the equations. 

Examples. 

Find the values of x and y which satisfy the two equations. 

3x+5y = 37 (1.) 
5x+2y = 30 (2.) 

Multiply both sides of (1.) by 2, and both sides of (2.) by 5. 

They become Gx+lOy = 74 

And 25aj+10y = 150. 

Subtracting the lower fh)m the upper, we get 

-19aj = -76 

« = 4 
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And from (1.) 3x4-f 5y = 37 

5y = 37-12 
Or, 5y = 25 

y = 5 

72. The following rule may be given for the solution 
of two simultaneous equations containing two unknown 
quantities. 

(a.) Clear both equations of fractions, 

(b.) Transpose all the terms containing 's. or y to the first side of 
the equation; and all other terms to the second side ; and 
simplify hy collecting the coefficients of x and y. 

(c.) Midtiply one or both of the equations by such numbers as wUl 
make the coefficients of j equal in the two equations. 

(d.) If these coefficients be of the same sign, subtract one equation 
from the other; the remaining equation will contain only one 
unknown, x ; this may immediately be solved as a simple equa- 
tion of one unknown, viz., x. But if the equal coefficient^ be 
of different signs, add the equations together. 

(e.) When x is known, j may be found by substituting for x its 
value in one of the original equations. 

Examples. 

a;-4=|(2/+5) (1.) 
2y-§ = iix+lO) (2.) 

By (a) (1) becomes 7x-28 = f/+5. 
By (&) we get 7a;- y = 33. 

Similarly, (2) becomes 12y — 9 = a;+10 
Or, 12y-x = 19 

But 7x-y = 33. 

By («) the two equationg become 

Uy-x = 19 
-12y+84a; = 396 

By (d) 83a; = 415 

Or, a; = 5 

To get yt substitute this value of x in the equation 

12y - a; = 19 
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This gives 12y - 5 = 19 

Or, 12 y = 24 



y==H 



Or. y = 2 



— f\ 



_ 2 } ^^® *^® values required. 

^ote. — Many equations occur in the following pages, which can be 
more easily solved by methods somewhat different from that just given. 
These methods will best be learnt by practice, and by carefully po- 
licing the solutions as they occur. 



(1.) S{x+y) = 9-hy \ (2.) dx-^y = 8 

10 



Examples XXXT. 

x+y) = 9-hy 1 (2.) yx-iy = 8 1 

-4t/ = x-y i Ux-Qy = 27 f 

(3.) Sx'-2y =96 1 (4.) 2 (a;-4y) = 11+y i 

8a;- 5y = 480 I 4 {x-'dy) = lo+x j 

(5.) » .o . . 58 I (6.) , ,^ 3-7/ 

I 4 

l+l = ^ J ^-2y=|(3-y) 



(7.) 3^ _ 1 .. 1 W ^^+^y =3^ 

7 ~ ■*"^ I 2x 



11 (a;-8;, + H-5y=0 

(9.) x-{-y = a 



y+-^ = 8 



} 



} 



x-y = 6 

To solve these, add the two equations together : we find 

2a; = a+6 
a+b 

«= = — 

Again, to find y, subtract the lower from tlic upper. 
Then 2y = a-b 

Or, 2^ = -2" 

Now a and & ure Tcruyum quantities, and the equations are therefore 
solved when x and y are expressed in terms of a and b. Similar 
results may always be expected when letters, and not numbers, repre- 
sent the known quantities. 

(100 1+3^ ^ „ I (".) 1+3^ ^ 21 



2 • ^^ ( 3 
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(12.) 
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X 


^ 


11 N 


(13.) 


2 (a^+y) 


= 24- 


•X 


3 


10 


5 




2Caj+y) 


= 21- 


-y 


Sx 


y 












10 ■ 


"3"' 


= 2a) 











} 



To solve (13) proceed thus : — 

24-a; = 21-y 

Or, y^x = 21-24 

y = aj-3 

Substitute this value of y in the first of the two given equations. 

Then 2(»+aj-3) = 24-a5 

Or, 4a;- 6 = 24-aj 

5x = 30 
Or, a; = 6 

And, y = aj-3 

Or, y = 3 

This method is shorter than the general method given in 72, and 
should be used in all similar cases. 

(14.) f±l = 2 ^ ^^^-^ 



y 

X 



y+1 



= J 



4^5 


= 10- 


i i^+y) 


y 
12 


= 7- 


Sx-y 
3 


y-2 
4 


aj+3 
" 5 


7-a; 
3 


a;-3 
8 


2y-8 
3 


2x+y 
16 




m n 


= a 




ft TO 

X y 


= 6 



3 2 
8 5^ 

— + — s= TO 

« y 

c . d 

-+- = » 
X y 

Note. — Solve these like (13) after clearing of fractions. 

(20.) 1±l^h 1 (21.)(»+5)(y-l) = (a;-l)(2y-2)j 

b+y"^ a \ x+y = 1 / 

ax+by = c 

(22.) hx+ay a \ (23.) 4(aj+y)+3:a;-y)=708i 

xy " c ( 3(x+y)-4(aj-y)= 6) 

cw;-6y 6 
«y "" c 

(24.) 1.1 1.11 (25.) 

— H-- = ~ + T 
X y a o 

2 3 2 



a(a;H-y - a) = 6(a;— y- 6)1 
(a2-6«)(a;-y)=:o6Ca-6) / 



a; y a+6 
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(26.) (aj+6Xy-c)+a = (x^-hYy+e^^a 



(aJ+c)(y-6) =(x+6)(y 



-c) / 



(27.) X y x-a y^h 

-+- = -— -H = 1 

a o a 

(28.) 7aj-5 4y-6 9-5x , a;-3y „ 

5(0^+3 = -y 

(29.) ax+by = c ) (30.) aj : y : : 5 ; 7 

(a+a')a;+(6+6')y = c+c* ) x^^^ ^ ^ 



4 



(31.) 2x^y±^^7+^y'^ 



(32.) 



5(1-1) = J + 3 (y+1) 
|x-J(y-5) = ll«-?^r!i 



78. Equations sometimes occur of three or more un- 
known quantities ; and it can be proved by similar reason- 
ing to that used in 71 that the number of equations 
must be ihe same as the number of unknowns. For in- 
stance, if there be three unknowns, x, y, z^ there must be 
given three equations. 

The mode of proceeding in such cases will be shown in the following 
example : — 

Let a;+y+« = 12 (1.) 

3a;-2y+22 = 10 (2.) 

4ar+3y-« = 14 (8.) 

be the three given equations. 
Multiply (1.) by 2, and subtract the result from (2.) 

Then a;-4y = 14 (4.) 

Again, add (1.) to (3.), 

This gives 5x+4ty = 26 (5.) 

Now (4.) and (5.) are two equations, containing only two unknowns, 
and from, iheae the values of x and y can be found as before shown. 
Hence we get x = 2 

y = 4: 
To find z, return to (1.) : substitute in it the values of x and y : it 
then becomes 

2+4+2 = 12 
« = 6 
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Hence to solve three equations containing three un- 
knowns, a?, y, z, observe the following 

RITLE. 

(a.) Take any two qf the three given equations arid mahe the 
coefficients of z equal in these ; then hy adding or subtracting 
obtain an equation in x and y only* 

(b.) Take the remaining equation and either of the otJiers, and 
from these two obtain in like manner an equation in x and y 
only, 

(c.) Solve the two equations just found in x and j hy the methods 
already given, 

(d.) Substitute the values qfx and y in one of the original equa- 
tions ; then the value of z wUl be found* 



(1.) 



(3.) 



(5.) 



(7.) 



(9.) 



(11.) 



Examples XXXII. 

3a;+2y-f 3z = 40 ) X2.) 
a-2i/-f42 = 21 
]2a;+4t/-62 = 14 

x-hy-£ = \ (4.) 

4tx+Siy-{-6z = 32 
4ic+3i/-8z = -14 

. z+y-x = 2 1 (6.) 

ex-3y-Sz = -2 

Sx-y-^z = 2 



4tx — Sy+z 

2x+32/+4z 

x-y-z 

x-y+z 

x-2y+3z 

x-Sy+ez 

x+y 

y+z 

x+z 



37 

88 

o 

3 

8 

17 

1 



= 2 






Sx+yp = 28 
i{x+z)+y = 160 

X y a 
y z 12 

X 2 4 

^ X 2^ J. ^ - fi9 

2+3+4-^^ 
3^4^5 
4^5^ 6 



(8.) (a;-.a) + (y-6) + (2-c) 
(& - c)a;+ (c - a)y+ {a - 6)z 
c{x •'C)-{'a{y-a) +b{z - 6) 

(10.) mx+ny+pz = to 
m^x+n^y+p^z = m^ 



I 



(12.) 



6x+ay 
az+cx 



c 
a 
h 



(13.) 
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3 4,1 ^^ ^ 
- - — + - = 76 
z 5y z 




4 14 
5a; 2y z 




1 1 2 _ 305 
3a; 2y 2 " 3 J 




easily solved by putting 
1 .1 , 1 
X * y ^ * z 


= z» 
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The first equation then becomes 

Sx^--zy^+z^ = 76 
5 

and the others are changed in like manner ; x\ y\ z\ can then be 

found, and the values of x, y, z are then known. 

Since 111 



(14.) 



(15.) 



X = —.; y = —I z = —. 
x^ ^ y» * z^ 

x+y+z = 

{a+h)x+{a+c)y+{b+c)z = 

ahx+a4^-{-bcz = 1 



(17.) 



(19.) 



105 _ 

xyz 


> (16.) 


xyz = aiyz—zx^xy) 




xyz = bixz-xy^yz) 


35 3 




xyz = c(py—yz — xz) 


yz X 


' 




7 15 






z xy 


^ 




9xy = 20(a;+y) 


I (18.) 


xz = 3(x+2) 


lOaMj = 24(a;+2) 




ary = 8(a;-fy) 


Uyz = 30(y+2) 


J 


7yz = 9(y+2) 


14y-f7z _ 7 > 


(20.) 


« = 2tty-4a*2+8a' 


29+7yz y+3z 




X = 26y-4?>«2+8«^ 


x—z 1 


• 


x = 2cy-4l;22+8y» 


2x2+9 x+32 




5 4x — t/ 






2y+3a; ~ a;y+86 i 







( 



(21.) 

74. Problems involving Equations of two or more Unknown 

Quantities, 

Examples XXXIII. 

(1.) There are two mmibers such, that six times the greater is 
equal to seven times the less, and if one-third of the less be taken 
from one-half of the greater, the remainder wiU be 3 : find thi^ XL\afi\)^T&. 
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Solution, Let x = the greater number, 

y = the less. 
Then 6a; = 7y 1 (1.) 

And f«y = 3 \ (2.) 

are the two equations to he solved. 
Hence 14 and 12 are the two nnmhers. 
Since as = 14 

And y = 12 

(2.) Find a fraction sach, that if its nmnerator and denominator he 
hoth increased hy 5, the yalue is i, and if they he hoth diminished hy 
1, the yalue is ^. 

Sohition, Let x = the numerator, 

y = the denominator. 

Then x+5 

Are the two equations to he solved. 
They give a; = 4 ; y = 13, 

•{{i is the required firaction. 

(3.) If the greater of two numhers be multiplied hy 2 and the less 
by 3, the sum of the two products will be 20 ; but if the greater be 
multiplied by 3 and the less by 2, the difference of the products will 
be 17 : find the two numbers. 

(4.) What fraction is that to the numerator of which if 4 be added, 
the value is }, and if 7 be added to the denominator, the value is ^? 

(5.) A bill of £26 58. was paid with guineas and crowns, and the 
number of crowns was 12 more than twice the number of guineas : 
find the number of each coin. 

(6.) Divide the number 216 into 3 parts such that I of the first part 
= ) of the second part = •[ of the third part. 

Note. — Solve this 1st with two unknowns. 

2nd with three. 

(7.) The sum due to two labourers for wages is £1 98., the first 
having worked 6 days, the other 8 days ; and the first earns in 8 days 
6(2. more than the second does in 4 days : find the daily wages of 
each. 

(8.) My purse contains sovereigns and half crowns only ; and the 
gold is worth six times as much as the silver. After paying a debt of 
£4 108. out of it with an equal number of sovereigns and half-crowns, 
I find that the gold is worth 4 times as much as the silyer : find the 
Azzmber of sovereigns in the purse at first. 
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(9.) A market woman bought apples at 5 a pemiy, and oranges at 
2 a penny ; she then sold the apples at the rate of 3 for 1(2., and the 
oranges at the rate of 3 for 2(2., and gained Is, by the sale : find the 
umnber of each kind of fruit 

(10.) There is a number of two digits ; and it is found that if both 
the digits be diminished by 4, the niunber thus formed is one less 
than the half of the original number ; also the left-hand digit of the 
original number is twice as great as that of the reduced number : find 
the number. 

SoltUwn, Let as = the left-hand digit of the original 

number. 
y = the right-hand one. 

Then 2—4 = the left-hand digit of the reduced 

number. 

And y— 4 = the right-hand one. 

Also 10x-\-y = the original number. 

And 10(a;-4)-Ky— 4) = the reduced number. 

. * . By question 

i?^ = 10(«-4)4.(y-4Hl ^'-^ 

And X = 2(a;-4) (2.) 

Are the equations to be solyed : 

They give x = B 

y = 6 
86 is the number. 

Note. — ^This mode of representing a number when its digits are given 
should be observed. 

(11.) If 18 be added to a certain number of two digits, they become 
inverted, and the latter number is 1} times as great as the original 
number : find the original number. 

(12.) A draper bought two kinds of cloth at 78. 6(2. and lOs. 6(2. a 
yard respectively, and the cost of the whole was £19 lOs. ; he sells 
the cloth again at 88. and 12«. a yard respectively, and gains on the 
whole £2 10«. : find the quantity of each kind of doth. 

(13.) A and B working together could build a wall in 90 days, but 
<me of them falls ill and is obliged to leave off working for 10 days, 
and the work is not completed till the end of 96 days : find the time 
in which A alone could do the whole. 

Sointticn, Let x = the number of days in which A alone 

could build the wall. 
And y — the number of days in which B alone 

could build the wall. 
Let W = the whole work to be don^ mx^^. 
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— = th6 quantity of work done by A alone 



z 



in one day, 



W 
and — = the quantity done by B alone in one 

y day. 

W W 

96 h 86 — = the whole work done by A and B» 

X y 

Hence 96- +86-= W ^^'^ 

X y 

«^1^ . «^ ^ T^ (2.) from the question. 

Also 90— + 90— = IT ^ ' ^ 

a; y 

Dividing both sides of both equations by TT, we find 

96 , 86 , 
1 = 1 

« y 

And 90 . 90 , 

h— = 1 

X y 

From these equations we find 

X = 225, the number of days in which A could do the 
worii by himself. 

Similarly y may be founds 

Note, — The quantity of work is assumed to be TT for convenience 
sake, in order that the statements of the problem may be put into 
algebraical language ; but W is not required to be known in any other 
terras : in fact, it is clear that the result Would have been the same, if 
W had represented any other quantity or kind of work than it does. 

(14.) If il do a piece of work in 20 days which A and B can do toge- 
ther in 15 days, how long would B take to do it alone ? 

(15.) A cistern of 240 gallons can be filled by two pipes running 
together in 40 minutes ; but if one pipe be stopped at the end of half 
an hour, the whole time of filling will be 55 minutes : find the number 
of gallons per minute conveyed by each pipe. 

(16.) Two persons each receive a legacy of £300, and one of them 
then has three times as much money as the other ; but if they had 
each received a legacy of £800, the richer would have had only twice 
as much money as the other : find the sum each had originally. 

(17.) In going a mile, the fore-wheel of a carriage turns round 264 
times more than the hind-wheel ; but if the circumference of each 
wheel were one yard more tlian it is, the fore would make only 176 
more revolutions than the hind-wheel in going a mile ; find the cir- 
cumference of each wheel. 

(18.) Three persons were engaged to do a piece of work, which 
would have lasted them 18 hours if they had all begun at tlie same 
time ; but instead of doing so, they began at equal intervals, and then 
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continued to work till the whole was finished ; the first received twice 
as much as the last : find the time occupied, each man's wages being 
proportioned to the time that he worked. 

(19.) The rentHsharge of a farm consists of a certain number of 
quarters of wheat and of rye; now, when the wheat is at 56s. the 
quarter and rye at 24a., the values of the wheat and the rye are the 
same ; but when the wheat is at 60a. and the rye at 25a., tiie rent is 
increased by £9 : find the amoimt of the rent-charge. 

(20.) A person has 80 gallons of wine in a cask, and wishes to draw 
off half of it, but not having a 40-gallon cask at hand, he does it by 
means of two other measures, A and jB, which together hold 80 gallons, 
in the following way : — 

Ist He fills the larger measure (4) from the cask. 

2nd. He fills the smaller measure (jB) from the larger (^i), and 

empties {B) back into the cask, and then pours what is left 

m (A) into (B). 

3rd. He fills {A) from the cask, and then pours from {A) into 
(B) till (B) is full; half of the whole quantity of wine wiU 
then be found in (A) : find the capacity of the two measures. 

(21.) Find a quantity such, that whetiier it be divided into three or 
four equal parts, the continued product of the parts shall be the same. 

(22.) A farmer sells to one person 6 horses and 3 cows for £180, 
and to another he sells 4 horses and 4 cows for £144 : find the price of 
a horse and of a cow. 

(23.) If from half the sum of the three sides of a triangle, each side 
be subtracted separately, the three remainders are 6}, 5^, and 4^ yards 
respectively : find the length of each side of the triangle. 

(24.) A bill of 25 guineas was paid with crowns and half-guineas, 
and twice the number of half-g^uineas exceeded three times the number 
of crowns by 17 ; how many were there of each coin? 

(25.) Two labourers, A and B, dig for two hours, after which A 
goes away, and B digs the remaining part of the work in 2h. 48m. ; 
but if B had left at the end of the two hours, and A had continued 
digging, it would have taken him 4h. 40m» to finish the work : find in 
what time each would have done it separately. 

(26.) A general finds that his cavalry with half his artillery and 
in&ntiy together, or his artillery with one-third of his cavaliy and 
infantry together, or his infantry with one-fourth of his cavalry and 
artillery together, make up the same number of men, viz, 5950 : how 
many men were there in each arm of the service ? 
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CHAPTEE X. 

ON THE RESOLUTION OF ALGEBRAICAL EXPRESSIONS 

INTO FACTORS. 

75. In the articles of this chapter we shall discuss some 
of the most useful methods of resolving compound expres- 
sions into their feictors. 

Binomials. 

By Art. (50) it appears that any Binomial which ex- 
presses the difference of the squares of two quantities can 
always be resolved into two factors. Some examples will 
here be given in this formula of a more complicated kind 
than those in Chap. VIII. The method of dealing with 
such expressions will be seen from the examples worked 
out below. 

Ex. 1. a'^-Tfi - (a*)»-(a^)« 

But a*-{c* = {a^+7^ {a^-x^ 

= (a^+o^ (a+a) (a -a;) 

In this example the principle has been applied three 
times in succession; first to a^—a^, then to a* -—a;*, then to 

Ex. 2. ft xY-z^ = dxyy- {^^ 

Ex.3. (3a;-l)2-4 = {(3a;-l)+2}f (3aj-l)-2} 

= (3a;+l) (3a; -3) 
= 3(3x-hl)(a;-l) 

Similarly, the following may be resolved : 

Examples XXXTV. 

x^ t/2 4aS 62 ^2 q 

(a'+^j-l; (o+6)<-o»62; (a;+l)»-4; (a!<-l)2-(a^-l)«; 



BINOHIALS. 95 



25 \o-a;j " 16 \a+a;/ ' ^ " \ 26 j * 



4gV 
o262* 

76. Since 



as-fts = (a- 6) (a«+o6+6S) 
and (a3+63) = (a+6) (a^-oft+fta), 

it follows that any Binomial which consists of the diffe- 
rence of the cubes of two quantities, or of the stun of the 
cubes of two quantities, can always be resolved into two 
factors ; and these will be of the forms given above. 

Ex.1. 8a^-l = (2a^)s-18 

= {2xy^l){{2xyy+ {2xy).l+V} 
= (2a;y-l) {4:xh/i+2xy+l) 

Ex. 2. A«'<^+5^c3 = (§ad)s+86c)8 

Ex. 3. a^+aP = (a»)8+(JB5)« 

Ex. 4. a^ Gi¥_ /a Y _ /26\ « 

64"729"\2y \3/ 

= KD'H?)' HdJ-Cr)' I 

"V2 3/\4 3"*" 9J\2" 3J\4"^3"*'9/ 

In this example, the two methods of Arts. 50 and 76 have been 
used. 

Examples XXXV. 

Resolve the following into all their factors : — 

aJ»-64/; 8a«+27&"; 125x8+1; 64a«-6»; 64aP63+27c?d«; 

^-64c»2; 56a6^-7a6c«; 64aW+7296«»; ^a^b^cd-^^dbd^d* ; 
64 ^f ^io 

(.««H..(.*i)v(.-lMM)V(^n" 
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77. Any Binomial consisting of the difference of any 
ilie same powers of two quantities can always be resolved 
into two factors at least. Also a Binomial consisting of 
the sum of any the same odd powers of two quantities can 
always be resolved into two factors at least. See Div. 
page (29). 

Ex. 1. aJfc _ _ /65 \ 

32 V32 / 

-(i-){(i)'^(iMi)'-a>M 

Similarly -xjj+l may be resolved. 

Ex. 2. (x+iy+(2/-l)7 = {(»+!) + (y-l)}{(aj+y)«-(«+y)* 

(y-l)+&c.} 

= (»+y){(a;+y)«-(a;+y)«(y-l)+&c.} 

Examples XXXVI. 

Similarly the following may be resolved : — 

JB*±1; a*¥-(?\ »"±1; a7±128; icyoiajiOyS. {a+hy^aVy^; 

<.«>'*("-')-<-M)"*(Mr(^!)'-^ 



\ 
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Note. The expression a5*±l is read " » to the fifth, plus or minus 1." 
x^+1 is first to be resolved into &ctors, and then x^-1. 

78. By Multiplication we find that 

Hence, any quantity of the form x*+4y* can be resolved 
into two factors, which will be of the same form as the 
two factors given above. 

Ex. 1. a^+4 = {c*+4.14 

= {x^+2x+2) (a^+2a;-2). 



Ex.2. ,^ .. 1 /n w, ^/IV 



4a* 



Ex.3. 



= j(2a).+2.(2«)(l)+2(iy| 
.{(2a)»-2(2«)(i)+2(lj| 

which reduces, by applying the same process as above, and simplifying 
each factor, to 

Examples XXXVII. 
Similarly the following may be resolved :— 

625a8+4a*6*; «*+64 ; 81aH46*; ^+4; (a+&)*+4; 
(a+6)4+4(a_6)<; (024.05^)8+4(^24.3.^)8; 
(a+6+c)*+4 (a+6-c)* ; 256 (aS+6^H324a*&* : 

625a* (a^+l)*+4&* (a^- 1)* ; 10 ^, +40 ^-^, ; 

16\«-ay'^4\, X >!' V «&c j"^216V a* / * 
324jb» . 2500iB* ,« ^ . « ,x^ . . / , .IV 

(»8+3a!y+2y«)*+ ^ (as?- 3«y+ 2^/^)4. 
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Trinomiaijs. 

79. Any expression whicli is made np of the squares of 
two quantities together with, twice the product of the same 
quantities is a perfect square, Art. 38, and consists there- 
fore of two factors which are equal to each other. 

Ex.1. 49a;«-14»+l = (7a;)«-2x7a;Xl+(l)« 

Ex 2. ^ ab ^ _ /aV o.?..^4./^Y 

4'"3'^9 "" \2 j " 2*3"^V3J 



-ii-i)' 



Ex. 3. aj* 



-(?-)'-K-t-)«''- 

The pupil is recommended to turn hack to the examples 
in the extraction of the square root, Art. 43, and to 
obtain the square roots by the method used in the above 
examples. ArVhen these have been done, he may try the 
following, as giving exercise in fractions. 

Examples XXXVm. 

9aV-3a6aJ2/+-;-; a^+db+i; ia^-ix-^i; ^+ixy+SOy^; 

f- 3 + 9^ 9-^2r+49*' ("-^)'+-T-+36* 

4&a2x2 - 2ia^ -f ^y* ; |ic<-2a^+*J^; (a-l)H6(a- 1)6+962; 

(a;+l)2+(10a;+10)+25 ; (fl;+l)2+3(aj+l) (y+l)+| (y+l)»; 
^^a^-2j«V+??/; dx^'lx^f+^^ai^f; 
5ia^J^+l\laJ^c+lm; aH6-«+2«6+a+6+J; g-|+|; 

4 "^2 3 3 9* 81 sT" "18 "is"*" 16' 
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80. In Art. (53) a meftliod was given for resolving into 
two flEkctors any trinomial of the form 

aj'+ {a+h) x+ah 

A few more examples are here given, as applications of the 
same process : — 

Ex. 1. ajV22+9irV28-36a^224 = r^^j^gi {a?+dxz-Sez^ 
41 = ajV22(a.4.i22) (aj-Sz). 

Similarly the following may be resolved : — 

Examples XXyiX. 

a«68+119a767-i20a»6«; a?&*d8-lla6«<?d*-26d8; 

a^ 10 0^ aj' a^ a 

7a^+70aV+n2xy; --3a:4._. + 30; _+i3^+12; 

S+n"2"' (^+l)H7(a^-l)+6(a;-l)2; 



(S^-»(s?)' 



81. In the last case the co-efficient of the first term of 
the trinomial was + 1 ; if, however, the co-efficient of the 
first term be different from 1, another method must be 
used, which we will now explain. 

Let ax^+hx-i-c be the expression, ahc having no conmion factor. 
Multiply it by a, it then becomes 

ahP+ahx+ac, 

Let us assume that this is equal to the product of the two factors, 

{aa+m), and {ax+n). 

Multiplying these together, they give 

ahi^+a {m+n) x+mn. 

Now this must be the same as the original quantity, 

ah^+dbx+aCf 

a {m+n) = ah 
Or m+n = 6 Wl) 

And mn =- ao ) (2) 

We must now find by trial what values m and n must 
have in (1) and (2), and then substitute these values of 
m and n in the two fiactors {ax-\-m) and (aa:-\-ifv.V 

^ 1 
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Iiet each of these now be divided by the greatest number which ia 
contained in it without remainder, the resulting quantities will be the 
factors required. 

Ex. 1. Let 14a^+25x+6 be the expression. 

Multiply this by 14, it becomes 

196a^+350a;+84. 

Let (14a;-hw) and (14a;+n) be the two factors, 

14(TO+n) = 350 
Or i»+» = 25 ) 

And mn = 84 f 

Hence we find by trial that 

TO =. 21 ) 
» = 4 f 

Substituting for m and n their values, 

l^x+m becomes 14»+2l 
and 14a;-H» , , 14a;-|-4. 

The first of these divides by 7, and the next by 2, 
Hence (2aj+3) and {Tx+2) are the two &ctor8 ; 

Ex. 2. Let 30a^- 83a;+8 be the trinomial 

Multiply by 30, it becomes 

9.00iB»-2490a;+240, 

Also (30x-H») and (30»+n) are the two &ctor8 ; 

30 (m+stO = -2490 
Or TO+n = -83 \ 

mn = 240 f 



Hence we find m = - 80 

The factors are 



n = -3 i 



30a; -80 
and S0a;-3 



1 



10 divides the first,, and 3* divides the second, 

(3a;-8) and (lOaj-1) 
are the factors required. 

X 1 
Ex. 3. Let 12a;2 - _ — - be the trinomial ; 

m io 2 * ^ 48x 8- 2g-l 

Then 12x^ - - - - = . 

2 4 4 

And we must find the two factors of 48a;'- 2a;- 1 by the method 
given in the two former examples ; 

These will be found to be (8a;+l) and (6a; -1), 

X 1 _. (8a;+l)(6x-l) 
^^^-2 "4 "■ 4 
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Examples XTi. 

2a?+llx+l2; 21a^-50a;+21; 3B»2+133a;+4 ; S0a?+29aj-45; 
56a^+3aj-9; 22a^-57aj2+36 ; 210»*+a52-17lr 30a«+a5-146«; 
36a!?-141a!y-65j/»; 110{C*-SBy-j^; 16a^+45a:^-9j/8; 
49a^+394a86+1662; 6a8-5a^6*-9968; 72a*6*-5a262c2d2-l2<j«d<; 
24a*-64a»&+32a263; 21a2+105a6+1265«; 18a2ij?-9a6a;y-1462jr^; 
9xi2-24ajV-9j^; 100a^jr^-9ai2y*z3_9ij^. 4TOH2TO»-110n3; 
84y<4-87sBy-162a^; 36mV-237mVsBy+126iBy ; 

-2-^- (««+9) ; ^+^-^£^y';^+^+'^ ; 

'577 f5* 1 12 

S + l + l' ^^+l^-^-'^+T'^+h 

(o-6)2-7(a-6)+8. 

^o<e. — This expressioii is of the form 

o»-7a+8 
which equals (a— 7) (a-1) ; 

Hence the factors of the given expression are 

{(a-6)-l} {(a-6) -7} 

= (a-6-1) (a-6-7) 
12 (a+6)2 -11 (a+6) (e+d) +2 (c+d)2 ; 
21 (a+6)2+20 {a+h) c+^<^; 6 (aj»+a;)3- (a^+a;) (a;+l) + (a;+l)2 ; 

13 

(25-2)2- — (a;-2) (y-2) + (y-2)2; 

l «K 1 

4 \2^3/ 12 V2 ^ 3/V3^2/^3 V2 3/ 

It will be shown hereafter that the expression aa?+hx+e cannot be 
roken into factors if 5^ be less than 4ac. When therefore an expres- 
on of that form is proposed to be resolved into its factors, it is de- 
rable to apply this test, as it will be useless to proceed further if l^ 
3 not greater than or equal to 4ac. For instance, ihe expressions 
'+4ic+5, and lOsc?— 6a;+l, are not resolvable into factors. If the 
udent will work out these two examples by the rules before given, 
e wilft^d it impossible to get values for m and n. 
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82. Expressions whicli contain higher powers than the 
second of x may however be sometimes broken into i^tors, 
although the condition just mentioned be not satisjGied, as 
will be seen in the following Article. 

Any trinomial of the fonn 7^+cM-\-ci^ may be resolyed into two 
ikctors as follows : — 

Or 7^-{^ah?+a*' = {ofi-^-ax-^'a^) {n^-ax+J) 

Similarly may «*— 7a^+a^ be resolved 

Also a^-14aV+a* 
And oV-23a2a5»+l, 

for each of these may be expressed as the difference of two 
squares, thus : 

aj^-TaV+o* = (jc*+2aV+a*) -9aV 

Examples TCTJ. 

16{c*+36a?VH81y*; 16m''+4wV+»« ; 

81 (w+l)* +225 (to+1)H625; (aj-y)*+ {sP-f)^+ {x+yY ; 

«*+5a2a52+9a*; 4a:8-16a*a^+9a8; 81+440aj2+2401«*; 

256x»-4a^+!B*; 4? y*-194a?y+ %a^; 

81 16 

6561a^ + ^ (23a3+1662). 



Multinomials. 

83. It has been shown that — 

(0+6)8 = a»+3a26+3a62+63 
And, (0-6/ = o3-3a86+3a62-6?. 
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If, therefore, a quantity of 4 terms can be made to ap- 
pear in either of these forms, it must be a perfect cube, or 
it consists of three equal binomial £stctors. 

Again, 27a'+27a3+9a+l takes the form 

(3a)8+3 . C3a)2 . 1+3 (3a) . l^+l". 

And it therefore equals (3a+l)3. 
Ex, 2,^^^±|^' + Ka+2&)2 (c+d) + f (a+26) {e+d) + 27 (c+d)' 
/a+26\8 . „/a-f26V /a+b\ 

/0+26 V /a+2h+6e+6dY 

= (^- + 3c+dj=^ 2- )• 

Similarly the following may be resolved : — 

SSxamples XIjU. 

ci>+3a?62+3aM+6»; 8x»-36a52y+54a!j/«-27y»; 
4a5+12a*+12a»+4a2; 21 {(^a?~b<^7?y+\¥cxy^-Vjf^; 

a:'+9a^2^+ 27ajy + 27y« 



8 " 27 2 V2 "3J' 



64 

1000 a»b'«c?»-30a86V+ ^ a^lPc- ^ : 
(a+6)H6(a+6)ac+12(a+6)c2+8c»; l^ia»-yo«6S+ffa»6* 

- 4i§f 6»; 125 (a^+!^H375xy (x+y) ; -^ {S^+f) 

84. When a quantity of four terms is eqTial to the sum 
or difference of two cubes, it may be broken into factors, 
as in the following examples : — 

Ex. I. o3-3a2+3a-7 = ((;^-3a?+3a-8) +1 

= (a -2)8+1' 



= (a-2+1) (a-2p-a-2.1+is) 
= (a- 2) (a2-5a+7). 
Ex. 2. a^+12iC«y+48a;y-.61j/3 = (a:3+4y)»- (5y)8 

= (a52-y) (aj*+13a?y+61y2), 

After the necessary reductions. 

Examples XIiIIX. 

64a:8-48x2+12a;+26 ; 2a^+3a52+3a;+l ; 

9»< (a;Hl)+27 (aJ^+S) ; ixf»-^af^+Sxy-"f \ 
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-117a?+36a:?y+54ajj^+27y»; |.a?-^ + -^ - 1; 

o 27 

75 15 7 

125a?- ^852 + —X + i ; aH3a<-o»-9o«-48a-63 ; 
2 4 8 

^ (8a»-355^ - ^ (2a-6) ; 296a:P + 1344xV + 1176aJ*y« 



216 ' ' 36 

^ * 343 ^ 196 112 64 ' 27 ^ ^ 



-(a»-^(^' + a-4 



85. It may be found by actual multiplication, that — 
a3+6»+cS-3a6c = {a+h+e) (a^+l^+G^-ah-ac-hc). 

Hence we derive the method of resolving into two fiac- 
tors a quantity made up of the sum of the cubes of three 
quantities, and three times the product of the same three 
quantities taken negatively. 
Ex. 1. a^+l^-(?+Sahc = c^+l^+ (-c)8-3a6 (-c) 

Ex.2. aS-ft'-cS-Saftcrr o3+(-63) + (_c)3-3a(-6) (-c) 

Ex.3. a^+l^-Sab+l; a^+f-6xy+S; iX^+y^+Sxy-1; 

8aS-63_(3-6a6c ; 64 (ajY+a^z^-J/^+^a^Vz'). 
Ex. 4. 27a«- 10o3+l = (3o2)3 4. (2a)Hl'-3 {So?) (2a) . 1 

= (3aH2a+l) (3^|^ +"2a|H 1^-30?. 2a 

-3a2.1-2a.l) 
= (3a2+2a+l) (9a4-6a3+a»-2o+l). 

Examples XIiIV. 

8a6ca;y2-aV-r64c^-8bV; 8a3-69-3a6- r- ; 

o 
o -I 07 O "I 

^a» - i 6» - -g!- c3 + |a6c; &;' (8»*+&tj(»+3y) - - ; 
^+ *i + — -3^'- 8a'+i<^+V— + i^-l- 
^ + 2-^--J;a»+-i + 18; (a-6)» - (a-c)' - (a-d)» 

-3(a-6)(a-c)(a-<D: _+__.-_; 

o»^ 6» ^4.3 

¥(? a'(? o«5» ■ 
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86. By actual multiplicatioii, it may be seen that — 

Also, 0262+a?d2-62c2-c?d2 = (a2_c2) (&2+(f2) 

= {a^c) {a+c) (62+^2) (2) 

And a^h^-a^^-l^i^+c^ = {a^-G^ {l^^cP) 

= {a-e) {a+c) (6-d) (b+d) (3) 

Hence it appears that when each of the four terms of an 
expression is the square of the product of two of four 
letters, each letter occurring twice only, and the signs are 
either all the same, or two of them positive and two nega- 
tive, it may be broken into two^ three, or four factors, accord- 
ing as it is of the form (1), (2), or (3). 

The following examples fall under one of the above forms ; — 

Examples ZIiV. 

o2x2-462a-2-4a?j/2+16ftV; a^+l^+aY+^ I 
chP-cPx^-a^lAP+a^^cP; 36a%2+64a2^-8162a;2_i446Y . 

100 {j£h?-\-(j^ -|)22^-10000g2a;2 . 2i^^^d?+lQxYz^ 

- 64a262z2^- 9c2d2jB2j^ ; 9p<m2 - 144pV+362*m2- 576g*rt? ; 

36 400 " 64 " 225* 4 ^z^ ^ 

87. Since — 

{a+h^cf = a2+62+c24-2a6±2a6±26c 

it appears that a quantity consisting of the squares of three 
terms and twice the product of every two of them, is a 
perfect square, and can therefore be resolved into two 
equal factors. 

Note. The squares most all have the positive sign, and the products 
mnst either be all positive, or two of them must be negative and the 
other positive. 

Examples XIjVL 

a?»+y2+4zH2a;y+4a»+4y2; ; 9iC*-6a;V-6£B2+y*+2|/2+l j 
49a2.b2+9a2c2+816ac2-42a26c-126a63c+54a&c2 ; 

4"*"9"*"l6 3 l"*"6' 



^^4^4 16 



f3 
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This last example may be put in the form — 

a2 , c^ , e2 , 2ac 2ae Ice 



62 • (P • /2 ' 6d 6/ Af 

o— 6 . *o+&' 



(s:)'-»+r^)*--"-^"+-^ 



88. An expression of the form — 

oH 62+7WC2+ 2a&± 2wac± 2n6c, 
can sometimes be resolved into factors ; for it equals 

(a+6±nc)2 - (n2-i») c^, 

and if (n?— m) be a square number or quantity, the expres- 
sion is tbe difference of two squares. 

Suppose n2-m=jp2 

it then becomes (a+6±nc)2 — ^jSc? 

= (a+6±«c+i>c) (a+6±nc— jx;). 

Ex. 1. 9a262-|.i6a2c2-1562c2+24a26c-42o62c-56a6c2 
= (3a6+4ac-76c)2-(86c)2 
= (3a6+4ac-f6c) (3a6+4ac-156c). 

Examples XIjVII. 

a3+62-5c2-2a6+4ac-46c ; 

4j/2+z2_7a^_12a;y«6aa!+4yz ; 

4a52 (y2+222-3j^z) + 6j^« (5|/«+4a^-6a») ; 

9a (9a2- 1662+c2-42o6+6ac+14&c) ; 
j (2«2+j^+22^3a.y_3a^_2yz) ; 

yi^ *°a?c2 ° a6d2 ^ o6 \a6 ^ 6c oc/' 

a2/^_i_+«2_\ /_J 2 

\ (a+a;)2 ^ a^-aS/ ^ V(a3-.iB2)3 (a+x) {d^-x^ 

^ (a-ic) (a2-a?») j * a2a? "*" 62y2 "** 
a?+2/H2a;y+2a»+2yz ; 



c2«2 abary ocxz 
12 

_ • 

hcyz 



4x2 ^2 4a.y 2xz yz 
a2 4c2 a& ac be' 



MULTINOMIALS. 107 

89. The expression — 

oH6*+c*-2a262-2aV-2b2c2 (1) . 

= (634.<^«a2)2 « 452^2 

= { (6+c)2-a2} {(6-c)2-o2} 

= (p+c+a) {h+c—a) {h—c^a) (Jb^c+a). 

Similarly it may be shown that — 

oH6*+c«+2a262+2a?c2-262c2 

Also, a*4-6*+c*-2a262+2aac2+26V» = (fta+ca-o^)' ; 
And a*4-6*+c^+2a2634-2aV4-263c2 = la^+})^+(P)^, 

Hence it appears that a quantity consisting of six terms of the same 
form as in (1) may always be resolved into factors, whatever be the 
signs of the last three terms. 

Besolve the following into two or four factors. 

EzampleB XL v ill. 

a<4-46*4-c*-4a252-2a8c2-462c2 ; 
oH46*+c*4-4a252-2a?c2-46^; 
a*4-4&*4-c*+4a252+2a2c2-452c3 ; 
aH4&*+c<+4o263+2a2d2+462c2. 

Let all the following examples be taken with the same variations of 
sign as have been given in the above example. 

2a;2y2+2a;2224.2y222«jB4_y4_^. 2a52y24-2aj2+2y2-a;*-y«-l ; 
-12i^+16p2rS+2422,^-4p*-92^-16f^^ 

iC* ^ y* ^ «* icy ^ (8222 ^ J/2«2 > 

P^^ , 1^ , 9^ P* ^ •^ 



8o252c* • 2a26V ' 2a*ly^ 166 <J* 16aV a^b^' 
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FRACTIONAL AND NEGATIVE INDICES, AND SURDS, 

90. In STioh expressions as a", (a+b)*, a;*"y", &c., the 
small figure, or index, at the right hand of each quantity 
denotes the number of factors in it ; that is — 
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a' = a, a, a 



T^lf «= x,x,x continTied to m factors. 

X y *y 'V continued to n factors. 

When, therefore, the index is a positive whole number, 
its meaning is definite, but the definition in Art. (11) does 
not decide the meaning of a fractional or negative index 

as Qc^^ x^, a:"' , &c. These cases we shall now consider. 

Before we proceed to assign a meaning to fractional and 
negative indices, it will be necessary to assume that these 
obey the same law in multiplication and division as posi- 
tive integral indices have been already proved to do : Art. 
(31) and Art. (35), or, 

1. Different powers of the same letter or quantity are 
multiplied together by adding the indices of all the factors, 
or, x*".x" = Qif*^ is always true, whatever m and n may be. 

2. Different powers of the same letter or quantity are 
divided by svbtracting the index of the divisor from that 
of the dividend, 

or, af^-r-oif = of* is always true, whatever m and n, 

may be, integral or fractional, positive or negative. 

91. To interpret the expression x* 
Now, x^xx* = x*"*"* = x^ = X by (1) 
Again, Vx X 'vx = x by def. of square root. 

Taking the square root of both sides, we have — 

X* = Vx. 
Similarly we may proceed with x*^ 

III lj.»4.> 

For .x"^.x^.x"^ = x^^"^^"^ 

= X 

And '^x.^.^x = X by definition 

(x^y = i'^xj. 
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Taking the cube root of both sides, we have — 

\^ 
Thirdly, to find the meaning of x^, m being any posi- 
tive integer. 

1 1 J. 
Now, X™ . a;« . X™ ... to m factors. 

— 4- 1.— -f . . . .torn terms. 

= xby(l). 
Again, Va;. Vx.Vx ... to m factors = xhj def. 

... (a^r = (7^r. 

Taking the »i** root of both sides, we have — 

i. — 

Hence it appears that we may define a fractional index 
as follows : — 

The index i denotes the square root 



\ ,, cube root 



and generally 

The index - denotes the m^ root. 



92. To interpret the expression x'^. 



Now, x'^.x'^.x^ = aj^"*" « "^""^ 

But ^^.'^.'^^ = a;" by def. of the cube root. 

a?"^ = vx" by taking the cube 
root of both sides. 

Similarly it may be shown that — 

x'i = Vaf 
where ' and ' are any positive integers. 
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t 
Herux it appears that x^ means the cube root of the square of x : 

p 
arid generally x « denote the ^ root of the p^ power of x. 

Therefore^ to express the «* root of any power of a quantity, 
divide the index of the power by n. 

93. Next, to consider the meaning of a negative index, 
as a?"*, a;"', &c. 

First, take tlie expression a:"*. 

Now, a^xoc'* = jr*"" by (1) 

^ x". 



Again, 


or 




= a^* 




= a^hy (2) 


• 
• • 


x"* is the same as — 

•1/ 


Again, 


a^Xa?"' = af"« 


And 


^ X — = x^-T-af^ 




= a*-« 


Or, 


a?"' is the same as — . 



Hence it is always possible in fractional expressions to transfer any 
power of a quantity from the numerator to the denominator, and 
vice versa, by changing the sign of its index. 

Thus -^-j- = x'y-^.x-^y-* = a^-».y-*-* 

94. The following propositions in Indices should be 
carefully studied. 

. Note. — In the next eight propositions, the indices are all positive. 

i. To prove (a^)" = a?*~ = (a;*)"*, 

m and n being integers. 
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For (af*y = a^.a?".a:"* . . . . &c. to n factors. 

^ ^jjm^m-{-m-^ to m term*. 

= of**. 

Similarly, it may be shown that — 

(a:")"* = af^ 

Ex. {a^y = (xy = x\ 

Xn) = (a?")* = Xn. 

xn) = xn ,x», &c. to m factors 

— 4. i. + Ac to m tennt. 
= 07* " 

m 

= 07". 

And \(.^)^} = (af")'^.(a;*")"» . . . &c. to n factors 

Taking the n^ root of both sides, we get— - 
Vx"/ = a?" = (a:*")* 

iii. To prove Kxr^J* = a?*«» = va:*y*». 

Begin by raising vj?"y " to the mn\^ power and pro- 
ceed as in (ii.) 

Ex. G^)+ = x-^^ = (x*)* = 'l/x. 

iv. To prove a;^ .y" = {xyy^. 

For (^ 1 1\- i I 1 Jl . 

Va?* . ^V = a7«.y*» X iT" .y* X &c. . • . to 2in 

factors, 
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= Kar^.ss^ .... to wt factors^ 
X Vy* .y« ... to m factors/ 

xy)r^] = (iry)«.(ary)^ ... to m fectors. 

. ^i. + 2+i. + Ac...toM 

= a?y 

Taking the »i* root of both sides, we have — 

JL J. 1 

Ex. x^ ,y^ = (ary)"^ 

Or, '^x.'^y = ^^. 

Similarly it may be shown that — 



1 1 1 



and the proof may be extended to any number of 
factors. 



V. 



To prove a:»" -^ y» = ( - V 






Eaise — to the m^ power and proceed as in (iv.) 
IT 

III tnp 

vi. To prove a?* = x~^. 

Eaise aj" to the wpl* power, and then raise a? "p to the 

n^^ power ; these results will be seen to be equal : 

take the wpl* root of both sides, and the results will 
he equal. 
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Similarly it might be shown that — 





m 
J 


Ex. 


S 4 ft* 

X'^ = X^ = XOm. 


Or, 


Va* = l/x* = Va;**, 



Nate. — It should be carefully noticed that this proposition is not 

m 

self-evident; for a?" means the n* root of the m* power of x; and 



mp 



X "P means the npl* root of the m^ * power of aj, and these cannot be 
assumed to be the same tmtil they are proved so. 

— — — + — 

vii. To show that xi .x' = x^ •, where p, q, r, s, 

are positive integers. 

£ I. ?! iT 

For xi ,x' =a xi* .XV by (vi.) 

-L 1 

= (jx^y*,{af^)v by (ii.) 

= (af.a^)v by (iv.) 

= (xP'+^y' 

=z X V 



= X9 



^ + ^ 



Similarly it can be proved that — 



J- 1. L - L 

a?! -7- a?* = a?! •, 



Hence it appears that Eules (1) and (2), as applied to 
fractional indices, are a necessary consequence of the de- 
finition of a fractional index. 



viu 



Begin by raising \xT)'^ to the sg\^ power. 

96. Props, i. to viii. have been proved when m, n, /?, q, 
r, s, are positive integers, or when the fractLoii^ \Ti^<c.%.'e» 



114 IlLLCrnONAL AND NEOATIVB INDICES. 

are all positive ; but they may all be extended to the cases 
where j», n, p, g, r, s are any or all negative. Two ex- 
amples will here be given of the mode of proof, when the 
indices are negative, and the other propositionB should be 
worked ont in a similar man];Ler. 

JL 1 1 

To prove ir^.y* = (ary)"», when m is negative. 

Since m is negative it may be put « — a * ' , - =£ — -j) 
where a is a positive integer. 

11 - i. - i. 

Then o^ ,y^ sir'-.y"** 

1 1 
= "T.^ by Art. (93) 

_JL 

= I ^1 (iv-) 

{xyy 

= (ay) " • 

XI )* = ar«", when w is negative, and je>, 
^, w positive. 

Let wi = — a . • . ?wp = — op. 

Now va:7>) « = Kx^)^ ~ «'' 

1 



va?9>)» 


1 


p« 


07 «" 


op 


X 9» 


m;» 


a? "9, 



iBxamples Ij. 
1 . Express the following in both notations : — 
The square root of the 5*** power of a. 

An8. ^scF^ or a*. 
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The m^ root of tlie />* power of the product of the 
square of a, and the square root of h, 

Ans. ^(aW'by, or (a*6'^)m. 
The square root of a divided by the cube root of x. 



V a a* 1 _ 1 

Ans. yp, or — , or a^x "*". 



Vx -..^ 



2. The fourth root of the square of a, the product of the 
square root of x, and the cube root of y. The fourth root of 
the product of the square root of the cube of a, and the 
cube root of the square of b. The fifth root of the square 
of the quotient of the cube root of the square of a, by the 
fourth root of the cube of x. The cube root of the p^ 
power of the quotient of the m^ power of bx, by the cube 
root of the m^ power of bx, 

3. Simplify (a^)\ 

Now aya => a, a* = a^ 

And {a/Jay = cfi'^ = a. 



Simplify 



m p p m 

The expression in brackets = a^ ^ -r- c^ ~ ^ 

Jl JL £ + J? 

= a* " » X a" " » 

And "I a* "* " '' )^ = a , the result required. 

4. Simplify Kv^Wa^) ; Ka'^.a'^J ; va"».a"a.p/ ; 




MS" 
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5. Baise ir^y " "* to the 6* power ; ^y a^y " ^ to the 6* 
power; — —^ to the 4"* power; — a' a? to 



the third power ; \/ x\/x ^x to the 8* power. 
6. Find the square roots of the following quantitiee : — 



ah^c ; 



x^y^ a\a^ a^ a^,b^^,c^ 



Also, find the cube root, fourth root, and fifth root of 
these quantities, and express the result without 
fractional or negative indices. 

7. Multiply together the two quantities — 

« J. 1 8 1 1 

x^ + ar^y^ + y^ ^^^ ^ — y^« 

The arrangement and process are the same as in mul- 
tiplication with integral indices, and the work is 
given below. 



X 4-4- -^ 
x^ -{-x^y^ +y^ 

x^ -y^ 




X + x^y^ + x^y^ 
— x^y^ — x^y'^ - 


-y 


x * * - 


-y 
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Find the products of the following factors — 

a* + cd^ and a* — ccr ; a^ — d^ + 0^ and a"*" — a^ ; 
V^+ V^ and Vrf" - V^; a + 26*" -f 3c^ and 

1 1 -L J. 11 

a — 26* + 3c^ ; p^q + ^'^ and />^ — <7^ ; 

ar^ + 3x»y^ + 9x%^ + 21 xy + 81a?^y^ + 243y^ by 

1 j_ 1 1 * ± 

Q^ — 3^^ ; (a + a?)*, (a + a?)**, (a — ar)m and 

(a — x)n ; a;^ -I- a? " * — V.a:^ 4- a? " v +1 and 

I „ 1 
oc^-Yx ^+1; 3a?~*— 2a?""y4-y and 07"* — ^a:"*y 

+ iy*; a^ + a"'* and a* — a""; Va^c 
.(a+ + 6* + c*) and ^5''^^ (a* -6* + €?*). 

8. Divide a:* — 1 by Vi — 1. 

The arrangement and process will be the same as in 
division of integer indices, and is as follows : — 

0?* - l)a^ - 1 (a:^ + a? + a:^ + 1 
a? — a? * 



x^ 


— 


1 








xi 


— 


X 












X 


- 1 








X 


-0.+ 










x^ 


— 


1 








xi 


— 


1 








• 




• 



This division might also have been performed by 
resolving the dividend into factors. 

Thus a;« - 1 = (ar^)* - 1* 

= (a:* - l) ((a?*)» + (a?*)* . 1 + ar* 

.I' + lO 
= (a+ _ 1) (a?* + ar + a:* + 1), 
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Most of the following examples may he done by 
breaking tbe dividend into factors by the methods 
of Chapter X. 

Find the following quotients : — 

ic* — 1 by a?"^ — 1 ; a;* — a?"* by a?— 07"*; a?*" — a? ^ 
by a?^ — a? " * ; a?^ + ^^ — 1 by a?^ + 1 -f a: "^ ; 
X* — 256y* by x^ — 2^^ ; a:* — y* by a?^ — y"*" ; 

2^6 + "7=; a?by ^v^a? — 1 to 6 terms in the quo- 

tient ; a? by a?» + a* to 6 terms ; (a^ + ^) (a? — y) 

by X* — y""". 

In this example divide a: — y by a? * — y*, and mul- 
tiply the result by a?* + y". 

^ + -i ^y ^^+ v=> ^'* + T ^yi + ^^ to 6 

CCr \x 

terms;2a«6-;^- + ^-Aby2a+6* 

«a-^r^^-5!^SyiaV.-* 

729c» a* -^ ^ 

- 2a "" "^^Z^^c"^ ; a? + y* + ^ - 3 (a-y V)"^ by 

1 8 

^^ + y^ + ^« 

9. Extract the square root of 4a — 12a*5 " * c ~ ^ 
+96-* c'*. 

4a - 12ah'^c'^ + 96-* <? " ^2^^ - 3^ 

^f +C \ 

4a* -36"*) -12a*&"*c'* + 96-'c"* 
+c"* -12a*5"*c"* + 9ft-*c"* 



„ I 
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From this working, it is seen that the arrangement 
and process are the same as in quantities with in* 
tegral indices. 

Find the following square roots : — 

9b^ a*b , . a« a 1 4 . * 
+ 16^' T"-^ +*T + F + 46i' 25^ -^'^ 

— — 8 + — ^ — -f ^ 

— 4:a^b'^ + 25a""*"3*»; x "• va?"*" y*" — ij 

^4 1 8 4 ■ 



+ 7-5; ; 3xp 4. 2 + a? p + a?p + a?p. 



10. Extract the cube roots of the following quantities : — 
a* + x-' + Six-x-^); ±^ + ^ + 1^ + 1; 

_ am 16 14 18 

+ ia T; a;«-3a?^ 4-3a?^ +3^7*-. 60?^ + 2a;* 

11 JL / » i\' » •/ » >\* 

+ 3x^ +0^; a?" V^^ + «V + «^ U^ + «V »' 
(l25ar-» - 75a? " ^ + 15ar " * - a? ' '»')y*; 

G^ + y*y.G*-y'"*)''(^V) '*; (27a?V 

+ 108a:»^-* + 144y + 64a?-y)-»; |- + ? 

ly a? 



^'il-f ^^^tl-f 



Surds. 



96. When a proposed root of an algebraical quantity 
n be found, that root is called a Bational Quantity ; but 
the root cannot be found, the expression denoting the 
ot is called a Surd^ or Irrational Quantity. 
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Thus ^a" or a" is a surd. 

But ^5^ or 8^ is a rational quantity, 

For 8* = (8«)^ = (647 = 4. 

So ^^5, Va* + a?*, are surds. 

97. Some examples will now be given of the most usual 
operations necessary to be performed on surd quantities. 

Any potjoer of a quantity may he denoted by any index ^ whose 
value is the same as that of the given index. 

Thus X = X* = x^ = aj'ir, &c. 
Or, X = V^ = ^^ = y^ &c. 

8 4 e 

And x^ = a: • = x^, &c. 

1 S m 

(a + a:)* = (a + x)^ = (a + x)'^, &c. 

Hence the product of any number of different quan- 
tities may be expressed under the same radical sign. 

Thus a*ft*/ = 0*^5^ = Ca'*6V)^=>v/^^^V. 

Conversely, the rational factors contained in a surd 
may be removed from imder the radical sign. 

Thus ^a*ftV e (o*^c«)^ = ahh^ 

1 A 

= abc^a^ ,b^ 
= ab(^(ab*)^. 

And Va:^.3^.;3*"*(ar + y)'» + ^(y + ^)'"'"". (a? + :?)"■'' 

= x.^z'^ix + y){x-^ yY'{y + ^) Cy + ^)"*(a? + z) 

8 
(a? + ^)"* 

= xf:^{x+y) (y + z) (x -{- z) [{x + y)(y + z)* 
(x + zf)'^. 

98. Any quantity may be made the co-efficient of » 
given surd, if every term under the sign be divided by 



i 
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that quantity raised to the power whose root the sign 
expresses. 

Ex. To make a the coefficient of the surd (a* + d^cc^Y. 
The result is a(a* -^ a?*)^. 

For («« + a«^+ = ^(^-^ = «^fl±^ 






Similarly, if it be required to make a* the co-efficient of 
the surd — 

It takes the form — 
So also — 



^8a* + 8aa? + 2a?« = 2(0* 



+ ^^ + -4 






99. Surds of more than one term may be bracketed, 
when the same surd factor is common to them all. 

Thus abVx + bWx + ac^^oc 

= V^ (06 + bc + ac). 

Also ^da^bc - Vl6a6»c + Vioft? 

= (a5c)* {(9a«)^ - (166«)* + (4c«)*} 
= (oic)*{3a -45 + 2c}. 

100. When two or more surds have the same index, their 
product may be found by multiplying together the quan- 
tities under the radical sign, and writing that product 
under the same index. 

Thus, (a + 1)+ (a - 1)+ (a« + 1)^ = (a* - 1)* 
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And 2a^M^.a(a + h)^.b(a - b)^ 

Sometimes it is necessary to reduce the surds to indices 
with a common denominator. 

Thus (a + a?)* (a - a?)* (or)* 

= (a + a?)* (a - a?)* (flu?)^ 

= (a« + 2aa? + aj*)* (a - a?)* (aV)* 

= (o^a^ + d*a:» - aV - aV)*. 

101. Different powers of the same surd are multiplied 
together by adding the indices of aU the £eictors, and di- 
vided by subtracting the index of the divisor from that of 
the dividend. 

Ex. Divide (ax + byy by (ax + hyy 
The quotient = (ax + byy " * 

= (ax + byy. 
Multiply together 4"^, 2* and 8"*". 

These different surds may all be expressed as powers of 
the same surd, for 

4* = (2*)* = 2* 

And 8"* = (2")* = 2^ 

.-. the product =2"^"*'*'^* 



Divide 



And 





= 2V 






= 8x2+ 


(27)* 


by (9)* 




(27)* 


= (3*)* 


= 3* 


(9)^ 


= (3')^ 


5 


3*-^3^ 


= 3^ = 


V27. 
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102. When the denominator of a fraction contains surds, 
it may be transformed into an equivalent fraction without 
surds in its denominator. This process is called ** Ba- 
tionalizing the Denominator." 

a«ft* a^b^ A* 
X y* X y^ X y^ 

xy 

., 3 3 V5 3V5 

Also —p = —p. X -7= = . 

V5 V5 V5 5 

Ab<6.— Obserre that the &ctor introduced into the numerator and 
denominator must be a surd, whose index added to the index of the 
denominator makes an integer. 

When the denominator consists of two terms, one or 
each of which is a Quadratic surd, a different method must 
be used. 

Ex. _3 3_^ ^2"-! 

V2+I ~ V2+I ^2"-! 

" 2-1 

= sv^-s 

^ . 2Va+V3S 2Va+V36 sVa+Vsd 
Agftin, =: ir = zz zr" X _ 

SVa-VSft 3Va-V56 3Va+V56 

6a+ (2V5+3\/3) \/a6+6Vl5 



Also 



9a- 56 
3 V5 3 V5'( VS"- ^/2 ) 15-3 V^lo 



5->v/l0 



This transformation of fractions is useful when their 
iiumerical values are required, connect to a given number 
of decimal places. For instance, let the numeTic«A.^«iJOkVfe 
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3 ^b 
of the fraction —jz: j=. be required correct to 4 pkces 

of decimals. 

Taken in its present form, the calculation would be as 
follows : — 

1 . Extract the square root of 5 to 5 places of decimals, 

and multiply it by 3 for the value of the nu- 
merator. 

2. Extract the square root of 2 to 5 places of decimals, 

and add it to the value already found of ^5 for 
the denominator. 

3. Divide the value of the numerator by that of the 

denominator by long division to 4 places of der 
cimals. 

But if we take it in its second form 6 — ViO, the cal- 
culation is effected by extracting the square root of 10 to 
5 places of decimals and subtracting it from 5. 

If the pupil will actually work out this example by Ae 
two different methods, he will be convinced of the advan- 
tage of the latter. 

3 

The same remarks apply to the fraction -^ , 

The Eule for rationalizing the denominator of a fraction j 
when it consists of two terms, one or each of which is a 
Quadratic surd, may be thus stated : — 

RULE. 

If the Denominator he the sum of the two terms, multvply Numera- 
tor and Denominator by tJie difference of these terms ; hut if the 
Denominator he the difference of the two terms, multiply hi 
the sum. 

Thus, to rationalize the denominator of the fraction 

--j= -rz, we use the multiplier ^a — ^b, 

y a + v6 



^ 
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But in the fraction 

—r— TT, we use the multiplier *J a 4- vT. 

Note. — This method applies only to Qimdratic surds, that is, surds 
in which the square root is denoted. 

103. When the denominator of the fraction is a Bi- 
nomial, and the surd or surds are not Quadratic, a different 
method must be adopted, which will now be explained. 

The fraction will be of one of the two forms — 



± 1 or 1 i> 

where c denotes any algebraical expression which stands 
in the numerator. 

c 

i. Consider the fraction ~T ]_. 

a» — 6» 
1 
For simplicity, put ce* — x 

and h* = y\ 

a = a?" 
and h = y". 

Let I be the l. c. m. of m and n. 

Then (a^) = a} 

and v&"/ = y 

and a?' and xf are both rational. 

Now, ic'-.y = (a?-.y)(a7'-* + a?'-«y + a;'-y + . . . 

see p. 29. (1). 
If, then, the numerator and denominator of the fraction 

be multiplied by the expression within the brackets 



(x^- 1 4. af*-^y + , &c.) it becomes 
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e(a^-' + a*-*i/ + + ay-' + y-') 

a fraction with a ratioiial denominator. 

1 
And if instead of x we write a*, and instead of y we 

write ^», the fraction will be in the form reqnired. 

c 

ii. When the fraction is of the form "T T, two cases 

a* + 6- 

will arise according as /, the l. c. m. of m and n, is even 

or odd. 

Take x,y^las before. 

Then, if / be even, 

+ ay-«-y-'). (2) 

But if / be odd, 

- v+y-0. (3) 

Hence we see that if / be even, the rational denominator 
will he 0^ — y\ and the multiplier will be the quantity 
within brackets in (2) : but if / be odd, the rational de- 
nominator will be ar' + y, and the multiplier will be the 

quantity within brackets (3) ; cp" and ft» being substitTjted 
for X and y as before. 

1 
Ex. 1. Let ""1 T be the fraction to be rationalized. 

Here a^ = x 

/ = 6. 

Now ir* - y* = (a: — y) (ar* + x*y + a^y -f- a^ 

4- ary* + y*) 

Or, a^-^b^ = (a^ - ft*) (Jr ^ Ji,i + ab + ah^ 

+ ah* + ft*) 

. i— - - a* + a^ft* + aft + ah^ + ah* + ft* 

a' - ft' a« - ft» 
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I 

1 

Ex. 2. Let "ji T be the fraction. 

a'^ + b^ 

Here x, y, I are the same as in Ex. 1. 

And since / is even, we have 

and making the necessary substitutions for x and y, 
we have 

I ^ a^ - ah* + ab- ah^ + «^^' - ^^ 

a+ + ft* a« + ft» 

the fraction required. 

a' -ft* 
Ex. 3. Let — — — 7 be the fraction. 

Here / = 16, a? = a^, y = ft* 

And x"^ + y» = (ar + y) (a?** - aj^y + 

- a?y" + y"), 

a* + ftTr (^o^ ^a^y + - a^y^ +y */ 

.a* - 2a'T*ft» + &c 



a* + ft» 

The whole of the multiplication indicated in the nu- 
merator should be worked out. 

Ex.4. 5^11^. 

Here the multiplier is v 5*+ V3, and the fraction becomes — 

104. If the denominator contain three quadratic suidjs, it 
may be rationalized by repeating the above process, as in 
the following example— 

1 

V2 + V3 + Vf. 
Mnltiply first by VTh- VS"- VT, the fraction becomes— 
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- 2 + 2VT 2 (Vis"- 1) 

Multiply secondly by V6 + 1, then it becomes — 

(^2"+ Vs^- Vt" ) ( V6"+ l) ^ ^hich may be worked out. 
2x5 

105. The restilts of the two following propositions will 
be found useful in extracting the roots of quantities in- 
volving quadratic surds. 

i. The square root of a rational quantity cannot be partly 
rational and partly a quadratic surd. 
Let a be the rational quantity, and, if possible, let 

4a = a? + Vy. 
Squaring both sides of this equation, we have 

a - 0^ ^ 2x4 y + y 
2x4 y = a — Q^ — y 

— a ^ x^ —y 
Or. V^=_^_y. 

That is, a quadratic surd is equal to a rational quantity, 
which is absurd ; hence the square root cannot be of the 
form supposed. 

ii. If the two sides of an equation contain both rational 
quantities and quadratic surds, the rational quan- 
tities on each side are equal to each other, as also 
the surds. 

Let X + Vy = a + V^ be the equation, where x and 
a denote the sum of the rational quantities on each 

side, and 4h, 4y the sum of the quadratic surds 
on each side. 
Then shall x - a 

And Vy = V^ 

For if X be not equal to a. 

Let X = a + h. 

Then the original equation becomes 

a + A + ^y = a 4- 4h 
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which is impossible by the first part; whence wt* 
must have x = a 

106. By the help of the preceding propositions, we may 
now investigate a method of finding the square root of a 
binomial, which has one of its terms rational and the other 
a quadratic surd. 

Let a + *JT be the given binomial. 

Assume ^a + V^ = V^ -f- Vy 

Square both sides. 
Then a + V^ = a? + 2 V^+ y 

a = X + y 
And ^b = 2V^ by (105). ii. 

Squaring each of the last equations, we get 

X* + 2xy +y* = a* 
4xy » b. 

By subtraction x* — 2x1/ + ^ =^ a* ^ b 
Extracting square root a? — y = Va* — b. 
If this root can be extracted, call it c, 

X — y = c 

But ^ + y = «• 

By addition of the last two equations 

2a? = a + c 

Or. x.if' 

By subtraction 2y = a — c 

Or, y = -2~ 

And then ^x + *J y is knwon. 

Note, If the square root of (a^ — 6) cannot be extracted, the process 
is useless, since the expressions for x and y will be too complicated. 

The chief use of this method is to extract the square 
roots of numerical quantities, as in the following exam]^le. 
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Find the square root of 9 -f- 4v5. 
Let Vq^MVs" = V^ + Vy 

Squaring, we have 9 + 4v 5 = a? + l4xy + y. 

a? + y = 9 

2V^ = 4V5", 
and proceeding as in the proposition above, we shall find 

jj + y = 9 
And a? — y = 1 

Whence a: = 6 

y = 4 

'^9 + 4^5 = V5 + 2. 



If it had been required to find ^^9 — 4VT, we should 
have assumed 

V9 -4^5"= V^— Vy 
and the process is similar to that just given, and the re- 
sult is V9 - 4V5 = VsT- 2. 

jVo^. The labour of the precedmg process may often be avoided, 
and the square root of the binomial found by inspection. For instance, 

if 4 + 2/\/3 be the quantity whose square root is required, it can be 

put in the form 1^ 4- 2/v^3 + (^3 ) , which is evidently the square of 

1 + V3, for it is made up of the squares of the terms 1 and V^, to- 
gether with twice their product. 

In the examples (LI.) of finding the square roots of 
binomials, both methods should be tried. 

107. It is sometimes possible to find the square root of 
a quantity which consists of a rational term and three 
quadratic surds. 

Let m + *J a + V^ + Vc be the quantity. 

^^"°»«V^ + V^+V6 4V^= V^ + V^ + V^ 

Square both sides of this equation, we get 

w + Va + VT+ Vc = X + y + z + 2^xy + 2'fxz 
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Put 2^1'xy = Vc^ 2V^ = V6, 2Vy^ = V^ 
Multiplying these three equations together, we get 

And by squaring the equation 2Vy2 = V^c, we get 
Hence, by division 2x = 



^= iV^^ 



|6 

Similarly the values of y and z may be found. 
It will now be necessary to examine whether the values 
of xyz thus found, will satisfy the equation 

X -Yy '\- z = «i. 

If this be the case, 'Sx + Vy + V^will be the true square 
root, when the values of each letter are substituted ; bnt if 
not, the square root cannot be found by this method. 

Ex. Find the square root of 6 + 2^3"- 2^2"- 2^6" 
^^®^ Ve + 2^3"- 2V2"- 2\/6"= V»"+ 7+^2^ 

By the same method as above, we have 

2ijxy=i - 2V6 

2v'jcr= - 2V2 

2V^^ 2V3r 

And hence 2b = 2 

y = 3 

» = 1. 
And we see that sb + y + 2 = 6. 
And the required square root is 

V3"-V2+ 1. 
Eespecting the negative sign in — V2, see Art. (110). 

108. To find the cube root of a binomial of the form 

a ± VF 

Assume '^a + ^b = x+ *Jy, (1.) 

Cube both sides. 
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Then a + ^ ^ ^^ ^^,^i ^ Sxy + ij^ 
Hence oc^ + 3xy = a 

And Sx^t/* + y* = V6. Art. (105.) 

By subtracting one of these equations from the other, 
we get 

Or, a? - Vy = ^a - V^. (2.) 

• Multiply (1) and (2) together, we find 

If a* — ft be a perfect cube, its root can be extracted ; 
call it c. 

Then a^ - y = c, (3.) 

But of + 3iry = a, (4.) 

Multiply (3) by Sx, . • . 3a?' - Sxy = 3cx. 

Add the two last, . • . 4a;* = 3ca7 + a, 

Or, 4a;* — 3ca; = a. 

From this equation x must be found by trials since no 
regular method has been given for finding the root of an 
equation involving x^ ; and if a value of x can be found in 
this way, y may be found from (3), and thus the cube root 
will be known. 

It is evident that if a* — ft be not a peifect cube, the 
cube root cannot be obtained by this method. 

Ex. Find the cube root of 100 - 51^31 
K we proceed as in the proposition. 

Then '^lOO - 51\/3 = jc - Vy 

100-51^3"= a^-Sx^^y + Sxy-j^^ 
Whence a^ + Sxy = 100 

And 3x^^ + y^ = 51V 3 

Also V 100 + 51 V3 = x + Vy' 

x^-y = '^lOOOO - 7803 

= ^2197 
Or, x2 - y = 13 
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But a^ + 3xy = 100 

4a^-39a; = 100. 

We find by trial that » = 4 

Also y = 352 — 13 

Or, 2/ = 3 

Hence ^100 - 51v^ = 4 - V^ 



Examples LI. 

1. Express (ib^<r as a square root. 

Here ahK^ = J6*(c*)* 

= ^a*bc^' 

The process consists in reducing each of the indices to equivalent 
fractions having 2 for their denominator. If it be required to express 
the same quantity as a cube root, each of the indices must be reduced 
to equivalent fractions having 3 for the denominator, and so for tlie 
other roots. 

2. Express (d> c as an w* power. 



M M fit 



Here oo c = a™.©**.©*" 



( ^ -^ ^^ 



m 



In this case the index of each letter must be reduced to an equiva- 
lent fraction having m for its nimierator. 

8 i 

3. Express 4ary2r as a cube ; — 7 as a square ; — - as a fourtli 

s i 

power; (a + ^)^ as a cube root; {ax + hy)"^ as a square 

root ; \/ -^ as a fifth power ; 2 {\<J^hy and aVc^ as fifth 

(t 1 1 2\10 

a;"2r -f. a7"^y» 4. y^) as a cube root of a fifth power. 

4. Express the following as w* powers and »»*** roots. 
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m m 



(w* -«*)*; (ahcj^ ; (oft-*)" ; {x + y + 2r)'*+' ; 

5. Express |a^*(a6*) f^as a cube root and as a cube. 

Also V — ^a^y z^J as a square root and as an ^ root. 



(36«) 



i 



as a twelfth root. 



6. Express with indices, whose numerator is 1, the following quan- 

tities — 

4*; 2-*; 3*; 9"*; (|)"*;(|)"^. 

7. Reduce a^b^c^ to the form of a Smr root. 

i p. 

Also a^b(f+^ to the form of an n^ root; also, a?"y"»2;' as an 

sr+l*^ root; and a^b'^af'y^ as a (f )*** root; (a + b + cY &s 
a cube root; (a + ^)* as a fourth power; ^a* + ^* asa 

cube root; (a + x)* as a 2m^ power; ( — -- — ] as a ^p^ 

\x -f- y/ 

root. 

8. Take out the rational factors from the following surds : — 

/y2 ** /a*^b** ■*" * - 

(x + yf + ^{x - y)\x 4- y) ; ( fl + ^ + c)* 
{V(a + ^)«-c* + V(a + c)« - 6* + V(ft + cy - o'}. 

(a: - af(x - 6)*(x - c)* + (a; - 6)* (a: - a)* 

(a? - cf + (a? - c)*(a? - af {x -• &)*. 

. Rationalize the denominator of the fraction — 

\ 

X — VflC* — 1 * 
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Here the multiplier is a: + 'v a;* — 1, and the fraction becomes 

a^ + V^rrr _ ^ , v^JZT 

a;«_(x«-l) - ^+^^ ^- 
Similarly the following may be rationalized — 

aJx^ + 1-1 V« + 1 x-\- fjy ijx-\ry — tjx — y 
1 + a; - V2g 4- gg tJ%-\-x-\- ijx a - aJ^ox - o? 
1 + a; + ^2* + a? ' ^2 + a? - V» ' a + V2a«-^* 
a+6 VlTa-l V^n? + aJ 1 + Va^ - 1 

a + V^l^* Vl -a + 1 * Vaj'TV* - a;' 1 + 2a;Va« - 1 ' 
*J\x + 1 + Vig Vl + ax» + -/I - aaS" 
ViF+T— 2 Vic Vl + ax» — Vl - a»* 

Va;- Ajx-jx ^ -ax)^ ^ 1 3 -f Vs 8 - 5^2 

V.+ >v/a,-(x^-ax)*'2V2^V3S.V5S.2Vr 

5 ^2*+ 2^7 ' 

10. Find the numerical values of the following : — 

1 + V3" ^r- V2 2+W3 2 + 4V7 

V2 + V3 ' 3V3^2V2 ' V2"+ V2TV3' 2V7^1 

2 + Vr 1 41 + 29 V2 

3V6"+2Vi2" jVi8 + 2* 7 + 5^2" 

V8 + 2 Vs"- V2" 

V2"+ ^^2 + 3* ^2"- ^^2 - 3i 

11. Rationalize the following : — 

1 X - Vxy + y Va H- Vx 



1+ Vx + Vy x + Vjey + y* Va + Va + a; + 4fr 

1 + ^2" Ve" ^28* 

— — ^— — — ^— ^— • — — — — ^.^_— — -^^^_- • • 

1 + ^/2 + V3 * 2 V2 - 3V3 + 6^6 * ^7"+ ^i ' 
1 {/3"-^5 >^ I + V3 3*2^ 



2--^3' V3 + ^5*^4--;/2'l-;t/3' 2^ + 3*' 
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2x^-3yi (a'-x)^-'{a'^x)^ 1 - (1 - a:)^ ^9 + V5 

t/9 + 2V2 ' V3 + 1 

In the following examples simplify eacli fraction sepa- 
i-ately before reducing them to a common denominator. 

12. Simplify the following expressions : — 

V3"+2 V3"-2 

V2'+'^2 + 3* V2"-A-3*' 

1 1 a + V^"^^ o - Va2 - ft2 

a-Va3-l a + V^-l' a- Vfl?^^ a + Va'-ft^' 
(o» + 4)* + (g' - 4)^ (gg - 4)^ - (pg + 4)* 
(a2 + 4)* - (a2 - 4)* (a3-4)* + (o« + 4)*' 

^izJ'^.i i + i 

x-y" x^ -{- (xy)^ + y^' a; + H-a;-» l+aj-» + x-* 

. 1 



a;2 + » + 1* 



13. Extract the square roots of the following binomial surds : — 
2+V3; 11-6^2"; I7-I2V2; 63+4Vl43; ^ + VjT; 

^ " 2^7 ; 3g - 3^3*; -^ (10 - sVlT) ; 28 + sVlO ; 

37Vr.60; lW7^+ 2^210; ;j^ + ;j^; ViT- 4,^/1; 

2 (a2 + b» + 06 + (a + 6) Va* + b») ; 2(o + l)(o - VS^; 
2 (a* + 62 + c« + (a + b + c)V'a« + l^ + c^), 

14. Find the fourth root of 17 - 12^2"; 92 + 32 Vt"; 
i (jp + 28^^) ; 33 - 20^2 ; 14 >/3 + 24. 

15. Find the cube root of 584 + 195^3*; of 45 - 29 V2; 2 + \^; 

15 ,- 37 ^ ,- 

-|- V 3 - -g- ; the sixth root of 99 - 70V^; 208 - 120V3 ; 

the eighth root of 577-408^; the ninth root of 
69826 - 40445^^. 
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IG. Show that V5J = V3 + j= and V^J = "^ + "^I also, that 
(^Ja is less than (§)§ ; and iJTk greater than ^5^7. 



CHAPTEE XIL 

QUADRATIC EQUATIONS OF ONE OR MORE UNKNOWN 

QUANTITIES. 

109. An equation ns called Quadratic when the highest power 

of X contained in it is the second or square. 

Thus 3a;2 = 75 (1.) 

and sB?-7a; = 5x+13 (2.) 

are both quadratic equations. 

110. An equation in which ordy the second power of jl appears 

is called a " pure " Quadratic, 

Thus (1.) is a pure quadratic. 
It may be solved in the following manner : 

3a52 = 75 
Divide both sides by 3, 

SB? = 25 

and V^= V25" 

Extracting the square root of both sides, 

jc = +5 
also X = —5 

for +5 and —5 are each a square root of 25. 
It is usual to write the result of the square root thus : 

X = ± 5 
Ex. (2.) 9-3a;2 = 43.2 - (3sb?+27) 

9-3jb2 = 4x2-3352-27 
Transposing, &c. -4x2= -27-9 

4x2 = 36 
and x2 = 9 

X = ±3 

111. To solve a pure Quadratic Equation, observe the 
following 

Edle : — 

(a.) Clear the equation of fractions if necessary. 
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(b.) Collect aU the terms invdmng i^ en Hie first side of the 
equation^ and the known quantities on the second side, and 
Amplify. 

(c.) Divide both sides by the co-efficient of z?. 

(d.) Extract the square root ofboUi sides, and pi'efix the double 
sign. 

Examples (UL) 

7a5»-2 = 26 ; 1-a? = 4aj«-24; 2 (l+aJ^ = 7 {jL-a^ +4 
8+3a?-(ll+2aj«) = 0; 2(a5»+l)+3(a?+«) +4(aj2+3)-2 = 
2 2 a? 1 1 5 

i^'l) - ~ (a^-2) +1 (a^-3) -| (a?-4) = l| 

(g+l) (a;>3) ^ (ag-1) (g-3) 

2 4 

a; (g-l) (a;-2) __ (a;-l) (g-2) (a;-3) 2a; (x-3) (x-4) _^ 
3 6 " 12 " 



8 ■*"24 



{x+a) {x-h) (x— c) + (x-a) (x+6) (x-c) + (x— a) (x— 6) (x+c) 
= (x+a)(x+6)(x-c) + (x+a)(x-6)(x+c) + (x-a)(x+6)(x+c) 

112. ^n equation in which both the first and second powers of x 
occur is caUed an adfected quadratic. 

Before giving examples of the solution of adfected 
quadratic equations, it will be necessary to discuss the 
process of ** completing the square." 

Now, we know that 

{x+ay = x?+2ax+a3 

that is, the expression 

a}2+2ax+a2 

is a perfect square, and it is seen that the last term (a^ is the sqnarf 
of half the coefficient of x, and that the coefficient of (x^ is +1. 
Now, suppose we take the expression 

a52+6x; 

if it be required to make this [a complete square, we must add the 
square of half the coefficient of x, viz. (3)^; 
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it then becomes 

a;2+6a;+9, 

which is the exact square of x+3. 

Similarly to make a^+lOa^x a complete square, we must add {5a^^ 
or 25a*. 
Then 

z^+10a^x+25a* = {x+6a^\ 

Again, to make a^— ipx, a complete square, f^]^ must be added, 
and the square is 

Hence then we may complete the square when the expression 
contains jc* (the coefficient being +1) and xwith any coefficient by 
the following 

EULE. 

Add to the tvoo given terms the square of half the coefficient ofx. 



Examples IiIII. 

Complete the squares in the following expressions : 

9 X 

(1.) sfi+^x; a?-6a;; a^+x; a?+3x; a^+ -rx ; x^^ - 

a?+ax; a?-36a;; z^-Sdbx; a^-Spx-, x^-^ia^; a^+9pSaj. 

(2.) Complete the square in the expression 

a^— 4a3a53 

Worhing, The quantity to be added is 

(2a8)2 or 4a«, 

and the complete square is 

0^— 4a?ic5+4a' 

Note, Whenever the index of the letter in one of the terms is double 
of its index in the other term of a binomial, the square may be com- 
pleted by the above Bule, as in the instance just given. 

(3.) Hake the following expressions complete squares : 

a^+a?; afi-aa?; o^-aV ; a^-a2a;2; ajio-t^a^; afi+lOfq^ 



1 v)^ 2'" cibcdoij 



3mic2 



X 



10 _ 



2 -. , ~ , ~ 3 ' • m2 * 2» 

2ama^ 
51m 



(4.) Write down the " square root '* of each of the completed squares 
in the above examples. 
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Let it be required to solve the equation 

3a52-12x+4 = -5 
WorMng, 

By transposition 

3x2-l2a; = -9 

Dividing both sides by 3 

a?-4a; = -3 

Completing the square by adding (—2)^ or 4 to each side, 

ai?-4a;+4 = 4-3 
or jb?-4jc+4 = 1 

Extracting the square root of both sides, 

x-2 = ±1 
jc = 2±1 
Taking the + sign x = S \ 

Taking the — sign x = 1 f 

Hence 3 and 1 are the two roots of x in the above equation. 

Again to solve the equation 

aa^+6aj— = • 

Proceeding by the same steps as above, we have 

By transposition aa?+hx = e 

Dividing by a a^A = - 

a a 

Completing the square 0^+ _ + — - = — h t-s 

a 4a2 a 4a2 

^. 6a; . 62 4ac+62 
a 4a2 4a2 

Extracting the square root, 

6 _ V^+p 
''"*■ 2^ " =^ ""2^^ 



^ ~ 2a 2a 



6 V4ac+62 

and X = - — 

2a 2a 

are the two values of x. 
These values may be put in the more convenient form 

6-V4ac+62 



X = — 



2a 
6+V4ac+62 



''" ~ 2a 
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Solve by a similar method the equation 

a?+px-\-q = 0. 

The two values will be found to be 

2 2 

113. For the general solution of a Quadratic Equation, 
the following Eule may be given. 

(a.) Apply the rule of transposition to bring all the terms con- 
taining x^ and X to the first side of the equation^ and ail the 
other terms to the second side, 

(b.) Simplify both sides by collecting coefficients, 

(c.) Divide both sides by the coefficient of:x?, 

(d.) Complete the square by adding to both sides the square of 
half the coefficient of x\ 

(e.) Extract the square root of both sides, placing the double sign 
± on the second side, 

(f.) Write down the two resulting values of x. 



Examples Iirv. 

(1.) Solve the following equations : 

3a?J+10 = 24a;-ll ; 2x^+z = 3 ; 3-7a; = 4x2+6 
a;2-lla;-12 = 0.; (2a;+3)2 = 7 (2-a;) ; C5-a;)2+8 (7-x) = 

(x-l)2+ (a;-2)2+ (x-3)2 = 5; (2x-6)2-9 (x+4) +63 = 
(2x-5)2-81 (x+4)2 = ; x2 = 49 (3.-3)2 ; (3x-l) (4x+l) = 
(7x-14) (6X+13) = 0. 

Note. The two last equations may be solved by a different method 
from the usual one. 

For the equation (3j;— 1) (4x+l) =0 states that the product of the 
two factors (3a;— 1) and (4x+l) must equal 0; and it is required to 
find what values must be substituted for x to produce this result. 

Now it is evident that if one only of the factors be made equal to 0, 
then the product of the two must equal 0, whatever the other factor 
be : hence, if we can find those values of x which make each factor 
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separately equal to 0, both of those yalnes will be roots of the 
equation. 
Therefore, to solve the equation above, 

(1.) put 3a;- 1 = 

3aj = 1 

and X = i 

(2.) put 4a;+l = 

4aj = -1 

and a; = — J 

that is, i and — \ are the two roots of the above equation. 
Generally if an equation can be put in the form 

(x— a) (a;— 6) (x— «) .... =0 

all the roots of the equation can be at cmce determined by putting 
each factor separately = 0, 

tiiat is, X— a = 0, which gives x = a 

x—b = ,, » = 6 

x— c = ,, X = c 

&c., &c., &c. 

(2.) {z+17) (x+3) = (x+11) (2x+4) 



(2X-3) (3X-4) = (?Z£)A?ZM ; (. . I) (2+x) = 9 
1 ,„ s / 3\ , 11 ^ a?+l x-2 . 



3x+l 
4 



x?-l a?+2 .. ,. aj2 17 7 

_-+_ =4(x-l);-+2-=-25^ 

(x-4) (x-12) _ (2g+ll) (x-10) 

3 " 37 

(x+a)(x+6)(x-o) + (x+a)(x-c)(x+d5+(x+6)(x-c)(x+d5 = 

Solve the equation 

9 4 5^ 

x+4 - x-1 " 24 

Worhing, To solve this, we must first find the l. c. m. of the deno- 
minators, and multiply both sides of the equation by it. 

L.c. M. = 24 (x+4) (x-1) 

Multiplying both sides of the equation by this L. d M., it becomes 
9X24 (x+4) (x-1) ^ 4x24 (x+4) (x-1) 5 (x+4) (x-1) x24 
x+4 x-1 "24 

or 24x9 (x-1) = 4x24 (x+4) - 5 (x+4) (x-1) 
or 216 (x-1) = 96 (x+4) - 5 (x+4) (x-1), 

which may be solved in the usual way. 
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Again, take the equation 

» _ « _ 3 1 
4 6 ~ 2» x 
Here the l. c. m. = 12a^ and multiplying every term by 12x, we get 

12a;. g 12a;. a; _ 12x3a; _^ 12a; 
4*6" 2a; IT 

or 3a?-2a;2 = 18-12 

ix? = 6 

and X = ±v/6 

The following examples must be solved by a similar method : 

^ x+1 3 

a;+2+ ^ - X- i 
x+2 X 

= 



X2-1 X?+l 



X— 4 x+4 

100 _ _80_ 
x?+l " x?-l 

» 5 _ X 1— 5x 

5 X ~ l-5x - X 



80 x+3 , x-17 ^ 
H = — = 



3x-l 10 " 5 

x+1 ^ W_, ^ x-10 
4 x-9 " 3 
1 . 5 , 20 



x+1 x-1 3^2-1 



X-1 x-2 a?-3x+2 

3 2 21 



a?-l 352+1 4(aJ*-l) 

7 3_ _ J 

x+2 x-1 ~ x?+x-2 
a^-7 , 1 „ 

x+3 X 

X _ x+1 __ 2 (x-2) 1_ 



x+1 X as^-lO 2(352-10) 

' -1 



(-,-i-.)-(»i)- 



2x+3 
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5+a; _ 4-g _ 3x+20 

4 4a;-5 " 7 

14 1 



2 (I-jb) 3 2(l+a;) 

14 _ J^ _ 29 

7-x 7+» "" 10 

3g-5 _ 3a;+5 41^ 
3a;+5"*" ~ 3aj-5 "*" 176 

2a; 2a; 7a; 



a;-7 x+7 a?-73 

!^ +7X-11 = i^i|Z 

4a;+3 2a;+3 

a;-9 ^ _ 3 
a;-12 12 "" »-6 

a;+2 a;+6 x+4 



a;+2 2a; 2 (a;+l) 
1 1 l-4x 



a;+l a;-l 2a;-l 
11 3 



X a;+l 10(a;+2) 
3^1 4 



5-2a; 2-a; a;+l 

a;+l _ a;-2 _ 9 
a;-l a;+2 ~ 5 
2a;+l 3a;~2 _ 13 
2x-l 3a;+2 " 6 

3-4a; 1 _ 1 

3(3-a;) "^ 2 (1-a;) "" 3 

3' 7 a^5-28 



a;-7 a;+6 a;2-a;-42 
a;+3 »7 x+1 5x-3 



x2-3x + 2 a^^-4x+3 3(x2-5a.j.6) 
3x 6x x-3 11x2-2 



:t2-l"^x«-3x+2'^x*-x-2 x3-2x2-«+2 

x^-2ax = 2a + l 
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— 1 V— 1 


-/-' 


2 


4 


— fc"^ 








adx" 


-acsB? 


= 6caj- 


hd 






W 


-26a; 


6« 


1 








a— a; 


3a- 


2a; 








a 


8a 


• 


dba^- 


a*cx' 


-b'caf+aftc' 


= 




' + 


1 




1 


= 





jB2(5«-d8) - 2ac»a;+2a6«a;-a«c« = 

114. Other Equations whicli may be solved as 

Quadratics. 

Take the equation 

a4+4a« = 320; 

To solve this we may proceed thus : — 
Add to both sides 



m 



or 4, 

Then a;*+4a^+4 = 324. 

The first side is now a complete squeure ; 
Taking the square root of both sides, we get 

3^2+2 = ± 18 

a?^ = 16 or - 20 
Whence a; = ± 4 

and X = db V-20 

Here the first part of the solution is found by completing the square 
as in an ordinary quadratic. 

Again, let 3a;^ — loff* = 10 be the equation ; 

Divide both sides by 3 ; 

w. 7 10 

a;*»- -x"« = — . 

Add ( 4 ) to both sides. 



O'- 



^ 7 49 169 

Then a^__,^ + _ = _. 
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Extract the square root of both sides. 

7 13 

aJ* — — = ± — , 
6 6 

a!* = — or 1, 

And extracting the m^ of both sides, we have 



■ </^ 



X = >y/ _ or 1. 

115. From the last example it may be seen that the 
method of solving Quadratics may be applied to all equa- 
tions which contain only tux) powers of a?, such that the 
index of the greater power is double that of the less. 

Also, note that the quadratic method cannot generally 
be applied to equations which contain more than two dif- 
ferent powers of x ; nor to those which contain two powers 
of X, such that the index of the greater is not exactly 
double that of the less. 

Let the pupil satisfy himself of this by trying to com- 
plete the square in the following equations : 

JB* 4- 2a; = 10a;2 + 5 
4a^ - 8a52 + 4 = 0. 



Examples IiV. 
a;4-6ai«-27 = 0;a^+ 14x9 = 1107; 

x6 - 38x9 - 864 = 0; ^^5 — 7 -J- 6 = 351 ^ ^ f ; 

Ux^ + 8 x2 + 4 _ 2xg 

21 ~ 8x2 - 11 ~ 3 » 

2x2+1 rj^ ^ 9 (2x9 - 1) 
2x2 - 1 " 77 2x2 + 1 * 

ic'(l - a^ = ^; (a^ - 5)2 - (x - 3)« = (x+ 1)«; 
,p + i«p-i p 8 7 



af^' a? 



— — • = 2* rcp + 9 — sp s= 



^~ ^ XP + 9 XP + 9 — 2 
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116. It lias been remarked above that equations cannot 
erally be solved as Quadratics when they contain more 
m two different powers of the unknown quantity. There 
5, however, son^e oases in which they can be so solved, 
in the foUowing examples. 

Let (a^ - Ixf — 10a? + 70aj + 16 = be the equation. 
This may be put in the form 

(x» - 7x)2 - 10 («« -.?«)=- 16 

Add 25 to both sides, « 

(aB» - 7x)« - 10 (a? - 7a;) + 25 = 9. 

Extract square root, 

(a? - 7a;) - 5 = ±3 
a? - 7a; = 8 or 2. 

VfQ must now solve in succession the two equations 

a;« - 7a; = 8 
And a;? - 7» = 2. 

The first gives a; = 8 or - 1, 

7 ± a/ 57 
The second gives x = , 

So that there are four roots to the equation. 

Next let ay» + Vay» + ll = 31, 

Add '11 to both sides, 

(a?^ + 11) + V^m = 42, 

Add \ to complete the square, 

169 

a;?+ll) + Va;?+ll + i = -J- 

, 13 

Extract square root v a;? 4- 11 + J = ± -o"» 

And Va?» + 11 = - J db y* 

Or, Va?^+ll = - 6 or - 7. 

Square both sides ai^ + 11 = 36 or 49 

a? = 25 or 38 

And , a; = ± 5 or ± VSs. 

The solution gives four values of x ; it will be found, 
owever, by trial that ± 5 are the only two values tha.t 
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satisfy the equation. The two values ± v 38 belong to 
the equation 

jb2 - Vjb2 + 11 = 31. 

It is therefore necessaiy in equations*that contain surd 
expressions to examine, by actual substitution, whether the 
roots obtained will satisfy the equation, and to retain only 
those which do satisfy it. 

9 18 

Let jb2 + — J — 6a;H 1-14 = be the equation. 

Or z 

This may be pnt in the form 

a? + 6 + ^ + 6 (a? + ^ W 8 = 

O, (. + |y-6(» + |) =-8 

... (. + 1J_6(. + |)+9 = 1 

And ^JB + - j - 3 = ± 1, 

x+ - = 4 

- X 

And aj + - = 2 

z 

which are ordinary Quadratics, from which the four values 
of X may be found. 

Take the equation a^-2a^4-» — 1 =0. 
This may be put in the form 

a;2(a}2- 2a; + 1) - »(» - 1) = 1 
Or, {aj(a;-l)}3 -«(»-!) = 1 

{aj(a;-l)}2-x(a;-l)+l = f 



And 


x{x-l)-i- ±-^5 

it 


Or, 


2 


And 


^..-i-Vs 



2 
are the two equations to be solved. 
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Taking the first, 

2 

4 

2 

And X = 1^^3 + 2V5 

3 

Similarly, the other may be solved. 

Lastly, let 25z {x - a/1 - x^ = 4, 

Or, 25a;« - 25aj Vl^^ = 4. 

Transposing 25a; Vl - aj* = 25a?» - 4. 

Squaring both sides, we get 

625a?^(l - »«) = 625a4 - 20025^ + 16, 
Or, - 1250** + 825ai2 = 16, 

J 33 . 8 



50 625 ' 

which may be solved as in former cases. 

The four values of x will be found to be 

±iand±J^ 
5 10* 

4 V2 
And of these four, only + — and — satisfy the equation 

25a;« - 25aj VlT^ = 4. 

4 >i/2 ^ 

The two roots — - and + — — belong to the equation 

5 10 

25x? + 25a; Vl - a? = 4. 

It will in fact be found that the equation 

05* — rx-a^ = — - 



4 50 ~ 625' 

which we have solved, may be obtained from squaring 
either of the two equations 

25ai? - 25a; Vl"^^ = 4 
25a^ + 25a;Vl-a;? = 4, 

(Let the pupil prove this by squaring) 
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and the four roots belong to these two equations, two to 
one and two to the other. 

These remarks apply to the equation solved in p. (148). 



Examples laVL 

(1.) *^ + -i' + « + r = 4; 

2a?+ V2a?*H-l = 10; 

a; - 1 = Vx + 5; 

, a; + 33 

a^ - 2aj - 5 V 2a5» - 5a; + 6 = — ^ i 

a;>2 + 4a^ = 6 ; 

^ + S = ±; 

• ^-^-^— ^— 3x 

8x2 - 13 - V6x» + 62a? = "o" • 



Vb + x -f V3-a; = 4 ; 

2-\^ = VlOa? -f 12 - V3a;H-2; 

^«8 + l + ^J^"^= «; 
2(»*+l) - (a; + l)* = 0; 

aj-4 «-4 

^4a;- V7a; + 2 = 1 - 2V«; 



v/ 



J Ja- X _ 12a; ^ 

V^+^ ~ 5(a + aP)' 
a;*-2a;?+2ay' + a; = 6; 
a> - Vg2 -. 16 _ 4 ^ 

a; + V^^^6 " * * 
a?^(a;?- 18) = 4 (a? -12); 

a?»-4V» = 3(a; + l); 
a;* (4a? - 1) = 7a; + 12 ; 
2a?-a;-2ajVl - o? = f ; 
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Let 8a^ + 64aj = 72; 

jc3 + 8aj = 9. 
This may be put in the form 

a^-a; + 9x-9 = 0; 
Or, x{x^~ l) + 9(a;-l) = 

.-. a;(a;-.l)(x+l)+9(x- 1) = 
And (aj-l){a?^ + x+9) = 0. 

Hence we have the two equations 

a? — 1 = giving a? = 1, 
And aP + z+d = 0, 

which is an ordinary quadratic, and its two roots are 

J(-l± V^^l5). 

When an equation contaimng the third power of x as 
the highest is proposed for solution, it is necessary to 
collect the whole expression on the first side of the equa- 
tion, to put this = ; then to break the expression into 
two fjEictors, one a simple flEictor, the other a quadratic 
factor, and to put each of these factors separately = 0. 
Then three roots will result. 

(2.) a^^-4 = (a; + 2)(a;« + 8); 

a52(a; + 4) + a; + 4 = 2-2a;(a; + 4); 

(x-4)3+l = ^-2(aj-4); 

2x9 = x^+l; 
a?-2x» + x = 4(l-x2); 

x+ ' c- A = 0; 

1— X 1 — X 1— c c 

x3 - 3x = 2 ; 

2x»-3x» + 5 = 0; 

x^ + x(l - j/a) + eVa = x^^a^ + 6 ; 

2x? + 17x-l = (8x - 2) V9 + X. 

117. The following solutions are given as examples of 
the method in which quadratic equations may be solved 
when they contain surds. 



(1.) 2x* + (4x + Vtx + 2)* = 1 

(4x + Vt^+I)* = 1 - 2x*. 
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Squaring 


4aj + ^llx + 2 


s= 


l-4aj* + 4a; 


Or, 


7a;+2 


= 


(1 - 4fl;*)2 




7aj+2 


r= 


1 - 8aj* + 16a; 


• 
• • 


9aj- 8a;* 


= 


+ 1 


Op, 


8 \ 

X X 

9 


= 


1 
9' 


Comp. Sq. 


8 J^ 16 
^-9" +81 


= 


25 
81* 


Ex. sq. root 


9 


r= 


*i 


• 
• • 
• 


»* 


zz 


, 1 

lor-. 


Squaring again 


X 


zz 


1 



In this example, the most complicated surd expression 
is taken by itself on one side of the equation, and the 
simpler quantities are transposed to the other side ; and, 
in general, this is the best method for ^nations of this 
form. 

(2.) 3a;' -a;"' + 2 = 0. 

Multiply all through by x^, we get 

3a^ - 1 + 2a;' = 0, 

Op, ^ + l^^ = i 

And x^ + l = ±f 

»' = i OP - 1, 
Squaring a? = -g op 1, 

Taking cube root x = ^^ or 1. 

From this example it appears that negative indices 
should first be got rid of, unless both the indices are nega- 
tive, and one is double of the other. 
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(3.) (o + a;)* + (a-a;)^ = 6*. 

Squaring both sides, and simplifying, we get 

Or, (a + x)^+{a - a?)* = 6* - 2(a« - a^)^- 
Squaring again, 
a + x+2(o2-a5»)* + o-a; = 6 - 46* (a^ - a?)* + 4 (a? - x? A 

Or, - 2(o2 - ai2)* + 46*(o2 - a?j* = 6 - 2a. 

Here we have a quadratic in (o' — a?)* ; when solved, it gives 



<o« - a^* = 6* ± 



(^)*- 



Eaise both sides to the fourth power, we find a value of 
a^; take the square root, and the value of x becomes 
known. 

(4.) (aj+a)*-(a;-o)* = A (1) 

Now (a; + o) - (jB - o) = 2a. 



Bividing this latter identity by the equation (1), we get 

a 

1' (2) 



I * 2a 



Adding (1) and (2) together, we find 

, , 2a 

2(a; + a)* = c^ + ^r 

<? 

2a+c 

Squaring both sides 4 (» + a) = ^ ^, 

c 

from which x is known. 

This method may always be applied when the sum of 
two square roots, or their difference, is given, and it is 
always the best method of solution, if the coefficient of x 
be the same in each of the radicals. 

... a + aj + V2aa; + a;^ b + c 

(5.) , = r . 

a-\'X- A/^ax + a? '* " ^ 

To fiimplify this, apply Prop. (viii). Proportion, we get 

a + x h 

V2aa; + »? " ^* 
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Clear of fractions, and square, both sides, and the equation will be 
an ordinary quadratic, and we shall find 

c — X e + x 

c^ + {c- a;)* c^ - {c + a;)* 
Here we shall simplify each fraction separately ; multiply the nu- 
merator and denominator of the first faction by e^ - {c — a;)% and 
those of the second by c^ -\' (p + »)* we get 

(c-a;)c*- (c-a;)^ _ (c + ») c* + (c + a;)^ _ J 



(6.) T— 71 + "1—^—1 = ci 



= <y. 



X X 

Clearing of fractions, and simplifying, we get 

(o+a;)^ + (c-a5)^ = - 3c*a. 

Squaring and simplifying 

2(c2-a52)* = 3ca3?- 2c8. 
Square again and multiply. 

Then we find a; = 0, or a; = ± ilL. 

2 

(7.) 2a. x^^ = os^+x*. 

i_ 
Divide both sides by xi^, 

m — n m — n 



Then 2a, x*^ = 1 + a: «» , 



«i — n fii — » 



Or, a:*»« — 2a.a?*»» = — 1, 

which may be solved as a quadratic, since one index is double of the 
other. The result is 



X = \a ±(a* — l)*}»»-». 



The methods adopted in Examples (5) and (6) for clear- 
ing of fractions are often useful, and i^ould be carefully 
studied. 



Examples LVH. 

(1.) 2>v/49 - Sx = 8 - VSaj + e ; ^/aafThx'^+ ax- a = 0; 
V3JT1O = 5 - \/2»"^; x + ViT"2 = J ; 
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Va; + 4p = 2 VaJ + 2 - V»; aJ+1 = V2(a;+l) + 4; 

JB -»Jq? - 1 » H-ViB? - 1 

- + "1-6 = 0; *J{x + 3c)2 + o« + V(a; - 3c)2 + a2 = 3c ; 
a; jp^ 

a; - ya;2 - 16 V « + » V « ~ » ^ a- - x- 

aa;-36(a;- 1) + 2A/lPx+dba? = 0; 
2a^ + 5(a; + 1) + Va?^ + 3a; - 1 + 35 = 0; 
{x + Va52 - 1)* - (a; - Vaj^ - 1)* = 2>v/^^=T; 
(V»^+ vc - xf = a (v»"- Vc — a;) ; 2a;* + 2a;" * = 5 ; 



Va; + Vs" ^ /i08. a?^ + 4 _ a;^+2Q . 
V«-V3 V "»~'xJ + 6 a;? + 28* 

2 Va;^ + a; + 2a; = 5- V»- Vl + a;; 
la; a^ 



"*"i_i_/,j_n.-i + i_i_«.-ij_/..-i ~ ^* 



l+a; + a?* l + a; + a;-» 1+»-i + {b 
la bx+<? /ia»\J /a&a; + c2 /4ajc\J «» , , 



(I -=)*-(!- «)'-(!)'• 



Some of the following will reduce to simple equations, 
jad liave therefore but one root. 

(2.) V» + l + Va;-12 = 13; 1 + ;jf^ = V« - 1 ; 

g , , X 12 

, Vm:^+i wi-« + i) =25' 

21 - 5VaJ = 7= — ; 

105Va5-2 



V 



(a; + c)2 - o3 . V3 + 1 . 



2ca; 
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a?-4fl;+5 = jjll^ - 52a + 61 ; 
3a; + jj2x-' 2 = 7 ; 
«(1 - «) + Zij27? - 6x + 5 = 25+ 2a;; 

4a! + A/4a! + 48 2 
2a;+V»+12 ^* 

V6ai2 « 19a. ^. 7 + ^3»2 + 25» + 8 = 3a;+ 1 ; 



a; - VS - » ^ 

a; 



+ Vl-ie* Vl + a2 - a 
VlT^-a; o + Vi"^^*' 



1 1 

x^ + (a* — a?*)^*" ft 

1 1 



(x* + fta? + c*)» - (a^ - fta? + c*)™ ^ ^ 

a + aj - V 2ax + x^ A/2a + x + V« 
o + 05 + V2aa; + 7? ^2a-\'X - ^x ' 
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PROPERTIES OF THE ROOTS OF QUADRATIC 

EQUATIONS. 

118. If the equation 

aP-\-pK + q = 

be solved in the usual way, we have 

Or, X = -|±/>/^-g. 

Call these two values of x, Xi and x^ respectively, 
Then a;, = - I + \/^ - q 

By addition we have 

»i + aJi = - i?. (1) 

By multiplication 

xiXi = g. (2) 

The above equation has two roots, and it cannot have 
more than two roots. For, if possible, suppose it to have 
three roots, a?„ a?,, x^. 

Then, since each of these must satisfy the equation, we 

have 

^i^+pxi + g = 
»i' + P»2 + g = 

Subtracting the second of those equations from the first, 

we find 

Xi^ - ajj,* +p («! - 05 J = 
Or, Xi+Xi+p = 0. 

Similarly, by subtracting the third from the first, we 
have 
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a;i + iBsj + Jp = a5i + a53+i' 
And . * . X2 = 0^.- 

Or, the third root is the same as the second ; that is, the 
equation has only two roots. 



Since 






And Xi 

it is evident that the nature of the roots depends upon the 
relations of the coefficients p and q; and the following 
conclusions may be drawn. 

i. If ^>2. 

Then ^ - g is a positive qiumtity, 

And \/? - 2 is possible, 

Xi and x^ are both possible. 

ii. If ^ = 3. 

Then ^-3 = 

And ajj = - ^ 



aJa = - TT 



2 
Or the two roots are equal. 



iii. If ^- < q, 

Then ^ - g is negative. 

And \/ X ~ ^ is impossible, 



and both the roots are in this case said to be impossible 
or imaginary equations. 

119. The above results are collected below, and should 
be committed to memory. 
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In any quadratic equation of the form Q? + px + q = 0. 

1. The sum of the two roots equals the coefficient of the second 
term with its sign changed. 

2. The product of the two roots equals the last term. 

3. Every quadratic equation has two, and only two roots. 

4. If j^ > 4g ; the roots are possible and unequal. 
If 2)2 = 4g ; the roots are possible and equal. 

If |>2 •< 4g ; the roots are impossible and unequal. 

By means of these properties the following problems 
may be easily worked. 



Examples IiVHI. 

1. What is the sum and what the product of the roots in the three 
following equations? 

JB? - 3a; + 2 = 



H^-a^ = {x-fj\ 



2. One root of each of the following four equations is (- 1) ; find 
the other root in each case without completing the square. 

052 - 6a; - 7 - q 

4 - T "" 

7x2 + 7a; _ q 

3a; + 4 + - = 0. 

X 

3. State the nature of the roots of the following equations, whether 
possible or impossible, equal or unequaL 

ap + ^x = - 4 

(x + a)2 + (a; - o)3 = 

a? + x + l - 

5a5» - a; = 10 

a; (a; — a) = 

a^^ + a; = 72. 

, It was shown in (118) that 

{Bi + a;^ = -i? 

Hence the equation a? + jja; + g = may be put in the form 

«^ - (»i + ^2) a; + »i«2 = 
Or, (a; - a;^) (» - a;^ = 0. 
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If, therefore, the roots of the equation 

3^ +px + q = 

,be known, the expression x*+px-{- q can be resolved into two 
;simple factors. 

Ex. To resolve x^ + Sx - 40 into two simple factors. 
Put 052 + 3a;- 40 = 0, 

Solving this quadratic, we have 

aj = - 8 

z = +5. 

a;« + 3a;-40 = (» + 8)(a;-5). 

(4.) Eesolve the following expressions into simple fiEUitors. 

7»» - 6a; - 640 

sfi - 42a; - 297 

3ay^ - 5a; - 12 

4»2 + 29a; + 7 

14a;* - 29x? - 15 

abx? ~(cfl-h^x-ah 

a;? + 2aa; + o« - 62 

a;* + 2 (a + 6) a;? + (o2 + 4ab + 62) a;8 4. 2ab (a + 6) a; + a^. 
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120. For the same reason as that stated in (70), when 
there are two unknown quantities, there must be given 
two independent equations. In the following examples, 
one or both of the simultaneous equations will be quad- 
ratic. 

Ex. i. Let 3y + a; = 9 ) (1.) 

3x^-4,xy+f = 7 ) (2.) 

be the two equations ; the solution will be found as follows : 
From (1) a; = 9 - 3y. 

Substitute in (2) this value of x ; 

Then 3(9 - Sy^ - 4y (9 - 3y) + jr^ = 7, 

Or, 243 - 162y + 27y2 . QQy + i2j/2 + yS ^ 7. 

40y2 - 198j/ = - 236, 

n .99-59 

Or, y^~ 



20' 10 
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, 99 , /99 V /99 V /59\ 

*" 1600 
99^ 19 

^"40 "^ =^40 
59 

are the two valnes of y. 

To find the two values of x, substitnte for y its value m (1). 

59 
Taking the first value of y, ^jr-, we get 

59 
3x^-a. = 9 

OJ = 9 rrrr- 

20 

3 

~ 20' 
Taking the second value, we have 

3 X 2 + aj = 9, 
Or, » = 3. 

The values therefore are 

aj = 3, y = 2 ; 

3 19 

"'^ 20' ^ = ^20- 



Cx. ii. Let 2aj2 - 9»y + 4j^ = 30 "^ i. 

And 7?-3f = Ij ii. 

be the equations. 

Dividing (i.) by (ii.) we have 

2x^ - 9gy + 4yg _ 30 
aj2-3y2 - 1 

28a;2 + 9JBy - 94y2 -, q. 

Divide by 282^^, 

r^^ /«V . 9 /x\ 94 

which is a quadratic in - ; the roots of this will be found to be 

y 

X 

- = - 2 

y 
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X 




47 


y 




28' 


X 


= 


-2y 
47 


X 


~ 


28 ^ 



Or, 



Substitute for x its value (- 2y) in (ii.). 
Then 42r^ - 3y2 = 1, 

Or, y" = h 

And y = ± 1 j 

Also a; 7 2 /. 

47 
Next, substitute for x its value — y in (iL). 

Then (g-yj - Sy^ = 1, 

Or. -^y« = 1, 

784 ^ 

^ - I?t 
^ ■" " 143 



^ a/ "7^ 



28 V 143 

/ — T 4^ 

= =^^^V-i43==*=V^ 



Ex. iii. a^ + y2 = 34 (i.) 

x-y = 8. (ii.) 

Square (ii.) ; Then a^ - 2a^ + y^ = 64, 
Subtract this from (i.). 

Then 2xy = -30, 

Add this last to (i.) 

ix? + 2xy + y^ = 4, 

And x + y = ±2. 

But 35 - y = 8. 

By addition 2aj = 10 or 6, 

a; = 5 or 3. 

By subtraction 2y = - 6 or - 10, 

'y = — 5 or - 3. 
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121. The following general rules should be observed in 
the solution of simultaneous equations. 

(a.) If one of the equations he a simple equation and the other 
a quadratic (as in Ex. i.). 

Express x in terms of y (or j in terms of x,tf more con- 
venient), from, the simple equation, and substitute this value 
in the quadratic : one of the unknown quantities ioSl then he 
determined by the solution of a quadratic, and the ether can 
le found (as in Ex. i.). 

(b.) If both the equations he quadratics, and every term con- 
taining the unknowns he of tux) dim^ensums (x*, xy, or y*), as 
in Ex. ii. 

Divide om of the equations by the other, and a quadratic in 

- W? result. Solve this, and then express x in terms of y 

(or y in terms of x), and substitute in one of the equations, 

(c.) When one is a simple equation, the other a quadratic, and 
the coefficients of x and y are equal ; also those of x' and y* 
(as in Ex. iii.). 

Square the simple eqiuxtion, then multiply the result by a number 
which wUl make the coefficients of x and y the same as the 
coefficients of x* and y* in the other equation ; subtract one 
from the other, a value of xy will he found. By combining 
this with the quadratic, a perfect square may he formed, from 
which X + y or x — y will he known. Combine this with 
the original simple equation by addition and subtraction, and 
the values of x and y wiU he known. » 



( 



Examples TiTX. 



X — y = 15 \ 2aj^ y 

X 

2 



l=f 



J 2^ = 140 j ^^ + 1^ = 55-70^1 

a^ + ys = 725 1 ica-^r' = 500 1 JC' + a^ - ^ 

x-y = 15 > x-y = 10 ! 21 . 

3y2-a52/ + — = 
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05 — y 



a; = 4 + 



^ ■*■ 2 I a?V + 4ay = 96 ) a; + y= 7f 
2a; + 3y + 2 [ a; + y=6J 0^ = 12) 



a52-y2 = 619+ — 

y 

2 



z2 + y2 = 59-| 



4aj-3y=0\ a? + y» = 136i 
a? + j^ = 400/ a?-ay= 40 j 

a^ + a;y = 35 I f+xy=^7\ a? - a^ + y» = 156 I 
»y + 2j^=2/ a?-»y=120i a^-y»=84) 

l±y = 4l !2^-?l = ol a^ + y» = 65l 

asy = 15 j y(3a; + 2) = 485 - 2a; J * 

a^» + y2 = 89) a? - t^ = 1599 1 ^^^^ = a 1 

a; + y = 13l a^ = 40 I /+7 ^ ^ [ 



« _ y __ a; + y \ 
y a; "" a? + y8 I 



a; — y:aj + y::l:15'i y as a^ + y^l 

a?- j^:a;?+y2: :15:113 / ^ ^ _ iJll | 

y2 "■ a? ~ y2 ) 



a? 
a;2 + a;y + - = 



xy+- = 13 j a;2 v» 1 

^ + x= M *+y = 24 j 

(x^yY ""25 > ^^ 



a? + y8 = 52(a; + y) J 1870 



y) = 110 ) 
_ 1430 V 

" ^ + y'\ 

6(a^ + a;) = 23 (y^ + y) j *^^ " 

a* - y* = 2320 1 x + y= 6l a^-y« = 19 1 

x^y = 4) a;5 + y5 = 1056 j a;^ - yS = 1 ) 

ix^ + y* = 1 + 2a;y + 3a;?2^ ) xy + xt/^ = 12 ) 
a? + y3 = a; + y-a52y— ajy^j x + xi^ = 13 J 

a? + y = 1 1 a;2 + a;y + y2 = 7 I (a; - y) (a^ - y«) = a 
y3 + a;=l) a;y-a? = l/ (a;+y)(a^ + y3)=6 



y~« y' + a;'! y4 = a;2(5y-3a;l «' + y« = 3a; 
yl _ Mj/ a;2 = 5x-3y ! J, . i ^ ^ 



a;2 
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a? + xy + f = 84 I ^.^ + y» = 4 

x-hVxy + y = 14 f 



(» +y) (»* + vh = 280 



«(a5 + y)+y(aj- y) = 158 
x + y _ 72y 

X - y " 7x 



y 35 ay 



2x + y + V2a;+y + 4 = 23 

4a32 - 6aj = j^ + 3y 

(X + y)* ^ (g + y)^ ^ 64 
y a; 63 

(a? - y)^ . (a; ~ yy _ _4 
y a; 63 

a; + y + >v/a?i> + y8 ^ _o^ 

~ 2x 



} 



- gy(ay + i) 
3 

a^ + y = 25 
ajy = 36 



a;* + y* = 3 I 
x+y = 9 J 



a; 



+ y- Va^ + y2 



^ 



a + X 



xy 



a-y 

xz 



X 

y 



1 ± 1 

a?? + yp = flp 
xy = (? 



= 1; 



-^ - 3- 
y + 3-^' 



a5 + y a; + » 

ax-\-yz = ay + a» = az + xy = c?; 

a!' + y2 + y' = a» = c; z^ + xy = a; 

^■i-y^ + z^ = aj + y + « = »* + y*+2* = 1; 



} 



PROBLEMS REQUIRING THE SOLUTION OF QUADRATIC 
EQUATIONS OF ONE UNKNOWN QUANTITY. 

122. In forming the equation from the given question, 
le Rules given in page 76 must be observed. In the solu- 
on of the equations peculiarities often occur. Some of 
lese will be discussed in the examples worked out below. 

1. The sum of two numbers is 20, and the sum of their cubes in 
>00 ; find the numbers. 

Let X = one of the numbers, 

20 — aj = the other number. 
And a^ + (20 — aj)^ = 3500 is the equation to be solved 

This becomes 60a;2 - 1200a; = - 4500 ; 

A quadratic, from which we find 

' aj = 5 or 15. 



166 QUADRATIC EQUATIONS 

If we take the first Talne of x, 

T^!^ ^ ^ = ,Maiet!ietwo nmnbera. 

And 20 - « = 15 i 

If we take the second value of z, 

T^!^ ^ * "^ ^M the ovne two numbers. 

And 20 — ar = 5 ) 

In this case, therefore, the two solutions lead to the same result 

This question may also be solved by two simultaneous equations. 

These will be a; + y = 20 i 

ac» + y» = 3500J 

the solution of which is more symmetrical than that just given. 

2. I have to walk a distance of 144 miles, and I find that if I in- 
crease my speed 1^ miles per hour, I can do the journey in 16 hours 
less than if I walk at my usual rate : find my usual rate of walking. 

Let X = the number of miles per hour I usually walk. 

And x + i = the increased rote. 

144 
Now — = the number of hours in which I should do li4 



X 



miles at the usual rate. 



144 

And h = the time ... at the increased rote. 



144 144 



+ 16 is the equation to be solved. 



X x-\- 

Or, aj2+|aj = y. 
The values of x are found to be 

a; = 3 or - J. 

The value 3 is the only one that applies to this problem ; 8 miles 
per hour is therefore the rate of walking. 

The negative value of x may be explained by a reference to the fol- 
lowing problem ; — 

I have to walk a distance of 144 miles, and I find that if I dtmmuft 
my speed 1} miles per hour, I can do the journey in 16 hours morr 
than if I walk at my usual rate : find my usual rote of walking. 

If we construct an equation from this question, we shall find it to be 

144 H4 

— = 3 - 16, 

X « — ^ 

Or. ^_|^=y. 

the roots of which are 

X = - 3 or -f §, 
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ch are the same numerically as the roots of the former, bnt are of 
osite signs. That is, the negative root of the first equation, with 
sign changed, is the solution of the second question ; that is, 4^ 
38 per hour. 

'he pupil should carefully compare the statements in the two pro- 
us. We shall return to the subject presently. 

. The length of a room is 6 yards more than its breadth, and the 
; of a carpet to cover it, at 5«. per square yard, is £20 lis. dd. : find 
size of the room. 

Let X = the length of the room in yards. 

aj — 6 = the breadth „ „ 

Again z (a; — 6) = number of square yards in the caipet 

5a; (a; — 6) = the cost in shillings. 

Or, 5aj(aj-.6) = 411J. 

329 

This reduces to a? — 6a; = — 7- 

which gives x = 12} or — 6} ; 

7e must take the positive value of x. 

Then x = 12} the length. 

And a; - 6 = 6} the breadth. 

'he negative value may be explained by a reference to the follow- 
question. 

'he breadth of a room is 6 yards less than its length, and the cost 
carpet, &c. (the same as before). 

'he equation : — 

Let X = the breadth of the room in yards. 

Then a; + 6 = the length „ „ 

329 
And a; (a; + 6) = -j- is the equation to be solved, 

which gives a; = 6} or — 12 J. 

1 this case we see that the negative root of the first question, with 
ign changed, is the solution of the second question. 

A farmer bought one flock of sheep for £40, and another flock of 
sheep less at 58. arhead more ; the whole cost of the larger flock 
£4 more than the cost of the smaller : find the number of sheep 
ach flock. 

Let X = the number of sheep in the larger flock. 

• ' . a; — • 4 = „ „ lesser „ 

And — = price of each sheep of the first fiock, in shill. 

X 

720 

7 = tf tf second „ 

a; - 4 
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800 720 " ■ I 

Then — = - 5 is the equation. 

a; a; - 4 ^ 

Or, a52 + 12a; = 640, 

which gives aj = 20 or — 32. 

20 = the number of the larger flock \ 

And 20 - 4 = 16 „ smaller „ / 

The valne — 82 bears reference to the following question : — 
A farmer bought one flock of sheep for £40, and anotiber flock of 
four sheep more, at 59. a-head less ; the whole cost of the larger flock 
was £4 less than the cost of the smaller : flnd the number of sheep in 
each flock. 

Let X = the number of sheep in the smaller flock. 

.-. aj-4 = „ „ larger „ 

Hence we get the equation 

800 720 . , 
— = ^+4 + ^' 
Or, a;2 - 12a; = 640, 

Whence a; = — 20, or a; = 32, the number in the smaller 

flock. 

The following principle wiU serve as a guide to the interpretation 
of the negative roots of quadratic equations. 

State a second question, in which all the positive quantities of the 
original question are made negative, and all the negative positira 
Construct the equation corresponding to this new question, and solve 
it ; then the positive root of this new equation will be equal num^- 
cally to the negative root of the original equation, and will be the 
answer to the second question. 

In practice, the following rules for writing down the question to 
which the negative value refers, will be found useful. 

Wherever the original question implies addition \ 

the new must imply subtraction) 

And thus for less we must write greater, 

greater „ less, 

loss „ gain, 

time past „ time future, 

&c. &c. 

according to the explanations in p. 7. 

5. Divide a line a feet long into two parts; so that the rectangle con* 
tained by the whole line and one of the parts shall be equal to the 
square of the other part. 

Let X = the length of the greater part, in feet. 

,' . a — X - „ less „ 

jB? = (a — x) a 

. • . a? + aa; = a^. 



ft 



\ 
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__ _ _ a V 5 

Whence we find x = — - ± a — — , 

The positiye root of this = ^(>\/5"— l). 

Now, Vs is a quantity which cannot be exactly found, as the pro- 
cess leads to an endless decimal ; we may, however, extract the root 
correctly to as many places of decimals as we please : to three places 
it gives 2-236. 

.-. |-(V5"-l) = |. (1.236) =: ax .618, 

and if we mark off on the line AB from A^ a distance AC = of 

AB, the point C will be the required point nearly. 

Compare this with Euclid, B. II. Prop. 11. ; and show, from the con- 

Vs"- 1 

struction of that prop., that AH = — .o exactly; the geome- 

trical construction being accurate, while the algebraical solution gives 
only an approximate one. 

Also, construct a question to interpret the negative root, and draw 
a line divided in the manner indicated by that root. 

The sum of two numbers is 10, and the sum of their squares is less 
by 4 than twice their product : find the numbers. 

Let X be one of the numbers, 

10 — « = the other number. 
And «« + (10 - xy = 2a;(10 - jc) - i 

is the equation to be solved. 

It becomes sc* - 10a; = - 26. 

Comp. sq. «» - lOaj -h 25 = - 1, 

Ex. sq. root x — 5 = ±V-1, 

Or. JB = 5 db V^nr 

Now, — 1 is a quantity whose square root cannot be extracted, for 
any quantity whatever when squared must give a positive result by 

the law of signs. V— 1 is therefore called an impossible quantity ; 
and the solution of the above problem is impossible in real numbers. 

The same conclusion may always be drawn whenever the value of 
X involves the square root of a negative quantity. 

It may be shown, fbr another reason, that the above problem is im- 
possible. 

Let a and h be any two numbers. 
1^ Let a be different from h. 

Then (a — 6)' is a positive quantity, 

1 
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Or. (a - 5)« > 

a* - 2o6 + 6« > 0. 
Add 2db to both of these unequals. 
Then a« + 6«*> 2ab. 

2^ Let a be equal to 6. 

Then (a - 6)« = 

Or, a« - 2a6 + 6« = 

o« + 6« = 2a6. 

It thus appears that ** the sum of the squares of two numheits eon never 
he less than twice their product** 



Examples TiX. 

(1.) Divide the number 20 into two parts, such that the greater 
shall equal the square of the less. 

(2.) Find two numbers whose sum is 15, and product 26. Also find 
two numbers whose sum is 8, and product 13. 

(3.) Find the niunber whose square added to its cube is 16 times the 
next higher number. 

(4.) The difference of two numbers 186, and the simi of their squares 
is 116 : find the two numbers. 

(5.). The sum of two numbers is 12, and their product 36 : find the 
two numbers. 

(6.) The sum of two numbers is a, and their product = ^: find 
expressions for the two numbers in terms of a and h. Also show from 
the expressions that the product of two numbers cannot be greater 
th£m the square of half their sum. 

(7.) i. Divide a line 20 ft. long into two parts, such that the square 
of one part, together with twice the square of the other part, shall be 
equal to 300 square feet. 

ii. Do the same with a line 10 ft. long ; and interpret carefiilly your 
results in the latter case. 

(8.) There are two square fields, the greater of which is 4 times the 
less, and the side of the greater is 20 yds. longer than the side of the 
other : find the area of each field. 

(9.) A rectangular looking-glass is 2 ft. longer than it is broad, tiie 
plate costs 5«. per square foot, and the frame 5«. per linear foot, and 
the whole costs £11 10«. : find the dimensions of the plate and frame. 

(10.) The length of a rectangular room is 2 fb. more than its breadth, 
and the height is 2 ft. less than the breadth ; the carpet is f of a yd. 
wide, and costs 39. 6(2. a yd. ; and the paper costs 4(2. a yd., and is i a yl 
wide. The whole cost of carpet and paper is £6. 5«. 7j<2. : find the 
dimensions of the room. 

(11.) Before going into action a regiment was formed into a solid 



OF ONE UNKNOWN QUANTITY. 171 

square, 441 men were killed, and the men left are again formed into a 
solid square ; it is found that the number of men in each side of the 
square is only f of the number before the battle : find the number of 
men in the regiment at first. 

(12.) A number of soldiers are formed into a hollow square of three 
deep ; if 324 men are added to the centre they will form a solid square : 
find the whole number of men. 

(13.) The sum of the two digits of a number is 6, and the number 
itself is three times the product of the two digits : find the number. 

(14.) A number consists of three digits, the first two are alike, and 
the third is greater by one than either of the others ; but if each digit 
be squared, and a new number be formed with these squares for its 
digits, the new number is greater by three than the double of the 
original number : find the original number. 

(15.) The sum of the reciprocals of two numbers is ^ and the pro- 
duct of the numbers is 12 : find them. 

(16.) The hind-wheel of a carriage makes 12 revolutions less than 
the fore-wheel in going 360 yds., but if the circumference of each 
wheel be diminished by } of a yd,, it will make 24 less in the same 
space : find the circumference of each wheel. 

(17). A farmer buys a number of oxen for 300 guineas, and, after 
losing five of them, sells the rest for 4 guineas a-head more than they 
cost him, and by so doing he loses 15 guineas : find the nimiber of 
oxen he bought. Also explain the double value of x. 

(18.) A man has to perform a journey of 150 miles : on the first day 
he walks a certain fraction of the whole ; on the second day he walks 
the same fraction of what is left ; and there are then 96 miles left ; 
find what fraction of his journey he walked each day. 

(19.) A man has to travel a certain distance ; when he has gone 20 
miles he increases his speed 1 mile per hour : if he had travelled at 
this increased rate during the whole of his journey he would have 
arrived 40 minutes earlier, but if he had kept on at his first rate he 
would have arrived 20 minutes later ; find the length of his journey. 

(20.) One man can reap a field in 5 days less than another, and if 
they work together they can do it in 6 days : £^nd in what time each 
could do it alone. (For the notation to this question see p. 91.) Also 
explain the double value of x, 

(21.) There are two rectangular cisterns, in each of which the length 
is 1 ft. more than the breadth, and the breadth 1 ft. more than the 
depth ; also the greater cistern is 1 ft. deeper than the less, and holds 
60 cubic ft. more : find the dimensions of each cistern. 

(22.) A man walks to the top of a mountain from the base in 8 hrs. : 
his rate of walking during the first half of the ascent is 1 mile an hour 
more than during the last half ; he then descends the mountain in 
3 hrs. 45 min. by walking at a uniform rate per hour, and this rate is 
equal to the sum of the distances walked in 1 hr. in his ascent on the 
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first half and on the second half respectively : required the distaace 
of the mountain from the hase to the summit. 

(23.) The area of a square field exceeds that of a circular field by 
one acre, and the boundary of the former is 400 yds. longer than that 
of the latter : find the radius of the circle. 

Note. The area of a circle = (radius)^ x 3.14159 nearly. 

(24.) There are three square grass-plots. The second contains 27 
square yds. more than the first, and the third 2405 more than the 
second ; also it costs five times as much to fence round the two larger 
plots as it does to fence round the smaller : find the length of the side 
of each field. 



PROBLEMS REQUIRING THE SOLUTION OF QUADRATIC 
EQUATIONS OF TWO OR MORE UNKNOWN QUAN- 
TITIES. 

122. Examples worked out; — 

1. A rectangular looking-glass is 6 inches longer than it is broad, and 
it is surrounded by a frame of uniform breadth. Now, the area of the 
frame is just half that of the glass ; but if the frame were only half 
the breadth that it is, its area would be only }§ of the area of the glass : 
find the size of the glass and the breadth of the frame. 

Let X = the length of the glass in inches. 

And y = the breadth of the frame „ 

Then a; - 6 = the breadth of the glass » 

Now, aj (a; - 6) = the area of the glass in sq. „ 

And {x + 2y) (a; — 6 + 2y) = the whole area covered by the 

frame and glass together. 

Hence (x + 2y) (a? — 6 + 2y) - a; (a; - 6) = area of frame, 
.• . (a; + 2y) (aj - 6 + 2y) - a5(aj - 6) = ix(aj - 6) 

is the first equation. 

If we write y instead of 2y, we shall have the area of the frame in 
the second case ; the expression then is 

(« + y) (aj - 6 + 2^) - a; (aj - 6) 
And (a; + 2^) (a; - 6 + y) - a;(a; - 6) = Jgaj(a; - 6) 

is the second equation. 

Simplifying these equations, and subtracting one from the other, 
we get 
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Also, by equating the coefficients of ^ in the two equations, and 
subtracting, we get 

_ 9»(6 - X) 
. ^ - 80^3 - X) ^^■■> 

And these two values of y being put equal to each other, lead to 
the quadratic 

a? - 6aj = 720 

05 = 30 or -24 

30 inches is the length of the glass. 
30 — 6 = 24 inches is the breadth of the glass. 
And 2/ = 3 inches the breadth of the frame. 

The negative value may be explained as in former cases. 

2. A and B are partners in trade : A puts in £300 for 16 months, 
and B puts in a certain capital for 12 months ; B receives for both 
principal and profit £260, and the whole gain of both is £180 : find 
the gain per cent per annum by trading, and the capital invested 
hyB, 

Let X = the number of pounds invested by B, 

Let r = the gain on £1 in one year. 

Then x + xr = 260 (1.) 

And 300- J r = 180 - jcr (2.) 

are the two equations to be solved. 

These give x = 236^, B'b capital. 

And r = ^ the gain on £1 per annum. 

Note, The gain per cent, per annum in this case = lOOr = 10. 

3. A cistern has two supply-pipes, and it is found that the greater 
fills it in 20 minutes less than the other, and that when both the pipes 
are running, it is filled in 16 minutes less than when the larger one 
only is running ; also the number of gallons supplied by both pipes 
in one hour is 45 gallons : find the number of gallons in the cistern, 
the number of gallons which enter per minute by each pipe. 

Let X = the number of gallons supplied per hour by the 

larger pipe. 
Ajid y = the number supplied by the smaller. 
Ajid z = the whole number of gallons in the cistern. 

Then - - - = 20 (1.) 

y X 

z z 



= 16 (2.) 

X x-\-y 

a; + y = 45 (3.) 

are the three equations to be solved. 
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Dividing (1) by (2), and simplifying, we get 

a« _ 9 

? " 4' 
And this equation, combined with (3), gives * 

a; = 27 gallons per honr by the larger pipe. 
^ = 18 „ „ smaller pipe. 

Also z = 1080 = the gallons in the cistern. 



Examples IiXI. 

(1.) The sum of the squares of two numbers is 13, and the sum of 
the numbers is 5 : fuid the numbers. 

(2.) The sum of the squares of two numbers is 13, and the difference 
of the numbers is 5 : find the numbers. 

(3.) The sum of two numbers is greater than the eqnare root of 
twice their product by 2, and the sum of their squares is 20 : find the 
numbers. 

(4.) There are two numbers whose sum multiplied by the greater 
is 1080, and their difference multiplied by the less is 182 : find the 
numbers. 

(5.) A sum of money is to be divided equally among a certain 
number of persons; if tiiere had been 3 claimants less each would 
have had £150 more, and if there had been 6 more each would have 
had £120 less : required the sum divided and the number of persons. 
(Simple equation.) 

(6.) The area of a square field exceeds that of a circular field by 
one acre, and the boundary of the former is 400 yds. longer than that 
of the latter : find the radius of the circle. 

(7.) A rectangular field is to be enclosed with a fence 600 yds. long; 
within the fence it is to be surrounded by a gravel road 7f yds. wide^ 
and in the centre there is to be 3| acres of land : find the length and 
breadth of the whole inclosure. 

(8.) There are two rectangular cisterns, in each of which the lengtii 
is 1 ft. more than the breadth, and the breadth 1 ft. more than the 
depth ; also the difference in the depth of the two cisterns is 1 ft., and 
the difference in their solid contents is 60 cubic ft. : find the dimen- 
sions of each. 

(9.) There are two fields containing together 804 square yds.; one is 
a square, the other a rectangle ; the area af the square is twice that 
of the rectangle, and the perimeter of the rectangular field is greater 
than the perimeter of the square one by 26 yds ; find the dimensions of 
each field. 

(10.) A number consists of three digits ; the first two are alike, and 
the third is greater by one than either of the others ; if each digit be 
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squared, and a new number be formed with the squares for its digits, 
the new number is greater by 3 than the double of the original number : 
find the number. 

(11.) A and B begin a piece of work, and work together till half the 
work is done ; B then goes off to another job, and A finishes it by 
himself, and it is found that the work now takes 1 day longer than if 
they had gone on together. If, however, A had gone away instead of 
B, the work would have taken 3 days longer than it actually did tskke : 
find the time that the work occupied. 

(12.) A man and a boy carry the same number of bricks in a day. 
The man carries 5 more bricks in each load than the boy, but goes six 
times less in 1 hour than the boy does. The boy begins at 6, and the 
man at 9f ; by 12 o'clock the boy has carried 441 bricks more than the 
man, and at 1 o'clock half the whole number of bricks is carried ; they 
stop 1 hour, and then the man goes on till 7^, the boy till 7 : find the 
number of bricks carried altogether. 

(13.) A man has to perform a certain journey : on the first day he 
walks a certain fraction of the whole, on the second day he walks the 
same fraction of what is left, and at the end of the second day he finds 
he has still 128 miles to walk. Now, if he had walked only half as 
many miles on the first day as he actually did walk, and had gone on 
according to the same law as he did in the first case, he would have had 
162 miles left at the end of the second day : find the length of his 
journey, and the number of miles he walked every day. 

(14.) A boy spends lis. in apples and oranges, and gets twice as 
many apples as oranges ; another boy spends Ss. 1}(2. at the same 
shop, but he gets twice as many oranges as apples» and he has 12 more 
oranges than the former. If oranges be Qd. a dozen more than apples, 
find the number bought by each boy. 

(15.) A purse contains a pieces of money of two different kinds. 
Each gold coin is worth as many shillings as there are silver pieces, 
and each silver coin is worth as many shillings as there are gold pieces. 
The value of the whole is h shillings : find the number of pieces of 
each kind. 

Ex, When the whole number of pieces is 25 and the value of the 
whole is £10. 

(16.) Two fjEtrmers go to market with a number of sheep. The first 
seUs 3 more than the second, and the whole sum which they both 
receive is £36. If the first had sold as many as the second he would 
have received £15, and if the second had sold as many as the first he 
would have received £20 Ss : find the number of sheep sold by each. 

(17.) A draper bought a quantity of cloth, intending to sell it in 
6 months at Is. Qd, per yd. more than he gave for it ; but, the price of 
cloth fSetUing Qd, a yd., found that by selling it at that time he should 
lose the cost-price of 5 yds. He therefore kept it for a year, and then 
gold it at 1«. per yd. under cost price, and found that he lost a sum 
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which was 5«. leas tiian the snm he expected to gain : find the nmnber 
of yards he bought, reckoning interest at 5 per cent. 

(18.) A and B are two towns on a riyer 36 mQes apart. A rows 
down the river from A to B in 8 hrs. by rowing the first half of the 
distance and walking the rest In returning he walks the first half at 
the same rate as before, but, the stream being in his fiiYour, he rows 
1} mile per hr. fester than he did in going, and so does the whole dis- 
tance in 7 hrs. : find his rate of walkhig and of rowing. 

(19.) Two men, whose rates of walking are 2 miles and 3 miles an 
hour respectiyely, start at the same instant fixmi the right angle of a 
triangular field to waik round it in opposite directions. They first 
meet at one of the acute angles, and secondly they meet at the distance 
of 100 yds. from the other acute angle : find the length of the sides of 
the field. 

(20.) A railway train, after travelling 1| hr., is detained half-an- 
hour ; it then goes on at three-fourths of the former rate, and arrives at 
the tenninus 3 hrs. late. If the stoppage had taken place 30 miles 
&rther on, the train would have arrived half an hour sooner than it 
did : find the rate per hour of the train. 

(21.) A, who can row 2 miles an hour &ster than B, sets out fiom 
Maidstone to row to Rochester at the same time that B sets out froni 
Rochester to row to Maidstone. A has the tide running 2 miles an 
hour in his favour imtQ they meet at low water ; they rest half-an-honr 
till the tide turns, and then row on. A gets to Rochester I hour before 
B gets to Maidstone. In the evening they start at the same time to 
return ; A has the tide in his favour the whole way, and does the dis- 
tance in 4| hrs. less than B : find the distance from Maidstone to 
Rochester, and A*s and Ks rates of rowing. 

(22.) A number consists of 3 digits, and it is greater by one than 
36 times the sum of the digits ; also the middle digit is twice the pro- 
duct of the other two, and is greater by two than their sum ; find the 
number. 

(23.) Two merchants engage in a speculation. One invests his 
capital for 15 months, and receives as his capital and profit £296. The 
other invests his for 16 months, and receives £175 for his capital and 
profit. Their united profits are £95 : find the rate per cent per 
annum profit, also the capitals invested. 

(24.) The total length of the edges of a rectangular paiallelopiped 
is 72 ft., its entire surface measures 174 square ft., and its solid content 
is 110 cubic ft. : find the dimensions of the body. 
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CHAPTEE XIIL 



BATIO, PROPORTION, AND VARIATION. 



RATIO. 

123. Wlien two quantities are of the same kind, they 
may be compared in respect of magnitude. 

Thus, if we take two stivght lines of 6 ft. and 4 ffc. in 
length respectively, the first is greater than the second, 
and contains it 1^ times, or is 1^ times as great. Again, 
if we take two weights of 3 lbs. and 9 lbs., the first is less 
than the second, and contains it one -third of a time, or is 
one-third of it. 

But quantities cannot be compared unless they be of the 
same kind ; for example, a line 6 ft. long cannot be com- 
pared with a day 24 hours long, nor a weight of 10 lbs. 
with an area of 5 square feet. 

124. JDef, — Ratio is the relation which one quantity 
bears to another quantity of the same kind in respect of 
magnitude. 

The wlm of the ratio is the number of times, or parts of 
a time, that the first contains the second. 

If a and h denote the number of units in the two quan- 
tities, the ratio of a to 5 is written thus : a \h, 

a is called the antecedent of the ratio ; b is called the 
consequent ; a and b are called the terms of the ratio. 

The value of the ratio a : 6 is expressed by the fraction 
-, for this fraction expresses the number of times that a 
contains b, 

125. Def. — ^When the antecedent of one ratio is the 
same multiple or part of its consequent as the antecedent 
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of another ratio is of its consequent, the two ratios are said 
to be equal. 

Thua, the ratio 10 : 4 is eqiial to the ntio 15 : 6 ; 

10 5 
For the yalue of the ratio 10 : 4 is — or - ; 

15 5 
And the valne of the ratio 15 : 6 is --r- or -- ; 

6 2 

Also the ratios 4:9; 4a : 9a ; 12h : 27b are all equaL 

Hence it is evident that if both the terms of a ratio be 
multiplied or divided by the same quantity, the value of 
the ratio is not altered. 

126. To find which is the |p*eater of two given ratios, 
we must express the value of each ratio as a fraction, and 
then compare the two fractions. 

Ex. Which is the greater ratio, 9 : 5 or 15 : 8? 

9 15 

The values of the ratios are - and -^ respectively, 

o o 

n '2 , 75 

^'' 50 "^^ iO ' 

Hence 15 : 8 is the greater ratio. 

Ex. 2. "Which is the greater ratio, a + 1 :a+2 ora:a + l? 
The values of the ratios are — r-r and 



a + 2 a+1' 

and these when reduced to a common denominator become 

a2 + 2a + 1 ^ o« + 2a 
and 



(a+l)(a + 2) (a + l)(a + 2)* 

Therefore the former is the greater ratio. 

127. Def. — ^When the antecedent is greater than the ofm- 
sequent, the ratio is said to be one of greater inequality; 
when less, the ratio is said to be one of less inequality ; when 
equaly the ratio is said to be one of equality, 

128. Prop. — A ratio of greater inequality is diminished 

by adding any positive quantity to both the terms of the 

ratio. 

Let a : & be the ratio of greater inequality, 

a > 6. 
Let X be added to a and &, 

Then the terms become (a + x) and Qo + x). 



RATIO. 179 

To find which is the greater ratio, we must compare the two fractions 

a + x _ a 
r and r ; 

6H-aj 6 ' 

These, when reduced to a common denominator, become 

ab-\-hx ah + ttx 

b{b + x) bib + xy 

But since ( < a 

6aj < a» 
And db+hx < ah •{•ax, 

that is, the value of the new ratio a + x :h + x is less than 
that of the ratio a :h; or the ratio a : h has been diminished 
by adding an equal quantity to both its terms. 

The proposition may be verified by taking any numerical fraction, 
whose numerator is greater than the denominator, and adding the 
same quantity to both numerator and denominator. 

Take the ratio 4 : 3. 

If 1 be added to both these terms, it becomes 

5:4, 

5 4 

And it will be seen that r < q. 

129. By a similar method to the above, the three fol- 
lowing propositions may be proved, and they should all be 
carefully written out by the student. 

(i.) A ratio of less inequality is increased by adding any positive 
quantity to both terms of the ratio. 

(ii.) A ratio of greater inequality is increased by taking from both 
terms of the ratio any positive quantity which is less than each of 
those terms. 

(iii.) A ratio of less inequality is diminished by taking from both 
terms of the ratio any positive quantity which is less than each of 
those terms. 

130. Def. — If the antecedents of any number of ratios 
be multiplied together, and the consequents be also multi- 
plied together, a new ratio is obtained, which is said to be 
compounded of all the former ratios. 

£x. Take the three ratios 

a : X 

h : y 

e : z. 
Then dbe : xyz is called the compounded ratio of the first 
three ratios. 
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Similail J, if the two ratios 

2 : 3 
And 6 : 8 

be componnded, tlie result u 

12 : 24 
Or, 1:2. 

181. Def, — ^When two tqudk ratios are oompounded, the 
result is called the duplicate ratio of either of the first ratios. 

Thus, if the ratios a : h 

And a : h 

be compoimded, we haye a^ : 5*, 

which is called the duplicate ratio of a : (. 

182. Def. — ^When three equal ratios are compounded, the 
result is called the triplicate ratio of either of the others. 

Thus a' : &3 is called the triplicate ratio of a : 6. 

Similarly, the ratio a^ : h^ is called the sobdnplicate 

ratio of a : 6 

And a' : l^ the snbduplicate ratio of 

a : h. 

Example worked out. 

Two vessels each contain a mixture of wine and water : the first has 
three gallons of wine to five gallons of water; the other, seven of 
wine and ten of water. In what ratio must the liquor of the two casks 
be taken so as to make a mixture ia which there shall be five gaUons 
of wine to eight gallons of water ? 

Let 3x = No.of galls, of wine taken from the first cask* 

• * • ox ^ „ water „ „ 

Let 7y = No. of galls, of wine from the second cask. 

lOy = „ water „ „ 

Then 3x + 7y = No. of gallons of wine in the mixture. 
And 5x + lOy = „ water „ 

Then 3x + 7y :5x+ lOy = 5 : 8 by the hypothesis, 

25aj+50y = 24a; + 56y 
And X = 6y, 

X : y = 1 : 6t 
And gjB : 17y = 8 : 102 = 4 : 61. 

That is, for every four gallons taken from the first cask, there most 
be fifty-one taken from the second. 



BATia 181 

Szamples IiXIl. 

1. Express the valnes of the following ratios in their simplest form : 

2:5; 14:21; 80:20; 75:100; 2i:3i; }:i; i:J; 
a : ah; a^ : ah; a + h : a; a^ + ah :a + b; x — y : x + y; 
(aj — y)^ : as* — y* ; x'y* : m^y + xy^ ; a' + 6* : a* — 6* ; 

xy(a^—h*) :ah{a? ~ y^); »/x + ijai aj — a; a;3 + a':aj + a; 
al + g^i^ + y^ aga - g^y^-f j^ / 1 x \ 

(l)''(l)'-'"%-r-, 

2. Find which is the greater of the following ratios : 

2 : 6 or 1 : 2 ; 1 : 3 or 2 : 7; 5 : 6 or 15 : 16 or 4 : 5 ; 
4} : 2i or 2i : if ; ^ : J or f : J or 7^ : 3J; a + 6 : a - & 
or 3a + 46 : 3a - 25 ; o + } : a - J or 3o + 1 : 3a - 1 ; 
1 :a52 + y8 or aj + y :a:3 + ^; a? + xy + y^ : (a; + y)2 

. or (a.-y)^a?.xy + y«; (L)* : g)^ or g)* : (J)*; 

a?» - aa; + a2 (» - a)^ 
or ^ - 



(» + a;2 a?^ 4- aaj + a^' 

3. Find the ratio compomided of the following : 

2 : 3, 3 : 4, and 4 : 5; 1 : 2 and 1 : 3 : 4 : 9 and 9 : 4 ; 
a :h,h : Ct and o : d; a + x :a - a, {a - xy : {a + x)\ 
and (a — 3a;) : (a + 3a;). 

4. Write down the duplicate ratios of 

2 :3, 1 : 10, 1: J; i :i; 2J : 4}; a :c; - : -; a + a :a - «; 

0. c 

a + 1 : a - 1 ; a/u + x : ija- x ; a» + 6* : (o - 6)*. 

5. Write down the triplicate ratio of 

5:1; 6}:2}; o-l:a; a;y : ijo^ + a;y» ; 0^:6^; (a - a;)» 

Also the sabdnplicate ratio of 
16:9; 1:4; i:J; cN^\{a-\-Q^; 

+ 2 H 1 ; and a;*" — a;*». 

a*"/ 



(a* 
Va;" 
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And the snbtriplicate ratio of 

2^ • *» fi ' "S* (« + «?:!; ( ) : I— 1— )- 

8 64 '^ \a — «/ \a + 05/ 

6. Ck>mpound the duplicate and subduplicate ratios of 1:4. 
Write down the duplicate, subduplicate^ triplicate, and sabtripli- 

cate ratios of (— ^— ) • i'T^ -TTs) • 

\a — x/ \a' — oaf + ar/ 

And find the ratio compounded of them all. 

7. Two numbers are in the ratio 1 : 3, and if 7 be added to each 
the resulting numbers are in the ratio 1:2: find the numbers. 

8. In a certain population, the nimiber of births in each year is to 
the population at the beginning of that year as 1 : m, and the num- 
ber of deaths as 1 : n; in the first year the population is increased 
by 750, and in the next year by 800 : find the population at the begin- 
ning of that year. 

Take as examples m = 12 \ and explain each of 'tboee 



} 



m = 16 ) cases. 



PROPORTION. 

188. Def. — If there be four quantities, such that the 
first has the same ratio to the second which the third has 
to the fourth, then the four quantities are said to be pro- 
portionals. 

Thus if a, &, c, d be the four quantities, and if 

a _ c 

h ~ d* 
Then abed are proportionals. 

Ex. 2, 4, 7, 14 are proportionals, 

P"' 4=2 

And u = 2' 

Or, the ratio of 2 to 4 is the same as the ratio of 7 to 14. 
When abed are proportionals, the proportion is thus written, 

a :b : : c :d, 
which is read as follows : 

aistob as eistod. 

184. In order that four quantities may be proportionals, 
it is not necessary that they should aU he of the same kind, 
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but it is necessary that the first should be of the same 
kind as the second, and the third of the same kind as the 
fourth. 

Thus, 6 shiUiiigs and 12 Bhillings have the same ratio to each 
other as 2 days and 4 days, for the value of each ratio is } ; 

.-. ^ 6 : 12 :: 2 : 4. 

Note. The first and last terms of a proportion are called the ex- 
tremes ; the others are called the means. 

135. From the above definitions several important pro- 
perties of proportionals may be deduced. Some of these we 
now proceed to prove. 

i. If four quantities be proportionals, the product of the extremes 
is equal to the product of the means. 

Or if a : h : : c : d. 

Then shall ad = he. 

For eince a : h : : e : d, 

r = -J byDef. 
o a 

And TT X hd = -1 X hd, 

o a 

Or, ad = he. 

ii. If the product of two quantities be equal to the product of two 
others, the four quantities shall be proportionals. 

Or if ad = 5c, 

Then a : h : : e : d; 

For since ad = he, 

ad he ^ 

id ^ hd' 



Or, 



a e 
h " d' 
h : : c : d. 



The factors of one product form the extremes of the proportion, and 
the factors of the other the means. 

iii. If a : h : : e : d. 

Then shall h : a : : d : c Invertendo (by inversion). 

Since a : h : : e : d, 

a c 

h " d' 

And 1-4-r = l"^j» 

d 
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Or, 

iv. If 

Then shall 
Since 

And 

Or, 

a : c : : b : d. 

Observe. This proposition does not hold unless the four qnantitifis 
be all of the same kind ; for if a and c represent different kinds of 
quantities, they cannot have a ratio to one another ; and the result of 
this proposition in that case has no meaning. 

Y. If a : b : : c : d Gomponendo by (compo* 

position), 

Then shall a + b : b : : e + d ' d, 

a c 
Since - = -. 

b d 

Add 1 to both sides of this equation ; 

a ^ c 

^ a + b c+ d 

a + b : b : : c + d : d. 

vi. If a : b : : c : d Dividendo (by diYislon)i 

Then shall a-b : b : : c - d : d, 

a c 
Since f- = t. 

d 

Subtract 1 from both sides ; 

« -1 = 1-1. 
b ^ d ^* 

_ a — b c - d 

^' -^ = -d-' 

a - b : h : : - d : d. 

vii. If a : b : : c : d Convertendo (by con- 

version), 
Then shall a : a ~b : : c : c^ d. 



Since 



And 
Or, 
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a c 

a - b : a : : c — d : c; 
Or, a : a — 6 : : c : c — d by iii. 

The words * invertendoy &c., written in the margin, are the names 
iyen to the corresponding geometrical propositions in Euclid's Fifth 
look. The algebraical propositions are sometimes quoted by the 
ame names. 

viii. If 

Then shall 

Since 



And 





a : b : 


t m 
t • 


: d. 






a + b 


: a — 5 
a 


• • 

• • 


c+d 
c 


: c - 


'd; 




b 


^ 


d' 








a + b 
b 
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c + d 

d * 


by 


V. 




a — b 
b 
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c - d 
d 


by 


vi. 


a + b 
b 


a — b 
■*- b 
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c + d 
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- d 
d • 
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X - 
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d 

i-d 




a+b 




c + d 







Or. 



a — 6 c — d* 
a+b : a -b : : c+ d : c — d. 

The three last propositions are often useful in simplifying propor- 
ions or equations which contain complicated expressions. 

Thus, if a - 2 

Then (a - 2 + 2) 

Or, a 

Again, if a + x 

Then (a + » — a;) 

Or, a 

Thirdly, if we have the equation 

\/a2 + x^ + x ^W+^+y 



2 


:: &-3 


: 3. 






2 


: : (6 - 3 


+ 3) 


:3, 


by V. 


2 


: : 6 : 3, 


a simpler 


form. 


X 


i:b + y 


' y. 






X 


:: {b + x 


-y) 


' y* 


by vi. 


X 


: : b : y. 









Va^ + a^- X \/&^ + f-y 
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2aj 2^ ^ 

Or, V^T^ ^ VPT^. 





« y 


Square both sides of this. 


• 
• • 


a^ + x^ ¥ + y^ 
x^ ~ y" ' 


Or. 


— = --, by VI. 


Take square root of both sides. 


• 

• 
• • 


a h 
X " y' 


Therefore we may use 


this simple form instead of the eomplica 


expressions given at first 


'• 


ix. If 


a : h : : c : d 


And 


: d : : e : f. 


Then shall 


a : h : : e : f; 


For 


a c 
h ~ d 


And 


c e 
d- 7 


• 
• • 


a e 

h ~ 7' 


Or, 


a : h ;; e : f. 


X. If there be three quantities, a, h, c, and three others d, e, /, si 
that 


WAAW V 


a : h : : d : e 


And 


6 : c : : e : /, 


Then shall 


a : c : : d : f. Ex Squall (from equa 

of ratios). 


For 


a d 
b ~ e 


And 


h e 


9 

• • 


ah d e ^ 
7" X -- — X ~J 
beef 


Or, 


a d 

c" " 7 •■ 


• 
• • 


a : c : : d : f. 
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This proposition may be extended as follows : — 

If there be any number of quantities more than two, and as many 
others, such that the first is to the second of the first set as the first is 
to the second of the second set, and the second is to the third of the 
first set as the second is to the third of the others, and so on to the 
end ; then shall the first be to the last of the first set as the first is to 
the last of the second set. 

Let a,h,c,d ^, Z:, Z be the first set of quantities. 

And m,n,p,q r, 8, £ be the second set m 

And let a : h : : m : n 

h : e : : n : p 
&c. &c. 

fC»t>»m8 mt 

Then shall a : I : : m : t, 

__ am 

For - = - ; 

o n 

Also — = - 

e p 

c p 

d ^ q 

&c. &o. 

h _ r 
k " 8 

^ - 1 

I " r 

Multiplying both sides of all these equations together, we have 
a h h h m n p r 8 

bed k I n p q 8 t 

Now it is eyident that on each side all the numerators except the 
first are cancelled, and all the denominators except the last. Hence 
there remains 

a _ m 
1~T 
Or, a \ I I : m : t, 

xi. When any number of magnitudes are proportionals, as any one 
of the antecedents is to its consequent, so is the sum of all the ante- 
cedents to the sum of all the consequents. 

Let a:&::c:(Z::e:/, 

Then shall a: 6 :: a-\- c ■\' e : &+d+/; 

„ a c . a e 

For ?- = J aiid r = t. 

h d & / 

ad =^ he; 
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Also 


of =: be 


And 


ab = ba. 


By addition. 






ab + ad+ af = ba + be + be; 


Or, 


ag> + d+f) = b{a + c+e). 


• 


a a + C + e 


9 • 


b ~h + d4-f 



And a : b : : a + c + e : 5 + d +/. 

In the same way the proposition might be proved for anyliiig;er 

number, by putting the fraction - equal to all the other ratios in soo- 

cession, and clearing of fractions, and adding the resulting equations 
together. 

136. To find a fourth proportional to three given quan- 
tities, a, by c, is to find a fourth quantity, such that 

a : b : : c : the fourth quantity. 

To find a third proportional to two given quantities, a, h, 
is to find a third quantity, such that 

a : b : : b : the third quantity. ' 

To find a mean proportional between two given quan- 
tities, a, bf is to find a mean such that 

a : mean : : mean : b. 





Examples worked < 


1. If 




a : b : : b : c. 


Then shall 




a : c : : a^ : l^. 


For 




a b 
b ~ c' 


• 
• • 




a b a a 
b^^-b^P 


Or, 




a a? 
c ~ b^' 


• 




a : c : : a? : l^. 


Similarly, if 


a 


: b : : b : c : : c : 


Then shall 




a : d : : a^ : l^; 


For 




a b c ^ 
6 "" c " 5* 
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a h c a a a 

a a^ 

a : d : : a^ : l^. i 

Similar relations may be proved whenever there is a number of 
equal ratios, such that the consequent of any one of the ratios is the 
antecedent of the preceding. 

2. Simplify the proportion 

a + h + o + d : a + 6 — c — d :: a — h + c — d : a — h — c + d. 

First we have a + h : e + d :;o-& :c-(i(by viii), 

And a + h : a - h ::o + d:c-d(byiv); 

a : 6 : : c : d (by viii). 

If a : h : : c : d : : e : f; show that 

a + h + c + d + e+f __ a + h _ c +d _ e +f 

a-6 + c — d + 6-/~ a — h "" c — d ~ e-/* 

a- ^ e ^ a + h e+f .. " 

Smee - = -.•. = ^ by (vui.). 

h f a -h e - f ^ ^ ' 

AT '^ - * . ^ + ^ . *+Z. 

aISO "t — "t . • : — - J 

d f c- d e-f 
Hence we have 



o + 6 = (o — 6) 
e + d = {e — d) 
e + f = {e-f) 



e+f 
e-f 

e+f 

e-f 

e+f 
VSTf 



By addition, 



a + h + c + d + e + S = (a-6 + c-<i + 6-/)-^i^; 

a + h + c + d+e+f e+f , ,. . . 

iTT TT h = => ^y division, 

a —h + ~ d + e — f e— / 



"" c-dl 



, by the above. 
__ a + h 

a — h. 

3. Gunpowder is composed of nitre, sulphur, and charcoal ; and it 
is known that in any given quantity of gunpowder the weight of the 
nitre and the sulphur together is to the weight of the nitre and the 
charcoal together as 17 : 18 ; also the weight of the nitre and the 
sulphur together is to the weight of the sulphur and charcoal together 
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as 17 : 5. Find the proportions in which the three ingredients are 
combined. 

Let X = number of lbs. of nitre in the gunpowder. 
y = „ >, sulphur „ 

z =■ „ „ charcoal „ 

Then x-\-y : x + z i : 11 : 1% (1) 

And a; + y : y + « : : 17 ; 5 (2) 

are the two proportions. 

From these we get the two equations 

aj+18y = 172 
And 5a; - 12y = 172, 

30y = 4a;; 

Or y -^ 

x " 15' 

Similarly we find - = -. 

X 5 

Hence i + ?+i=i+2,l 

as a; la 5 



Or, 



x-\-y-{-z 4 



Similarly the ratios y:a; + y + «l ,• 

And z:x + y + .}°^^y^^^^^^d- 



x 3 

»:a; + y + «::3j4. 
Or, the weight of nitre : the whole weight : : 3 : 4. 

Similarly the ratios y : x + y + z 

y 

These give the value of the other ingredients. 

4. An express train from London meets a parliamentary train frm 
Southampton at 21 miles from London. They arrive at Southampton 
and London respectively at the same time. The time the express was 
on the road up to the time of meeting was to the time of the other as 
9 : 64. Find the distance from London to Southampt(Hi. 

Let r = rate of the express train in miles per hour, 
r' = „ other „ „ 

X = distance in miles from Southampton to the pliice 
of meeting. 

(1.) 

T T 

X 21 
Also, j^ : -^ : : 64 : 9 (2.) 

From (1.) 

From (2.) 



21 

r' 


X 

"" r 


21 
r 


: : 64 


r 

7 


X 

"^ 21 


rx 


_ ^ 


21r' 


9 
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Dividing 


one 


of these equations by the other, we get 






i^'- 


64 
9 * 


• 
• • 




X 

21 " 


8 
3' 


Or, 




X = 


56, 


And 




a; + 21 = 


77, the distance required. 
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Examples LXIII. 

1. State the following equations in the form of a proportion : — 

a;y = 4a; {B^ = f; a^-l^ = x^''l; a^ - 1 = fe* + 1 ; 
a;2 + 5a; + 4 = 2r* - 5y + 4. 

2. Apply * Inversion ' to the following proportions, 

1 1. o 1 1 
a : 1 : : o : 2 ; — : - : : x : y. 

a 
Apply * Componendo ' to the following, 

X : X — a : : h : y "h; a^ — x^ : a^ : : l^ — y^ : y^. 
Apply * Dividendo ' to the following, 

1 : 1 - 05 : : 3 : 3 - y ; a^ + x^ : aP : : h + y : y, 

3. If a : h : : c : d, prove the following relations, 

Sa-h:2a + dh iiSc- d:2c + 3d; 

pa + qh : h : : pc + qd : d; a + c : h + d : : ma — nc : mb — nd; 
a + h-\-e+d:h + d :: c + d : d; {ina + hy : (wc + d)2 
: : a2 - n262 : o3 - n^d^; (a - by : {c ^ d)^ :: ah : cd; 

a2+62:c2 + (P;;^~P :^^; (a + d)-(6 + c) 

d ' [a " h) ' \o ' d) " ad* 

__ (g - 6) (o - c) 

4. If od = &c, then shall 

a + h : + d III :d; a + h : a :: c + d : e; 

a — h : e~ d :: a : c; ma + nc : mb -^nd :: e : d; 

5. If a :h ::h : :: c : d :: d : e. 
Then shall o : e : : a* : &* : : aV : : ft^d^; 

If o : 6 : : c : d : : e : /, 

Then shall a + c + e :a::h + d +/ : & ; 

If a :h :: c : d, and o : 6 : : e : d. 

Then shall a : 6 : : c? : e^ ; 
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If a- h : e — d ::l + <ib :l + ed. 

Then shall a + d :b + e ::1 — ad :1 -^hc; 

If a : r : : a' : r\ and a :r-^x :: a' : r* + x; 

Then shall x : x' ::a : a'; 

If a :h :: c : d. and e :/:: g :h; 

Then shall ae :hf :: eg : dh, 

6. If a he the greatest and d the least of the four proportionalB a, 
6, c, d, show that a + d >• 6 + c, and o* + d» >• 6* + c^ . 

7. Find two numbers in the ratio of 2 : 5, and whose differenoe is 
to the difference of their squares as 1 : 42. 

8. a, h, c, d, be any four given quantities, find a quantity which, 
when added to each of them, will make the four resulting quantities 
proportionals ; and show that when a, &, e, d, are already proportioDaki 
no such quantity can be found. 

9. If y + z : y - z :: {x + yY : {x-^ py. 
Then shall xh = f {2x—z). 

10. If pq = rs, and qt = su. 
Then shall p :r :: t : u; 

And if p, % be the sides of one rectangular field, and r, i, those 
of another, show that their areas are equal. 

11. If ^1+^ always have the same value, whatever be the v.l«. 

cx -{- dy 

given to x and y, then shall 5- = t« 

d 

12. If db(c -^ d - e - f) -\- cd(e +f - a - h) + e/(a + 6 - c - d) 

= 0, show that o — c : a - d : : (6 — d) (c - e) (0 — /) : (6 - c) 
(d5-e)(d-/). 

13. The cost of making a railway is 1,000,000 rupees, and the ex- 
pense is to be borne by five towns, of 10,000, 20,000, 30,000, 40,000, 
and 50,000 inhabitants respectively, in proportion to their populations: 
find the sum which each town ought to pay. 

14. A boatman can row a certain distance down the stream in one 
hour and a half^ but it takes him two hours and a half to row up the 
same distance : show that he rows his boat four times as fast as the 
stream alone can carry it. 

15. If ( — I part of a cask of wine be drawn off, and the cask be 

/I \th - 

filled up with water, and I - 1 part of the whole be again drawn oft 

and this be continued m times : find how much wine will be left io 
the cask after m drawings. 
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137. In considering the relations of algebraical quan- 
tities, it is often convenient to regard some as variables and 
others as constants. For instance, in the equations 

ax-by = 0; 2a; - 3y = 0, 

X and y may receive any different values which are con- 
sistent with the equations, and are therefore called the 
variables of the expressions ; but the coefficients 2 and 3 
in the one equation, and a and b in the other, preserve the 
same fixed values, and are called the constants of the ex- 
pressions. This will be seen more clearly if we give to 
X and y in each of the equations some of ihe different 
values which they may receive. 

The first equation *2x - 3j/ = 0. 
is satisfied by the following sets of values of x and y, 

y = 2) y = 4i y = e\ y = s\ 
as may be seen by trial ; that is, the values of x and y 
may vary, while the coefficients 2 and 3 remain fixed. 

The second equation ax — hy = 
is satisfied by the following sets of values of x and y, 

aj = 6l x=26i x = 36i &c. 
y =i a ( y = 2a] y = 3a) &c. 

so that X and y are the variables, a and b the constants of the 
expression ax -- by, 

138. We may also give a geometrical illustration of the 
meaning of variables and constants. If we construct a 
number of different rectangles all on the Kame base, the 
altitude and area are the variables, while the base is con- 
stant ; and, as may easily be shown, the number of square 
units in the area of one of these rectangles is equal to the 
product of the number of lineal units in its base and the 
number of lineal units in its altitude. 

Let A denote the number of square units in the area. 
h „ „ lineal „ base. 

h „ „ lineal „ altitude. 

Then A = hh. 
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To this equation, b is the constant ; A and A are the 
variables. 

It is to be noticed that the variables which occur in the 
same expression generally depend npon each other, so 
that the changes of one of the variables bear some relation 
to those of the other variables. The nature of these rela- 
tions will be treated of in the following propositions of 
this Chapter. The variables which depend upon each 
other need not be of the same kind : thns, in the example 
just given, the variables are of different kinds, one being 
an area, the other a line ; and when it is said that the area 
equals the line multiplied into a constant quantity, it is 
only to be understood that the number of units in the area 
equals the number of units in the height multiplied into a 
certain fixed number. 

Again, if a man walk at the rate of three miles an hour, 
the time during which he walks and the distance which 
he walks in that time are the variables, and 3 is the con- 
stant ; and it is evident that 

Distance = 3 X Time. 

if we understand by " Distance " the nxunber of miles, and 
by " Time " the number of hours. 

139. JDef 1. — One variable quantity is said to vary di- 
rectly as another, when the two quantities depend upon 
each other in such a manner that the number of units in 
the one always bears the same ratio to the number of units 
in the other. 

Ex. 5x varies directly as x. 

For 5x : X : : 5 : 1, 

Or, the ratio of 5x : x always equals 5, whatever x may be. 

Instead of the words varies directly cw, or, varies as, the symbol C 
is often used, and 

5x oc X 
is read thus 5x varies as x ; 

Or, 5x varies directly as x. 

Ex. 2. If the base of a rectangle be a given line, and the altitude 
and area both vary. 

Then Area OC altitude. 



VARIATION. 195 

For, as was shown in (138), 

A = h\ 
-4 : ^ : : 6 : 1 ; 
And therefore, by definition, 

A oc 7». 

Def, 2. — When two variable quantities are such that the 
product of the number of units in the two quantities id 
constant, one of the variables is said to vary inversely 
as the other. 

Ex. If X, 2/ be the number of units in each of the two variables, 
and a;^ = c a constant, then x varies inversely as y. 

Since jcy = c. 



Or, X = ( - I X a constant. 






Or, X OC 

That is X varies as the reciprocal of y. 
It is therefore the same thing, whether we scjy 
That X varies inversely as y, 

Or that X varies as the reciprocal of y. 

Ex. 1. If the area of a rectangle be constant, the base varies in- 
versely as the altitude, for, using the same notation as before, 

6^ = ^, a constant. 



Or, 



= ^ ■ a) 



Ex. 2. If a given sum of money, as £5, be distributed every day in 
charity in equal sums, the number of persons relieved will vary in- 
versely as the share of each person. 

Def. 3. — If the number of units in one variable quantity 
bear a fixed ratio to the product of the number of units in 
two other variable quantities, the first variable is said to 
vary jointly as the other two. 

Ex. 1. The area of a triangle varies jointly as the base and per- 
jKcndicular. 

For ^ = — , 



Or, . fc^ ~ V *^°"s*^"^ 



A 1 

, a constant. 

v:1 
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Ex. 2. The amount of money paid in weekly wages to a number of 
men varies jointly as the number of men and the wages of each man. 

Bef. 4. — If the mimber of units in one variable quantity 
bear a fixed ratio to the product of the number of units in 
any number of others, the first variable is said to vary 
jointly as all these. 

The expense of digging a ditch will vary jointly as the length, the 
breadth, the depth, and the expense of digging one cubic yard. 

This is an example of one quantity varying jointly as four others. 

Def, 5. — If the number of units in one variable quantity 
bear a fixed ratio to the product of the number of units in 
a second variable, and the number in the reciprocal of the 
third, the first is said to vary directly as the second and 
inversely as the third. 

Ex. 1. The base of a triangle varies directly as the area and inversely 
as tlie altitude. 

For "* = 1 ' 

Or. 2^ (J-) = b ; 



(9 



= 2, a constant quantity. 



Ex. 2. The time of performing a journey will vary directly as the 
length of the journey, and inversely as the rate of walking. 

140. Prop, — ^H one variable quantity x depend upon 
two other variables y and z^ and if when y is constant x 
vary as ^, and if when z is constant x vary as y ; when both 
y and z vary, x varies as their product. 

Or, X oc yz. 

First, when y and z have the particular values y^ and z^, let the cor- 
responding value of X =r my.Zi, 

Let y retain the fixed value ^j, while z changes from z, to oilier 
values. 

Then by hypothesis x^my^.Zt m being constant. 

Let Zj be any one of the values which z takes, while y has the con- 
stant value yi. 

So that X = myjz^ = mzy^. 



\ 
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Let z retain the fi^ed value z^, while y^ changes to other values. 
Then by hypothesis x = inz^y. 

And if y^j be any one of the values which y takes , 

Then x = mz^j^. 

Now it is evident that y^ and z^ may be any of the values which x and 
y assume in the course of variation from the original values y^^ z^ : that 
is, when x and y have both varied, the relation between the different 
values of xyz is such that 

x 

— = m, a constant, 

yz 

Or, X cr yz, when yz are both variable. 

Ex. The expense of carriage of goods by railway depends upon the 
weight carried and upon the distance it is carried. 

When the weight is constant and the distance varies, the expense 
varies as the distance ; when the distance is constant and the weight 
varies, the expense varies as the weight 

When both weight and distance vary, the expense varies as the 
weight X distance. 



Examples worked out. 

1. If y a X + 2, and if 2, 3, 4 be simultaneous values of xyz re- 
spectively, find the relation between xyz. 

Since y cr » + 2, we must have 

y = c{x + z\ where c is some constant to be 

determined. 

Now, giving xyz the values 2, 3, 4, we have 

3 = c,2 + 4), 
Or, 3 = 6c. 

And y = ^- (a; + «) is the required relation. 

2. If the square of y vary as the square root of the cube of a, and if 

it = 4 when y = 6; find the value of a?, when y = £-. 
Here we may assume 

y2 = cx^^ where c is the constant. 
36 = 8c, 
9 
Or, ^ "^ 2 ' 

y = 2^ • 
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When y = 7 
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3 

x" 


2 /3 




1 

- 8' 


a? 


1 
~ 64 


X 


1 
~4' 



And 

:i If (aj + y) tt (a - y), shew that a; cr y. 

Let (25 + 2/) = c'x - y), where c is constant. 

a;(c - 1) = y(c + 1) ; 

X c ~4~ 1 
Or, - = r, which is a constant ; 

y c- 1 . 

X CC y. 

4. The quantity of light passing through an aperture varies directly 
as the size of the aperture and inversely as the square of the perpen- 
dicular distance of the source of light from it. One room is lighted by 
a window 6 feet long and 4 feet broad, and has a gas lamp 30 feet in 
front of it. Another room has a window 4^ feet long and 4 feet broad, 
and has a similar gas lamp 18 feet in front of it. Find which window 
admits the greatest amount of light. 

Let II = the amount of light through the first window, 
Ig = „ „ second „ 



6x4 
Il = c. 



(30)2 

4 x4i 
Iz = c. 



Where c is constant. 



(18)* 

. h. - ^Xj4 (18)^ 
• • I, - (30)2 18 

~ 25 
.*• I| I I2 II 12 r Zo I 

Or the second has the greatest amount of light. 



Examples IjXIV. 

1 . If a; tt y, and a; = 1 when y = 2, find the relation between x and y. 

2. K y2 cr a^ and x = 6, when y = 3, find the equation connecting 
X and y. 

3. If y -f 2a; = 8x — y, show that x varies as y. 
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4. If « OC a; 4- y, and if when aj = 1, y = 2, z = 4, find the relation 
between xyz, 

5. If a; OC y, then x^ + y^ tt xy. 

6. 11 X vary as ( 1 — r- ). and n ^» o ^ ^^ simultaneons values of x, y 
respectively, find the equation between x and y. 

7. If a;2 + y2 OC ^2^ and if when ai^ + y^ = o^ « = <s, find the relation 
between xyz. 

8. If y tt a?», and if when a; = 1, y = 2, and when a = 4, y = 32, find 
the value of w. 

9. If a* vary as &*, and if x = 3 when y = 2, show that a* - ' = 6» - *. 

10. If xh/ + xy* tt (x + y)^ show that x tt y. 

11. If the lengths of two variable lines bear to each other a constant 
ratio, then the sum of the squares of the two lines varies as the rect- 
angle contained by the two lines. 

12. If the sum of two variables vary as the difference of their squares, 
then the difference of the two quantities is constant. 

13. If the sum of the squares of two variables vary as their product, 
then one of the quantities varies as the other. 

14. If X cr y and y^ tt vz^ then shall xy cc 'oz. 

1 5 

15. If f7 = X + r, and X OC x, and F OC -, and if 17 = - when 

X 2 

9 2 5 

X = 5 ; U = 2— r when x = 1 ; show that 17 = -x + r—. 

10 5 2x 

16. If X + y OC X — y, show that x^ + y2 a xy, and that 7? + y^ 
OC xy(x ± y). 

17. If X vary as y, and y vary as z, show that mx + «y + 2>2 varies as 
o \yz + hwxz + c^ xy^ where w, n, j?, a, 6, c, are constants. 

18. If z vary jointly as x and y, and if when z = 1, x = 2, y = 3, find 
the value of x, when z = 4, y = 1. 

19. If z vary as x , and if when x = 2, z = 5, state the relation 

X 

between x and y in the form of a proportion. 

20. Given that the area of a circle varies as the square of its radius, 
find the ratio between the areas of two circles whose radii are 2 feet 
and \ a foot respectively. 

21. If a circular plate of metal of 1 foot diameter and 1 inch in 
thickness be melted down, and cast into another circular plate of one 
quarter of an inch in thickness, find the radius of the new plate ; 
having given that the volume of a cylinder varies jointly a^ the square 
of the radius of its base, and its height. 
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22. The areas of similar triangles are in the duplicate ratio of their 
homologous sides; compare the areas of two equilateral triangles, 
whose sides are 6 feet and 7 feet respectively. 

23. The velocity acquired by a body &lling from rest varies as tte 
time of its foiling from rest ; and the velocity of the body at the aid t f 
5 seconds from rest is 161 feet per second ; what was its velocity at tke 
end of the first second ? Also find how long it most have been fidliig 
to acquire a velocity of one mile per minute. 

24. The space fallen through by a body frx>m rest varies as the squfie 
of the time of its falling. It is found to be 4 seconds frdling frx>ii a 
height of 257' 6 feet. Hence find the time a stone would be in fledling 
to tlie bottom of a well 65 feet deep. Also find the lelatioii between 
the space and time generally. 

25. The volume of globe varies as the cube of its radius. If two 
cannon balls of 3-inch and 4-inch radius respectively be melted down 
and cast into a single ball, find its radius. Also if the radius of a 
nine pounder be 2 inches, find the weight of a ball whose radius is 
7 inches. 

20. The areas of circular sectors vary as the squares of their radii, 
and the number of degrees in their angles jointly ; hence, if the area of 
a sector of a circle whose radius is 10 feet, and whose angle is 45^, be 
39*27 square feet, find the radius of the circle, the area of a quadrant 
of which is 3' 1416 square feet. Also find the area of a circle whose 
radius is 6 feet. 

27. Given that the speed of a train in miles per hour equals the 
number of horse-powers in the engine diminished by a quantity which 
varies as the square of the speed, and that when the engine is of 
32 horse-power the speed is 30 miles per hour, find what must be the 
liorsc-power of the engine when the speed is 20 miles per hour. 



CHAPTEE XIV. 

ARITHMETIC, GEOMETBIC, AND HARMONIC PROGRESSION. 

141. Def, — An ^^ Arithmetic Progression^^ is a series of 

tenns more than two, which go on increasing or decreasisg 

by a common difference. 

Thus 1, 5, 9, 13, &c, is an Arithmetic progressioD. 

Also a, a + 6, a + 26, a + 36, &c. „ „ 

And X - Sijt X - iy^x - 5y, &c. „ „ 
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Note. The difference may be a number positiye or negative, as 4 in 
the 1st of the above ; or it may be any algebraical quantity, positive 
or negative, as & in the 2nd series, and - ^ in the last 

Also, it is clear that the difference between two adjacent terms is 
the same from whatever part of the series the two terms be taken. 

142. Be/, — The quantity which begins the series: is 
called the *' First Term,'* the difference between two adja- 
cent terms is called the ** Comimn Differencey* and the 
amount of all the teims added together is called the " Sum " 
of the terms. 

143. Def, — An ^^Arithmetical Mean^' between two given 
quantities is one whose difference from each of them is 
the same. 

Thus the Arithmetical mean between 10 and 16 is 13 ; that between 
a — h and a + 5h is a +2h, &c. 

All the terms of an Arithmetic Progression, except the 

first and last are called ** Arithmetic means" between the 

first and last. 

Thus, 5, 7, and 9, are said to be 3 Arithmetic means between 
3 and 11. 

144. In investigating the properties of these series, the 
use of general symbols is necessary. We shall first consi- 
der a particular case, and then proceed to the more general 
expression. 

Take the series 5, 7, 9, 11, &c. 

Now, it is evident from the construction of this, that 
The 1st term = 5 =5 

2nd „ = 5 + 1x2= 7 
3rd „ =5 + 2x2=9 
4th „ = 5 + 3 X 2 = n 
5th „ = 5 + 4 X 2 = 13. 

That is, any term of the series is found by adding to 5 a number of 
twos ; the number being one less than the number denoting the order 
of the term in the series. 

Now, we wish to express the feict just stated in Algebraical lan- 
guage; we must not, therefore, confine ourselves to any particular 
term, aa the 5th, 6th, 10th, but we must adopt such a representation 
of the order of the term as shall be true for any term that can be 
taken. 
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Let, then, n stand for the order of the term. 

By what was said above, the r«^ term will consist of 5, together with 
a number of twos, one less than the nnmber n ; this number, then, 
must be denoted by (n — 1), and the quantity to be added must be 
(n - 1) 2 ; and the expression. for the »**» term 

5 + (« - 1) 2. 

And this is the formula for the general term of the particular series 

5, 7, 9, &c. 

This, however, is not a general formula for all series, since 5 and 2 
are numbers belonging to the particular series 5, 7, 9, 
If, however, we take the series 

a, a-{- dy a + 2dt a + 3J, &c. 

This may serve as the general representative of all series, since a may 
stand for any 1st term, and d for any common difference. 

Now, the n* term of this = a+ (n - l)d. 

It is usual to denote the »* term by the letter Z, we then have 

I = a+(n-l)d, (1.) 

And this formula suffices to find the value of any given term of any 
given series, by giving to a, », d, the particular values required. 

145. We may regard (1) as an equation of one nnkno^vn 
quantity : in every problem to which it applies, three of 
the quantities I, a, n,.d are given; the fourth quantity is 
then the unknown quantity, and may be found by solving 
the equation in the usual way. 

In fact, there are four varieties of problems which can 
be solved by this formula. 

1". When I, a, n are given, and d is to be found. 

2'*. When Z, a, d „ n „ 

3°. When Z, n, d „ a „ 

4°. When a, n, d „ I „ 

Example of the 1st variety, I, a, n, given. 

The first term of a series is 4, the last is 28, and the number ot 
terms is 7 : find the common difference. 

Generally Z = a + (n - 1) d * . •• 

In this case 28 = 4 + 6(2 

6d = 24 
cZ = 4, the common difference. 
Or, the series is 4, 8, 12, 16, &c. 
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Example of the 2nd variety, Z, a, d, given. 
The first and last terms are 40 and 80 respectively, and the common 
difference is 5 : find the number of terms. 

Generally I = a + (n - 1) d 

In this case 80 = 40 + (n - 1) 5 

5» = 45 
And n = 9, the number of tenns. 

Or, the series is 40, 45 75, 80. 

Examples of the 3rd variety, I, n, d, given. 

The last term of a series of 6 terms is 59, and the common difference 
is 3 : find the first term. 

Generally I = a + (n - 1) d 

In this case 59 = a + 5 X 3 

a = 44. 

Or, the series ia 44, 47, 50, &c. 



Example of the 4th variety, a, n, rf, given. 

3* — 2a 5a; — 3a 2x — a 
The senes • — - — , — j — , — - — , &c., is continued to 50 

A 4 ^ 

terms : find the last term. 
To find (2, we must subtract one of the terms from the preceding, it 

will be found to be — j— ; 

Generally I = a-{- {n— l)d, 

^ ,. . , 3a; - 2a , ^^ a - a; 

In this case I = + 49 — -r— 

2 4 

45a - 43a; 



146. We now proceed to find a general expression for 
the sum of n terms of an Arithmetic progression. 

a + (a + d) + (a + 2d) + (a + 3d) + &c. 
If we denote the sum by 8, we have 

8 = a + (a+d) + (a + 2d)4-. . + (a + » - 2d) + (a + n^id). 

Also 8= {a +n - ld)+(a+»^2d)4-(a+» - 3d)+ . . . . + (a4-d;+a ; 
if we write the terms in reverse order. 

Adding these two equations together, we have, by adding eacli term 
to the one vertically over it, 

28 = (2a + » - Id) + (2a + »~^d) + C2o + » - Id) 

+ (2a + n — Id) + &c., to n terms ; 



1 
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And these terms are now all equal, and their sum may be ex- 
pressed by » (2a + n — Id), 

28 = (2aH-n- ld)n; 



Or, 8 = (2a + n-l(i;|. (2.) 

Wliich is the general formula for the som of any nnmber of terms of 
any given Arithmetic progression. Here we have a general relation 
between four symbols, 8, a, n, d; and all the remarks made on formula 
(1) apply to (2). 

One example shall here be given of its application. 



Example on formula (2). 

If the sum of a series be 290, the number of terms 10, and the com- 
mon difference 4 : find the first term. 



Generally 8 = { 2a + » — Id } -, 

In this case 290 = {2a -f 9 X 4} 5, 

10a = 110, 
And a = 11. 

147. A third formula of great use may be derived from * 
the former two. 



Now I = a + n - Id, from (1.) 



l + a = 2a + n — Id; 



n 



But 8 = {2a + »-ld}-, from (2.) 

« = (« + 0|. (3.) 

This formula gives a relation between the first and last term of a 
scries, and the sum of all the terms. 

148. Examples worked out. 

1. Insert 11 Arithmetic means between 20 and — 4. 

The number of terms when the means are inserted will be 13. 

And generally Z = a + n — Id, by (1.) 
In this case - 4 = 20 + 12d, 

d = - 2; 

And the series is 20, 18, 16 2, 0, - 2, - 4. 

2. If the ^iim of n terms be 45p, the first term bo (p — q\9aid the 
last term {p + q) : find the number of terms. 



\ 
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Generally s = (a + 6) ^, by (3.) 



n 



In this case, 45i? = (i)-g+|> + 3)Q; 

45p = np, 
Or, n = 45, the number of terms. 

Note, This result is true whenever we give any numerical values 
that we please to p and g. 

3. There is a certain Arithmetic series, such that the sum of any 
number of its terms taken from the beginning shall be equal to the 
square of the nmnber of the terms : find the series. 

Take the usual notation. 



n 



Thenby (2) « = { 2a 4- » - l(i } r- = r«^ by the questioii 



2a + n — l(i = 2». 
Since this equation is always true, whatever number n may be. 

Let » = 1, 

Then 2a = 2; 

Or, a = 1, the first term. 

And the above equation becomes 

(w- X)d = 2(w-l), 

d = 2, the common difference. 

And the series is 1, 3, 5, 7 ... . (2n - 1). 

The problem may be worked similarly, when the sum of the terms 
is any multiple of v?, 

4. The sum of n terms of an a. p. is 120, the first term is 3, and the 
common difference 2 : find the number of terms. 



n 



Generally s = (2a + w - Id) 5-, 



In this 


case 


120 


= 


(6 + 2» - 


-;! = 


Or, 




n2 4-2n 


^z 


120, 




• 
• • 




n+1 


=: 


±11. 




And 




n 


= 


10 1 
-12 f 




Or, 




n 


=: 





The first value 10 gives a series of 10 terms 

3, 5, 7, 9, 11, 13, 15, 17, 19, 21. 

We cannot, however, say that the 2nd value gives a series of - 12 
terms, for that has no meaning. But if we continue the series back- 
wards two places, it becomes 

- 1, 1, 3, 5, 7, 9, 11, 13, 15, 17, 19, 21, 
whose sum is the same as the former, and it has 12 terms. 
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149. The reasoning upon which this interpretation is 
founded is given below. 

The formula « = (2a + n - lc2) ^ 

may be put in the form 

2,2a--d 2« 

n^H 2 — ^ = "^- CI.) 

a, cZ, 8 bemg known, this is a quadratic in n, and its two 
values are 

2a -d V4o2 - 4ad + d« + 8«d 
2d 2d 

one of which is generally positive, the other negative. 

Now, if we take the equation 



n 



8 = (2d- a + n - Id)-, 



it may be put in the form 



« 2a - d 28 

n2 ^ --- n = -— . (2.) 

2d d ^ ^ 

and the roots of this are 

2a - d V4a=^ - 4ad + d^ + Ssd 

" = -Td- =^ ^2^ 

which are the same numerically as the roots of (1), but of contrary 
signs ; that is, the positive value of (2) is the same numerically as the 
negative root of (1) ; and the second side of (2) is the expression for 
the sum of a series whose first term is (d — a), and number of tenoB 
equal to the positive root of (2), which is the same numerically as the 
negative root of (1.) 

Hence the series answering to the negative value of n is one whose 
first term is (d — a), common difference d, and number of terms the 
same as that negative value with its sign changed. 



Examples IiXV. 

1. Find the last term of the series 3, 5, 7, &c., of 20 terms. 

2. Write down the series whose first term is 2a, common difference 
c ; find the expression for the «*•» term of this ; also the sum of 18 
terms. 

3. If the Sth and I2th terms of a series be a and h respectively', 
find the common difference, the first term, and the sum of a terms. 

4. Find the Arithmetic mean between a + b and a — b, and insert 
12 Arithmetic means between a and b. 
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5. If a man begin a journey by walking 30 miles a-day, and fall off 
2 miles every day, how long will he be walking 150 miles ? Explain 
tlie two values. 

6. The three sides of a triangle are in a. p., and the greatest side is 
double of the least : find the ratios of the sides to each other. 

7. The three sides of a right angled triangle are in a. p. : find the 
ratios of the sides to each other. 

8. Find the relation between 3 quantities, a, 6, c, when they are in 
A. p. Is one relation sufficient to ensure their being in a.p.? Also, 
find the conditions that 4 quantities, a, &, c, d, may be in a. p. 

9. Show that in any Arithmetic progression, whose terms are aU ot 
the same sign, no term after the second can be a multiple of the term 
preceding it. 

10. The angles of a triangle are in a. p., and the least is 45° : find 
the rest. Also, show that if one angle of a four-sided rectilineal 
figure be a right angle, the angles cannot be in a. p. 

11. If there be two or more Arithmetic series, each of the same 
number of terms ; and if the corresponding terms of these series be 
added together, the resulting terms will form an a. p. 

Show that if the terms of an a. p. be taken at equal intervals, 
they will form an a. p. 

12. In an a. p., the sum of any two terms equidistant from the ex- 
tremes is equal to the sum of the extremes. 

13. Sum the series (6 + cf + (fe^ + c^) + (& - cf + &c., to n terms. 

14. The series 1, 3, 5, 7, &c., and the series 2, 4, 6, 8, &c., are each 
continued to the same number of terms ; and the ratio of the former 
sum to the latter sum is 10 : 11 ; find to how many terms each is 
continued. Also, find the ratio which the sum of n terms of the first 
series bears to n terms of the second series. 

15. If, in an a. p., the sum of n terms always equals 2»' : find the 
series. Also, when the sum of n terms = pn?. 
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150. Def, — A " Geometric Progression^^ is a series of terms 
more than two, which go on increasing or decreasing in 
such a manner that the ratio of any term to that preceding 
it is always the same, from whatever part of the series the 
two terms be taken. 

Thus 4, 12, 36, &c., is a G. p. 

Also - 5, 10, - 20, 40, &c. „ 

3a /3 aj 

2x' V 2* a' ^''' " 
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151. D*f. — The ratio of any term to the preceding is 
called the '• Common Hiik,r 

Thus 3, — 2, '^ / Z, are the oommoBiiaitiosin each of the tliiee 
«V 3 
ahore seiiea re^iectiTel j. 

152. To express the general term of a g. p. in terms of 
the 1st term and the common ratio. 

Let the giTen aeries be 

a, ar^ or* .... &c. 

Let I denote the a* or general term, and n the order of flie teim ; r 
the eommoa ratio. 

It la clear, from the constmctioa of the series, that the index of the 
n* term will be 'n — 1). 

l = af*-^ (1) 

is the general fonnola of the mfa tenn. 

If any three of the qnantitius 2, a, r, ti, be giren, the other may be 
found in the same way as was explained in Arithmetic Progression. 

153. To find a general expression for the sum of n terms 
of a Geometric Progression. 

Let the series be a, or, ar^ . . . . &c. 
Let 8 denote the snm of n terms. 

Then 8 = a-\-ar + at^ + .... af«-* + af«-« + af«-». 
,'.8r = ar4-ar» + af»4- . . . + ar*"* + af*-' + af«. 

By subtracting the upper from the lower we get 

8r - 1) = ar« - a. 
Or, -S'Cr-i; = a(r"-l); 

If numerator and denominator of the second side of ^2) be multiplied 

by ( - 1), we get 

1 -»* 
8 = a.j—^, (3.) 

If r bo greater than 1, formula (2) should be used. 
If r be less tlian 1, „ (3) „ 

154. Examples of the use of each formula will now be 
given. 

Ex. 1 . The first term of a geometric scries is 3, the number of tenD« 
10, and tJie 10th term is 1536; find the common ratio. 
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Generally I = a.r"-^ by (1.) 

In this case 1536 = 3 .r». 

r» = 512; 

Or, f* = 20. 

Taking the 9th root of I . _ n fT.« «««»«.^« •««« 
1 il . I « ^ M = ^» tne common ratio, 

both sides, we find ) 

And the series is 3, 6, 12, 24 768, 1536. 

Kx. 2. When the 1st term of a geometric series is 27, the common 

1 1 1 - 

ratio - , and the last term — , find the number of terms. * 

o ol 

Generally I = at*-^. 



In this case 


81 = ^- • 


• 


\ / 
1 1 


• • 


3— » 81X27* 


Or, 


1 1 

3—* " 37* 


• 
• • 


n-1 = 7; 


Or, 


n = 8, the number of terms. 



The series therefore is 27, 9 ... . -77=, -z-r. 

27 81 

The two other cases of formula (1) are when Im or am are given. 
The next two examples are on formula (2). 

Ex. 3. The common ratio is 4, and the sum of 5 terms is 682 ; find 

the number of terms. 

r» - 1 
Generally 8 — a. —. 

T XT.. ^o« 4*-l /1024-1\ 

In this case 682 = a. = a. I — — j ; 

Or, a = — . 

a = 2, the first term. 
And the series is 2, 8, 32, 128, 512. 

Ex. 4. Find the sum of 10 terms of this senos 



X, . / -^ -, &c. 



Here we must first find r. 



Now k/~ "*"* ~ *"» 
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^ 1 Vx 

Or, - . -^ = r ; 



r = 



Then we have given a, n, r. 

Generally « = a.. — -— -. 



r 4.1 • ^Va» 

In this case « = a; 



VA/aa;/ 



1_ 

tjax 



Or, « = p. 

(ax)^ 1 - (ax)5 

1 - (ax)5 



1 1 • 



Ex. 5. If a population of 50,000 be increased in 2 years to 53,045« 
find what the population will be at the end of 5 years. 

Let r — the ratio which the population at the beginning of any one 
year be-ars to that at the beginning of the preceding year. 
Then 50,000/2 = 53,045; 

53,045 



r2 = 
And r = 



50.000 

103 

100' 



Kc\ (\c\(\ s/ /^5? \* - *^® population at the end of 5 
. , 5U,UUU X ^— j - yg^j^ 

= 57,964 nearly. 

Ex. 6. If ^n denote the sum of n terras of a G. p., whose common ratio 
is 2, and if ^Sa, -7- /S"* = 129 find n. 

5,„ «(r^-l) r" - 1 . 

^^^^ K^' r-1 ""^-731' 

129 = (r"4.1), 
r» = 128; 
Or, 2- = 128. 

n = 7. 
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Examples IjXVI. 



1. Find the 20th term of the series 2, 4, 8, &c. ; the 16th term ot 
5, 20, 80, &c. ; the n* term of Sx, 9a?, 27a^, &o. ; the w"» term of 

2 - a; + --, &c. ; the n^ term of (a - a;), (a - a;)^ (a - a;)^ &c. ; the n*^ 

term of -., -, -, &c. ; the (3a; + l)th term of - 6 + 3 - - +, &c. 
scr X a 2 

2. Sum the followmg Geometric series, 7 + 21 + 63 +, &c., to 19 
terms ; 5 + 10 + 20 +, &o., to 10 terms ; i + 5 + 5, &c., to 8 terms ; 
4 + 2 + 1, &c., to 16 terms and to n terms ; 6 + 4 + 2§, &c., to 30 terms 

and to 3n terms ; ^^—— + 1 + — ^ +, &c., (a^ + ax + a^+ia^- a^) 

X 05—1 

+ {a* -a^x-aa? + a^, &c., to (» + 1) terms; (a +x)^ + (a? - a;2) 
+ (a - xy +, &c., to 2» terms ; {x - Xf - (a^a « i) 4. (j. + i)2 to n 

terms ; (^2 - 1) + 1 + (^2 + 1), &c.. to n terms. 

3. Insert 5 Geometric means between 2 and 128 ; also 8 g. m. between 

\ and 9 ; 16 G. m. between - 4 and - ; 23 g. m. between (a + hy^ 

and (a + 6) - '« ; 16 g. m. between ahi and -— =. 

4. If ten terms be in g. p., and the last be 1024 times the first, find 
the common ratio. Also find the relation between the 2nd and the 
8th term. 

625 

5. If the 20th term of a series be 64, and the 24th term be -j-, 

4 

find the Ist term and the 100th term. 

6. The m*** term of a Geometric series is a, and the n* term is h ; 
find the first term. 

7. The smu of the first three terms of a Geometric series is double of 
the first term : find the common ratio. 

8. If the sum of x terms of a Geometric series be 4 times the sum of 



(I) 



terms, find the value of r . Also if the sum of five terms of a 



Geometric series be 33 times the sum of five terms, find the value of r. 
Is the first term of the series determined in either of these cases? 

9. The population of Great Britain m 1841 was 27,019,548 ; in 1851 
it was 27,770,091. The ratio of increase being supposed uniform, find 
the increase each year in the population ; also the rate of increase per 
cent, per annum. 

10. If a sum of money be left to accumulate at compound interest, 
the principals of the successive years form a Geometric series. State 
what is the first term and what the ratio of each principal to the pre- 
ceding one ; also if 16,000Z. be put to interest for 4 ye8x«&, «aA. ^ss^ksvs^ 
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to 19,4487. 28. at oompoimd interest ; find the rate per cent, per annum 
of interest. 

11. If the areas of a series of squares be in g. p^ prove that their 
sides will also be in 6. p. 

12. If s^ denote the sum of a series of n terms of a o. p., show that 
Sn -f rs^-n = (1 + rX-« ; also show that s« + i — s = rs,. 

13. Find the sum of the following series to n terms ; 1.2 + 3.6 

14. Show that the sum of the terms of a o. p. is less than (a + h)'» 

W 

also that the product of n terms of an a. p. is greater than (ob) *, a,,b, 
denoting the 1st and n^ terms respectively. 

15. Find a niunber such that the Arithmetic mean between it and 20 
shall be three times the Geometric mean. 
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155. If the value of r in a Geometric series be greater 
than unity, the terms continually increase, and if the 
number of terms be great enough, the last term may be 
made greater than any assigned number ; and of cotirse the 
sum of n terms will also be greater than any assi^ied 
number. It is therefore said that when r > 1 and n increases 
without limit, the n* term and the sum of n terms increase 
without limit. 

Ex. Take the series 3, 6, 12, &c. 

If a number, say ten million, be proposed, it is possible to take 80 
many terms, that the last of them shall be greater than ten million, and 
similarly if any greater number be proposed. 

If r be equal to unity, it is evident that all the terms are ahke, and 
the last term is not greater or less than any other term ; but in ttuB case 
the sum of n terms can be made as great as we please, by girinj? * 
sufficiently large value to n. 

If r be less than unity, the terms continually decrease, and if ^ 
number of terms be sufficiently great, the last or n*^ term may be oadt 
less than any assigned number. This may be seen from the genenl 
expression from the »**• term, which is ar**-^. 
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Now r can always be put in the form , when r < 1. 

And or"-* = 



And it is evident that (14-^)""* can be made as large as we please 

a 
by taking n large enough, and therefore r r.\».,| can be made less 

than any assigned number. 

Ex. Take the series 3, 2, |, &c. ; and let a small fraction, say 
. 000000001, be proposed, it is possible to find a term of the series 
which shall be less than this. 

To find the sum of n terms in this case we have the formula 

1 - r' 

$ = a . . 

1 - r 

We now proceed to discuss the value of 8 when n is made indefinitely 
great. 

The above formula may be written thus, 






Now the latter part of this expression I j . r" becomes inde- 
finitely small when n is made indefinitely great, or the difference 

a 
between the true value of s and the quantity may be made less 

than any assignable nuiuber, by sufiiciently increasing n. Hence 
a 



is called the ** Limit " to which the smn of thfe series approaches 

as n is indefinitely increased. 

Thus the limit of the sum of the series 

2 + J + 8 +, &c. . . . ad infinitum 

A 4 

or, f. 

That is, I is the limit to which the sum of the series may be made 
to approach as nearly as we please by taking a sufficient number of 
terms. 

The difference between the " Limit" of the series and the actual sum 
of any nmnber of terms (n) is always represented by the quantity 



(r^)-' 
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\4/ 3 . 2*-»* 



which in the case just given becomes 

8 
3 

The student must carefully remember that when any finite number 
of terms of the series 

a, aty at^y &c., are taken, 

the value always is r" 

1 — r 1 — r 

d 
and the expression — - — is never the exact value of the sum of any 

number of terms. All that must be understood is this : is the 

1 - r 

limit to which the actual sum of the series may be made to approximate 
as nearly as we please ; and no other quantify but itself has this pro- 
perty. 



Examples TiXVU. 

1. Find the limit of the following series when continued ad m- 
finitum : — 

l + J + i&c; 3 + l + J+,&c.; J + b\ + 7^9+. &c. ; 
6 + 3 + 2, &c. ; 4 + 3 + 2i, &c. ; ar-\'ah^ + aV, &c., when ar<l. 

2. Find the limit of 

1 - i + I. &c, ad inf. ; of 1 - J + ^^ - , &c., ad inf, 
^^ I + A + i» ^c., to n terms, and also ad inf. 

3. Find the difference between 200 tenns and the limit of the series 
24 + 9 + ?, &c. 

4. Find the value of the Recurring Decimals, . 3, . 45, . 006, 

. 123, . 428571, . 0063. How far will the quantity . 00636363 difier 
from the last limit ? 

5. How many places of decimals must be taken in order that . 75iiuij 
differ from it by less than one hundred-millionth part of unity. 

6. Find the value of n terms and ad inf. of the series 



23. 1 ' 22. 3 2. 33 " '1.2.3 2.4.6 ' 4. 8. 12 



3.5 6.10 12.20 
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HARMONIC PROGRESSION. 

156. Bef. — A Hajmonic Progression is a series of terms 
more than two, and such, that if any three consecutive 
terms be taken, the difference between the first and second 
of these is to the difference between the second and third 
as the first is to the third. 

Thus, if -4, 5, C be in Harmonic Progression, 
Then A - B : B - C : : A : C 

Also the series i J, J, \ 

— --, -, r, — - , &c. ; 9, 4}, 3, 2J, &c., are cx- 

amples of Harmonic series. 

157. A property of Harmonic series will now be proved, 
which furnishes an easy test to discover whether a pro- 
posed series be Harmonic or not. 

// a series of quantities he in H. P., their reciprocals are in A. p. 

To prove this generally, suppose a, &, c to be three of the terms of 
the Harmonic series. 

Then a — b :h — c : : a : c, by Det 

a — b b — c 



And 



a c 

a — b b — 



ab be 

1111 
b a c b' 

Or, the difference between the reciprocal of the first and of the 
second is equal to the difference between the reciprocal of the second 
and of the third. 

Therefore, the reciprocals of a, 6, c, form an a, p. 

Problems in u. p. will be most easily solved by making use of this 
proposition. 

158. To find the w*** term of a given Harmonic series. 

. , 1 1 1 . 

Let the series be -, —t-t. — n^* ^^' 

a a + b a+2b 

It is evident that the n* term will be the reciprocal of the n^ term 
of the Arithmetic series 



a, a + b, a -f 25; &c., 
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Or, the n^ term = 



x + n — Ih 

It may be remarked that every Harmonic series may be put in the 
above form. For example, the series G, 4, 3, may be written 

(i/ (iy ay 

If it be required to insert any niunber (n) of Harmonic means be- 
tween two quantities a and h, we must proceed as follows : 

Let a and h bo the two extremes. 

Then we must first insert n Arithmetic means between - and - ; 

a 

and the reciprocals of these will be the Harmonic means required. 
The Harmonic series in this case wiU be 

( n + 1) ah (n -h 1) ah 

"' 6(» + 2)-a 6 (71 +3; -a ^' 



Examples TiXVIII. 

1. If a, 6, c, be in h. p. show that a^ + c* > 26*; also, show that 
a" 4- c" > 26" , where n is any positive integer. 

2. From the equations 

(a; - a){x-h) = (a - c) (« - d) = (» - e)* 

find the values of e. Also, if e', e" be the two values of c, show that 
e" — e' is a Harmonic mean between a — e' and h — e'. 

3. If a, fc, c be in h. p., show that 

1 + 1 = ^+ 1 



a c h — a h — c 

4. The sum of two numbers, together with their Arithmetic mean 
and Geometric mean is 15, and the product of the four quantitieB is 
144 : find the numbers. 

5. If 6 + c, c + 2, a + b, be in h. p., then a\ 6*, c», shall be 
in A. p. 

6. The difference between the Arithmetic and Geometric meana of 
two numbers is a, and that between the Arithmetic and Harmonic 
means is h : find the numbers. 

159. Some examples will now be given of the Smnma- 
tion of Series, which are neither purely Arithmetical nor 
purely Geometrical, but which may be resolved into the 
sum or difference, or some other function of those. 
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Ex. 1. Sum the series 11 + 15 + 23 + 39 + , &o. to n terms. 

Sum 3 (4 + 7) + (8 + 7) + 16 + 7) + + 2« + i + 7 

II (4 + 8 + 36 + . . . . + 2"+') + 7n 

2- - 1 

.'. S = 2'» + « + 7ft-4. 

Ex. 2. Sum the series 8 + 16 + 36 + 92 + 256 H-,&c to » terms.. 

Here^ sum = (3 + 9 + 27 + 81+ 243 + , &c.) 

+ 5 + 7 + 9 + 11 + 13+, &c.. 
which is the sum of a Geometric and an Arithmetic series. 

Ex. 3. Sum the series a^ + (a + 6)2 + (a + 26)3 + , &c., ton+1 
terms. 

Here (a + 6)3 - a^ = 3a26 + 3a6» + 6S 

(a + 26)3-(a + 6)3 = 3(a + 6)«6 + 3 (a + 6)62+ 63 
(a + 36)s - (a + 26)3 = 3 (« + 26)«6 + 3{a + 26)6^ + 63 
&c. &c. &c. 



(a + n6)3 +{a + n- 16)3 - 3 (« + » - 16)^6 + 3 (a + n - 16) 

6»+6», 
(a + n+I^)* - (a + ti6)3 = 3 (a + n6) 26 + 3 (a + »6)62 + 63. 

Adding all these equations together, we get 



(a + n + 16)3 - a3 = 36 {a2 + (a + 6)2 + . . . . + (a + n6)2} 

+ 362 {a + (a + 6) + . . . . + (a + n6) } 
+ (n+163. 



Hence we find a« + (a + 6)2 + . . . . + (a + » - 16)« + (a + nhy 
= ^ /(a + ;rri6)3 - a3 - 362(2a + w6) ^!-yi - n63\ 



Or, S = 



n + 1 



|6a2 + 6na6 + n (2n + 1) 6«\. 



By a similar process, we may find the sum of such series as 

1« + 2= + 3« + , &c. 
52 + 82 + 112 4. ^ &c. 

For these are, in fact, only particular cases of the general formula 
above. 

Ex. 4. Sum the series 1 .6 + 20.25 + 39.44 + , &c., to n terms. 
The series may be put in the form 

(6 - 5) 6 + (25 - 5) 25 + (44 - 5) 44 + , &c. 
= 62 + 252 + 442 + , &c. 
- 5(6+ 25 + 44 + ,&c.); 

The first of which series may be summed by the method of Ex. 3, and 
the second is an Arithmetical series. 

\4 
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Ex. 5. To sum a series consisting of the cubes of numbers in Arith- 
metical progression, as a' + (a + &)' + (a + 26)' + , &c. to n terms. 

We have (a + b)* - a* =z 4aS6 + Qa^ + 4a68 + fc< 
(a + 26)3 - (a + 6)3 = 4 (a + 6)36 - 6(a + 6/6? + 4 (a+ 6) 
63 + 6*. &c. &c. 

And by carrying on these equations, as in Ex. 3, and by using the 
result there obtained for the sum of the squares of a, a + b, &C., we 
shall arrive at an expression for the series of cubes. 

The same method may be used for summing a series consisting of 
higher powers (as the 4th, 5th, &c.) of numbers in Arithmetic progres- 
sion, but it then becomes very laborious. 

Ex. 6. To sum the series 

2.7.15 + 4.9.17 + 6.11.19 -t- , &c. 

This may be put in the form 

(7 - 5)7(7 4- 8) + (9 - 5) 9(9 + 8) + (H - 5) 11(11 -f 8) +,&c. 
= (73 + 3.72 - 40.7) + (93 -1- 3.9« - 40.9) +, &c. 
= (73 + 93 + 113 + , Sec.) + 3 (72 -f 92 + 11* + . &c.) - 
40 (7 + 9 + 11 -f , &c.) 

And each of these separate series may be summed by one of the pre- 
ceding formulsB, and the whole sum becomes known. 

Ex. 7. Sum the series 

1 1 

=: + : TFTTT 7= + » *c. 



(a + Vb) (2a + V6) (2a -f V6 ) (3a + ^6) 

j^Q^ ^ ^ 2a + ^6" ^ 1 

a + ^/b («+ V6')(2a-i-V6) 2a + V6" 

1 

I -_ __ 

(a + V6 ) (2a + Vb )' 
1 1 1 

So 7^ = r- + 



2a + Vb 3a + Vb (2a + Vb ) (3a + VT ) 
11 1 



na+Vb {n + l)a + ^fb (na + ^b){ln+la + ^) 
. • . By Addition, 

7= - Tz = the sum required. 

a + V 6 (n + 1) a + V 6 

Ex. 8. Sum the series —-r + ^-= + =-3 + » &c., to n terms. 

OtO b«7 7.0 

^"'^ ^ - ^ = 576 
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1 1 


1 


■ 


#rfJL«^ 




6 ~ 7 " 


6.7* 








&c. 


&c. 








1 1 
n — 1 n 


1 








{n - l)n 






1 1 

n n + 1 


1 








n{n + iy 




Adding all these equations together, we get 




1 
5 


n + 1 5.6 6.7 


+ + 


1 
n(n + l)' 




Or, 


^ ~ 5(n + iy 








Ex. 9. Sum the series 








3.7.11 "^ 


1 + 1 + 
7.11.15 ^ 11.15.19^ 


1 


1 




• • • 1 / J 


1) (4n + 3) (4n 


+ 7) 


Now 


1 1 
3.7 7.11 "" 


8 






3.7.11 






1 1 
7.11 11.15 "" 


8 








7.11.15 






1 1 
11.15 15.19 


8 








11.15.19 






&c. 


&c. 






1 


1 




8 





(4n-l)(4« + 3) (4» + 3)(4n + 7) " (4» - 1) (4n + 3) (4w + 7)' 
By Addition, 

3?7 " (4« + 3)(4» + 7) "^ ^ IsTtTi "*" 7.11.15 "^ ' *^'} 

^ = LiJ_ 1 \ 

8 13.7 (4»4-3)(4« + 7)/* 

Some series which cannot be treated by any of the above methods 
will be discussed in Chapter (xvii.). 

Ex. 10. Sum the series 1 + 5 + 12 + 22 + 35 + 51 + , &c., to 
n terms. 

Let Ai,Ai,As . . . An denote the 1st, 2nd, 3rd, . . . n^ terms. 
Then An = An^i 4- 3» - 2 

An^i = ^,-a + 3(»-l)-.2. 
&c. &c. 
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By Addition, An = ^j + 3 («+ n^ + . . . + 2) - 2(n4- 1), 

Or, An = 1 + 3.^^:^^^-211 + 2. 

_ 3»» n 
^- - T ~ 2 ■ 

Similarly. A. 1 ., = | („ - i)J - 2-=i, 

&c. &c. 

^..= 1(3)' -I 

^ = |.(2)'-| 

By Addition, 

.^, + .4,+ . . .+.4« = |{l3+22 + 32+. . . . +n«} 
- J{l+2 + 3 + ,&c.+n}, 

Or, 5 = t!lt^. 



Examples TiXTX. 

1. Sum the series — 

5 + 9 + 17 + 33 + , &c., to n terms. 

3-2 + 4-3 + , &c., to 2» terms. 

5 + 10 + 19 + 36 + 69 + , &c., to n terms. 



- + 1 + ^ +, &c + 

4 ^ 8 ^ 16 ' ^ 



J- (2^. + 1 + »). 



13 1 

2 + l+r- + T- + 2-+,&c., tol9 terms. 
A 4 o 

- a-a + 3a + 19a+ . . . . + a(3"-»- 2n). 

2. Sum the following series :— 

12 + 23 + 32+ . . . +«3; 

32 + 52 + 7»+ . . . +(2»-3)2; 

53 + 92 + 13* +, &c., to 12 terms ; 

1.2 + 2.3 + 3.4+, &c., to 19 terms; 

5.12 + 12.19 + 19.26+, &c., to 3n terms; 

a (a — 6) + (a - 6) (a - 26) +, &c., to n terms ; 

{x - ly) {x - 6y) + (a; — 6y) (« - 5y) +, &c., to r tenns, 
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3. Sum tlio series 4 + 16 + 40 + 88 +, &c., to r terms ; 

also a+{a+h) + {a + h + hr)+ {a + h^hr'\-hf^)+, &c., 
to n terms, and ad inf, when possible. 

13 + 23+38+. &c.&c. + n8; 

o3 + (a + 6)3 + (a + 26)3 + to n terms ; 2.4.6 + 3.5.7 +, &c. 
to n terms ; 5.9.11 + 8.12.14 +, &c., to n terms. 

4. Find the sum of each of the following to n terms : — 



(a + 1) (2a + 1) ' (2a + 1) (3a + 1) " * 5.6 6.7 

+ 778+'^"-' 

6?8 + 7!9 + O0+'^^-> 5n4 + O7 + ir20+'^''- 

5.6.7^ 6.7.8^7.8.9 ^» ~'" » 5.11.17 ^7.13.19 
+. &c. ; 



9.15 21 
1 



+ . . w . ^ s. . -ITT +» &C. 



x{x + y){x+2y {x + y) {x + 2y) {x + Sy) 

5. Sum the series whose n* term is —, — --rr to n terms, and ad in" 

» (n + 4) 

finitum. 

6. Also the series whose n^ term = (n — 3) (n - 2). 

7. Find the n**» term, and the sum of n terms lOf a series in which 
each term is the square of the preceding one, the first term being 
given. 

8. Find the sum of the following, each to n terms : — 

2.32.7 + 3.42.8 + 4.52.9 +,&c. ; 

4.72.9 + 9.122.14 + 14.172.19 +, &c.; 
23 - 33 + 43 _ 53 + 63 _ 73 +^ &c. 

What does the last series become when n is indefinitely great ? 

1.32 + 2.4* + 3.5»+, &c. 

9. Find the sum of 200 terms of the series 

6 + 13 + 22 + 33 + 46 +, &c. 
Also of n terms of the two following : — 
5 + 6 + 8 + 11 + 15 +, &c., and 7 + 11 + 18 + 28 + 41 +, &c. 

10. Find the 500th term of the series 9 + 28 + 53 + 84 +, &c., and 
the »'»» term of 2 - 11 - 23 - 34, &c. 

11. Which term of the series 7 + 12 + 19 + 28 +, &c., amounts to 
206? 

12. Find the sum of 2n terms of the series whose r**» term is 
3r2 - 2r - 8. 
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13. Find the sum of 3n terms of a series whose first term is 1, and 
of which each term exceeds the preceding by 2n^ {n being the order 
of the term). 

14. Find the smn of the infinite series o + or + (a + (ib)t^ 
+ (a + ab + <ib^)f^ +, &c. ; r being less than 1, and b less than r~K 

15. Pearls in Ceylon are sorted into 10 classes, by being riddled 
through perforated trays, the number of perforations in each tray being 
19, 37, 61, 21, &c. Find the n*^ term of this series, and the sum of n 
terms. 

16. If the series of odd numbers be arranged as follows, 

1 



3 


5 




7 


9 


11 


13 


15 


17 




&c. 


&c. 



19 

prove that the sum of the numbers in the n^ line is n^ and that the 
sum of the first n lines is < > . 



CHAPTEE XV. 

PERMUTATIONS AND COMBINATIONS. 

161. Def. — The " Permutations *' of a given number qf things 
are the different arrangements which can be made of them in respect 
of their order. 

Thus ahc, acb, bdc, bca, cab, cba, are the permutations of the three 
letters cibc taken all together. 

Again, ab, ba, ac, bc^ ca, cb, are the permutations of abc taken two 
together. 

162. Def. — The " Combinations^^ of a given number of things 
are the different collections which can be made of them without m- 
gard to the order in which they are placed. 

Thus ah J ac, be, are all the combinations of abc taken two at a time. 

To find the number of permutations of n things taken two at a 
time. 
Let the n things be the letters abed, &c. ; n in number. 
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Now it is evident that a may be placed before each of the other 
letters, making the group 

ah, aCy ad, &c to n — 1 tenus. 

Also, h may be placed before each of the others, making the group 
bo, hCj hd, &c to 71 — 1 terms. 

Similarly, all the letters will stand first in their torn, and each 

group will consist of « - 1 permutations, and the number of groups 
will be 71. 

Hence the whole number of permutations of n things will be 

n{n — 1) ; 
Or, «Pg = n(w- 1). (1.) 

To find the number of permutations of n things, taken three at a 
time. 

Take the n — 1 letters h, c, cZ, &c. 

The number of permutations of these, taken two together, will be 
(w — 1) (fj - 2) by formula (1), and they are represented in the table 
below. 



6c, hdj he, &c to r* — 2 terms ' 

c6, cd, ce, &c to 71 — 2 terms 



The number of vertical 



db, dCy de, &c to ti — 2 terms 

&c. &c. 

Let a be placed before each of these, we then have 



columns is n — 1. 



ahc, cbbd, cibe, &c to ti — 2 terms 

acb, acdj ace, &c to ti — 2 terms 

adh, adc, ode, &c to ti — 2 terms 

&c. &c. 

There are thus (ti — 1) (ti — 2) permutations of three letters toge- 
ther, in which a stands first. 

Similarly, it may be shown that there are (ti — 1) (ti — 2) permu- 
tations, in which 6 stands first, and so on for each of the n letters 
a, &, c, d, &c. 

Therefore, the whole number of permutations will be 

t»(ti- l)(7i- 2) 
Or, -Pg = n (71 - 1) (71 - 2). (2.) 

We shall now show generally that the number of permutations of 
71 things taken r together is 

Tl(7l - 1) (71 - 2) . . . . (71 - r + 1). 

Let us assume that the number of permutations of the n letters 
a, d, c, d, &c., taken r — 1 together, is 



7l(7l - l)(7l - 2) . . . . (71 - r - 1 4- 1) 



consisting of r — 1 decreasing consecutive numbers. 



{ 
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Then the number of pennutations of the » — 1 letters 6, c, d, &c., 
taken r - 1 together, will be 



(« - 1) (n - 2) n - 3) ....(»- 1 - r - 1 + 1) 
Or, (n - 1) (w - 2) (n - r + 1). 

And if a be placed before each of these permntations, we shall have 
(n — 1) (n — 2) . . . . r« — r + 1) permutations, each of r letters 
^ in which a stands first. 

Similarly, it may be shown that we shall have 

(n — 1) (n — 2) . . . . (» - r + 1) permutations, each of r letters 

in which h stands first, 
and so on for all the n letters a, b, c, <Z, &c. 

Hence the whole number of permutations of the n letters taken 
r together will be 

»(n - 1) (w - 2) . . . . (n - r + 2) (n - r + 1). 

consisting of r decreasing consecutive numbers. 



It thus appears that if the formula be true for n things taken r - 1 
together, it is also true for n things taken r together ; that is, if it be 
true for any one number, it is true for the next number above it 

But the formula has been proved true when r = 3, hence it must 
be true when r = 4 ; and therefore, again, it must be true when r = 5, 
and so on to any number. Hence universally 

•Pr =n(«-l)(n-2) (»-r+l). (3.) 

If all the things be taken in every permutation, then r = n ; an 
we have 

"Pn = 71 (w - 1) (n - 2) ... . 3.2.1, 
which is generally written I n ^ and is read ** Factorial n." 



163. In the last Article, the n things were supposed to 
be all different ; when any number of the things are alike, 
the number of permutations will be less, and may be 
found as follows : — 

Of the n things, let p be of one sort, all alike, q of another aori, all 
alike, r of another, &c. 

Consider, first, one of the permutations of n things, of which p aw 
alike, and the rest different. 

Now, if these p things were all different, they would make I p pe^ 

mutations in place of one, the order of the other things lemaining 
unchanged ; and the same will be the case with every one of the 
peiTuutations, so that the number of permutations of n things^ wh^ p 
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of them are alike, equals the number when they are all different, 
divided hy \ p , 

n 



Again, if there be another group of g things all alike, the number 
of permutations equals the number of permutations when only p are 
alike divided by I g ; that is, when there are p of one sort and q of 

another sort, the number of permutations of n things taken all to- 
gether 

■ n 



\JL-\± 

If there be more groups of like things, the same reasoning may be 
repeated. 

Hence, if there be n things, and p, q, r, 8, &c., denote the number 
of things alike in each group, the whole number of permutations of 
the n things taken altogether 

I^.|X*I_L-|J_»*®-' 

164. To find tlie mimber of combinations of n things 

taken r together. 

Every combination of r things will form |jr^ permutations, when 

taken all together. Hence the whole number of combinations of n 
things taken r together, equals the number of permutations of n things 
taken r together, divided by | r , 

Or, "Or = 



n(n-l)(n- 2). . . . (n-r + 1) 
Cr = -^ h ^ -. (5.) 



iEixamples -worked out. 

1. From a company of a men a guard of h men is chosen every 
night : find 1°, how many different guards can be posted ; 2°, on how 
many nights will a particular man be engaged ; 3°, on how many nights 
will the same c given men be engaged, c ^ 6? 

a(a-l) . . .(a- 6+1) 
lo. The number of guards = rr l>y (5.) 



2°. If the particular man be left out, the number of different 
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guards of {b - 1) each that can be made ont of the remain- 
ing (a — 1) men will be 

(a - 1) (a - 2) .... (a - 6 + 1). 

If^ now, the excepted men be put with each one of these, each goard 
will consist of h men ; hence the nmnber required will be 

(a-l)(a-2). . . .(a-6+1). 

The third part is solved in a similar way, excepting e men instead of 
one man ; and combining the remaining men (6 — e) together. 

2. Find the nmnber of permutations of the letters of the word **con' 
stitution " taken altogether. 

The nmnber = |_2_ |_2_ |_3_ |^ ' ^^ ^^"^ 

3. Find the number of combinations, also the number of permu- 
tations of the letters of the word " infinity" taken seven together. 

Since either of the five letters t, n^f^Uy may be omitted, the num- 
ber of combinations = 5. 

And the number of permutations 

i_l_ J_ _j_ _j_ _J_1 

- I— ||_2_|_2_+ |_3_+ |_2_|_3_+ |^|_3_+ |_2_IAl 

= 5880. 

Note. — ^Each of the 5 terms within the bracket represents the pe^ 
mutations that can be made out of each of the different combinations. 

4. Find the number of combinations which can be made of (a -f 6) 
things taken r together, a of the things being of one sort all alike 
and h of another sort aU alike. 

This problem may be seen to be the same as that of finding tbe 
coefficient of of in the product of the two factors following : 
(1 + a; + a;2+ . . . +»«-! + a«) X (1 + a;4- x3 + . . . -f a^-i-t-x^) 

There are three cases of this problem 
10. When r <i a 



<h 



} 



In this case, the product of will be formed by combining the teim 
x*" in tbe first factor with 1 in the second fkctor 



Also 



af-» 


>* 


»» 


X 


it 


af-« 


» 


>* 


aj2 


1* 



tt 



and so on till we come down to 

1 in the first factor with af in the second. 
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The whole number of times that x^ occurs is 

{r + 1). 

2^. When »• > a \ 

< M 
The number of combinations in this case will be found to be 

(a + 1). 

3^. When r '> a 

> h 
< a + h 

In this case the number of combinations is 

(a + 6 + l-r). 

The method used in this example may be applied to some of those 
which follow. After the student has read the Binomial Theorem, he 
will find it a useful method to apply to some very complicated pro- 
blems in combinations. 



Examples TiXX. 

1. Find the number of permutations of 24 things taken 2 together ; 
also 22 together ; also of 6 things taken all together. 

2. How many different numbers can be expressed by the figures. 
1, 2, 3, 4, 5, 6 : find the sum of all the numbers thus formed. 

3. Find the number of permutations of the letters of the word 
" Proportional,*' taken all together ; also taken 6 together. 

4. How many different arrangements can be made of a party of 8 
persons at a round table, so that every person shall not have the same 
neighbours in any two of the arrangements ? 

In how many different ways may the party be seated at the table, 
every person having the same neighbours in every arrange- 
ment? 

5. In how many different ways can 8 persons be seated on one side 
of a rectangular table? How many changes may be made in the 
arrangement of a crew of an eight-oared boat, none of the crew 
changing sides? 

6. In how many different ways can 10 persons (5 ladies and 5 
gentlemen) be arranged at a dinner table, so that the host and hostess 
may always keep their places at the ends of the table, and ladies and 
gentlemen may always sit alternately ? 

7. In how many different orders may the letters a, 6, e, (2, e, /, g be 
written, g being always the last letter ? 

8. How many combinations may be made of the letters of the al- 
phabet, taking 6 consonants and 2 vowels in every combination? How 
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many different words may be formed, each having 6 consonants and 
2 vowels? 

9. How many words of 3 letters can be formed out of the English 
alphabet, each word having a vowel between 2 consonants? {w uid y 
consonants.) 

10. How many different parties, each of 4 ladies and 4 gentlemen, 
can be made out of 5 ladies and 5 gentleman? Also, find in how 
many of these parties a specified person can be present. 

11. How many triangles can be formed by joining the angular 
points of a polygon of n sides. 

Ex. When the figure is a hexagon. 

Note. Consider only those triangles which have all their angular 
points on the angles of the polygon. 

12. How many quadrilateral figures may be formed by joining the 
angular points of an octagon ? 

] 3. How many different companies, of 50 men each, can be formed 
out of a regiment of 1000 men? Of how many companies will each 
man form a part ? 

14. If a certain number of things be taken 3 together, the number 
of combinations is 969 ; if they be taken 5 together, there will be 12 
times as many : find the number of things. 

15. Find the sum of all the different nimibers which can be formed 
of n digits a, 6, c, &c. ; the number of digits of each kind being 
p, q, r, &c. respectively, each number containing all the n digits. 

16. A cube is cut by 3 systems of planes, each system being parallel 
to a pair of opposite faces of the cube ; if the number of planes in 
each system be n, find, 1st, how many different sizes of cubes will be 
formed ; 2nd, how many different sizes of parallelopipeds. 

17. If, in the last question, the number of cutting planes in each 
system be n, p, g, respectively, find the whole number of solids that 
will be formed. 

18. Prove the following formula — 

"Pr = (w-r+l)Pr-i (1) 

«0r = "-'Or + «-»CV-i (2) 

•Or = «-»0r-l + «-*0r-l + ... + '-»0r-l. (2) 

19. If n things be taken r together, if n be even, the number of 
combinations is greatest when r = J n, if n be odd. 

20. If n points in a plane be joined in all possible ways by inde- 
finite straight lines, then, if no two of the straight lines be {Mirallel, 
and no three of them pass through the same point, find the wh(de 
number of points of intersection. 

21. If the product of the factors (1 + a) (1 + b) (1 + c), &c to » 
terms, find the number of terms which involve two, three, . . . n letten 
respectively. Hence, find the coefficient of a* in the expansion of 
(1 -h a)\ 
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22. Find the number of combinations of (a + 6 + c) things taken 
r together, a of the things being of one sort, h of another, and c all 
different. 

23. There is an army consisting of 10 European and 20 Sepoy 
regiments, and it is required to divide it into three detachments of 
8, 10, and 12 regiments respectively, and such that the number of 
Europeans in any detachment shall never be less than one-fourth of 
the whole number of men in the detachment : find in how many ways 
this may be done. 



CHAPTEE XVI. 

THE BINOMIAL THEOREM. 
166. In such expressions as (1 -f a:)^ (a — 5)% 

(1 1 V _ _5 

— - + ^ ) &c., the index denotes that a 

certain operation is to be performed upon the Binomial 
within the brackets ; when this operation is completed, the 
Binomial is said to be expanded. 

Thus 1 + 3a? + So:^ + ^ is called the expansion of 
(1 + x)\ 

The "Binomial Theorem" is a formula for finding the 
terms in the expansion of a Binomal, without multiplica- 
tion or extraction of roots. 

It is one of the discoveries of Sir Isaac Newton. 

lee. To prove that 

f-i t \n II , n(n-V\ „ , » (n - 1) (n - 2) 

(1 + »)• = 1 + nx + -j^ — 2^ a;2 + -~ 2~3 * 

when n is a positive integer. 

If the continued product of the n binomial factors 

(1 + a) (1 + 6) (1 + c) (1 + A;) 1 + l\ 

be taken, we shall have a result of the following form : — 
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1. 2. 

'+ a + 6 + c +, &c + fe + I 

l+ot+oc + od +6c + M + 6c+. . . +«i + ee, &c. 

+ a6c + aM + ocd +««»+ . . . + hed-^- 6oc. &c 

+ ofccd + abee + + hcde + 6«J/ + ... 

&c. &c. 

It is evident : — That the firet term is unity, for it resalts from the 
multiplication of n factors, each of which is nnity. 

That the second line contains the n letters a, b, e, <f, &c., for each 
term results from the multiplication of n Actors, (n — 1) of which are 
unity, and the other is a single letter ; there are therefore as many 
terms as there are different letters. 

That the third line contains all the combinations that can be made 
of the n letters o, 6, c, d, &c., taken two together, for eacl^term results 
from the multiplication of n factors, (n - 2) of which are unity, and 
the other two are some combination of the n letters taken two together. 

And generally, that where each term contains r letters, the number 
of terms in that line must be the number of combinations of n things 
taken r together, or 

n (n - 1) (» -• 2) . . . (n-r + l) 

Also the last line contains one term, for it is the product of the n 
letters, and there is only one combination of n things taken altogether. 
Now the number of terms in each line will be the same, if a, h, e, d, &c. 
be all equal to one another. 

Let a = b = c = <2, &c. = x suppose. 

Each of the factors to be multiplied becomes I + x^ and the product 
of the n factors is represented by (1 + a;)" , and the above lines of pro- 
duets become respectively 

1. 

+ X + a? +, &c. to n terms = nx^ 

+ oj' + a? +, &c. to — --— — terms = — =-5 — x^, . 

-t-x +a^+,«c.to J 2.3 1.2.3 

&c. &c. &c. 

„ , »(n- 1) . . . (n-2 + 1)^ 
+ af + af,i^c.io— iX3^2 ^tenns 

- w (n - 1) . . . n - 2 + 1) ^a 
1.2 .... r 
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Hence 

(1 + a;)" = l + nx-\ — x' + . . H =-5 ^ - . 

+ «aJ"-i + »••. (1.) 

Cor. {a + x)* = |a(l + |U" 

.„(,,..|)Vni^(j)V.... 

n(w-l) . . . n-2+1 /» y 
1.2 .... r \a7 

Ml ^"n 1 ^ 

Or(a + a;)»= o" +n.a"-ia;+ V -«g^+ .... 

' 1 • ^ 

. n(n-l-)...(n-r + l),.„^ 
1.2 . . . . r 

.... +naaJ»-* + iB". (2.) 

Note, — In formulflB (1) and (2) the following points should be ob- 
served and remembered : — 

1^. The nmnber of terms in the expansion is one more than the 
index. 

2° The index of x (the second term of the Binomial) increases by 
one in every successive term of the expansion. 

3°. The coefficients of the terms equidistant from the beginning ^d 
end are alike. 

4P. The last &ctor in the denominator of each coefficient is the same 
as the index of ac in that term. 

5°. In formula (2) the sum of the indices of a and x in any term is 
equal to n, the original index. 

Some of the most useful applications of this theorem will be seen in 
the examples worked out below. 



Examples worked out. 

1. Expand (a + 3a;)«. 

By C2) : (a + 3aj)« = a» + QaK (Sx) + J^«n3«)»+ f^a^(3a;)^ 

. . . + 6a (3a;)* + (3a;)«. 

= a« + 18a*a; + 135aV + MOaV + 1215aV 
+ 1458a«* + 729a^. 
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2. Find the 6^ term in the expansion of (a' — 5^)". 
By (2) the 6* tenn is seen to be 

12.11.10.9.8, «,_ , ,,^^ 

-i:2r3.T:5-^^')'-^- ^^^^ 

Or, - 792a".6»s. 

"Note. — In expanding (a' — 6^)^ it should be written in the fonn 

3. What lb the coeflacient of a;® in the expansion of (1 + a;^)*°? 
The term involving ofi is the 5* term, and the coefficient of 

,^. . 12.11.10.9 

*^« '^ 1.2.3.4 ' 

Or, 99. 

4. Find the r* term, also the (» + 1)*** term in the expansion of 



(-^r 



_, ^ ^ 2n (271 - 1) . . . (2» - r + 2) .... ... 

The r* term = — ^^-t-<H 7 TT • (3x)«»-«+* 

1.2 . . . . \r — 1 ) 

= (.,).... 2„(2«-l)...(2»_- ^rtJ)^3^^,_,,. 

The (n 4- 1)*** term is obtained from the above expression for the 
r* term by writing (« + 1) instead of r throughout. Hence 

The (» + Xf term = (- 1)" . — ^^ r-^r ^^ -^-^ 

1.2 .... 91 

(3a;)(«» - «") 

2n.(2» - 1) . . . (w+ 1) 

~ ^'-^^ • 1.2 n • 

Smce i^xf = 1. 
The form may be still further reduced, for 

2n (2n - 1) . . . (n + 1) ^ |gg 

1.2 . . . . n |!L'fe 

. , (2n-)(2»-3) . . . 3.1 
= 2" . n . : — 



. • . Tlie (n + Vf^ term = (- 1)" .2* 



(2«- lC2n- 3) . .. 5.3.1 



n 



.ATbfe. — The student should note the form (— l/-*; it is a con- 
venient way of expressing that the sign of the term is positive or 
226>grative, according as r is odd or even. 
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5. Find the coeflScient of a? in the expansion of (1 + » + ^Y^- 

:Sow {1 + X + aPyo = {l + a;(a+l)}w 

= 1 + 10» (» + 1) + 45x {X -h 1)2 

+ 120a;(a+l}|3+,&c. 
= 1 + 10a; (a; + 1) + 45a;2 {x + 1)2 

+ 120»3(»+1)3,&C. 

It is evident that all the powers of x which appear after the 4**» term 
are higher than »* ; we must now select the terms involving a? which 
arise by multiplying out the 3"* and 4**» terms, and add them togetlier. 
These are 45 X 2 + 120, 

Or, 90 + 120 ; 

Or, 210, the coefficient of a?, 

6. Find the number of terms in the expansion of (a + ^ + c)'^ 

Now (o + 6 + c)i8 = {a + hlTcy^ 

18 17 
= ai8 + lSa'7 (6 + c) + -y^ a^ {h + cf 

, 18.17.16 ,. ,, . NO • 
+ ^ 2.3 "" ^^ ■*■ ""^ ' *'^* 

The successive powers of (6 + c) are now to be expanded, and the 
terms of each expansion are to be multiplied into the corresponding 
power of a outside the bracket. It is evident tlie whole number of 
terms will be 

1 + 2 + 3 + 4+ +19, 

Or, (2 + 18) ^ = 190. 

7. Find the greatest coefficient in the expansion of (3a + 2a;)*'. 

The coefficient of the r* term of this is 

30.29 28 (30 -r + 2) 

1.2.3 . . . . (r-1) 



and the factor which is introduced to form the coefficient of the r + 1 1*^ 

, . 31 -r 

term is . 

r 

31 - r 
Now when r has such a value that is either equal to or less 

than 1, the coefficients from this point cease to increase, or begin to 
decrease. To find the term which has the greatest coefficient we 
therefore put 

r 
Or, 31 - r < r 

Or, 31 < 2r 
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That is 2r > 31 

Or, r > 15J 

r = 16. 
gives the greatest coefficient^ and the value of it is 155117520. 

8. Find the snm of the coefficients of an expanded Binomial. 

(l + aj)»= 1 + na; + ^^^^^ a;2 +, &c. 
Let X =z 1, 
Then 2- = l +n+ ^^^-^^ +, &c. 

The sum required is therefore 2* . 

By a similar method it may be proved that the sums of the coeffi- 
cients of the odd and even terms respectively are alike. 

9. If 1, a, b, c, &c., be the cofficients, taken in order, of the expan- 
sion of (1 -f- a;)», 'show that when n is any positive integer greater 
than 1, 1 - 2a + 36 - 4c + &c. . . . = 0. 

■r^ /„ N , . w (n — 1) „ n (» — 1) (n — 2) , . 

For (1 - a;)» = 1 - na; -I- ., . ^ x^ i^ — -^ a?, &c. 

1.2 1.2.0 

Also, na;(l - x)*"^ = nx-- n(n - l)x^ + ^^^ " ]^^^ " ^^ a?, &c. 

By Subtraction, (1 — «)» — na; (1 — x)*" * 

.««(«— 1) « M nin— l)(n — 2) ^ , . 

= l-27ia;-f 3-Y2~^ -'^-^1X3 ^+'^' 

= 1 - 2ax + 36x2 _ 4cjb3 4. Scc. 
The student should carefully work out the coefficient of of ; it 

ought to be (r + 1) -^ ; ^2 -. 

r — 1 

Put a? = 1 in the above equation, the required relation will result 



Examples IjXXI. 

1. Expand (a + xy ; (1 -f 56)9 . (2a2 - 3a;3)8 (3.2 . y2)i2 . 

(-ir(i-')MT-i)"^(.'-j)-"^ 



( 



1 - -a. j . 



2. Write down the 4* term of (1 + xy^ ; the 5* of (a? -f 6»)p ; the 



n^ term of (a; + o)»+8; the p + lr o^ {x+y)*P-^^; the 
« + lh of ^1 -f- ^\**; the middle term of ^aa; -f- -)''. 
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3. Find the coefflcient of a;*^ in (1 - x)^ ; of jb» in (a + a;)^ ; of 

^2 in ^- - -V; of JB' in (2a;2 - 4aa;)«+.* ; of x^ in 

(jbM - hT. 

4. Find the term involving a^^.b^ in (3a - 26)a<; a*»-w.M5^^ in 

) * 

andinU2-M . 

5. Find the number of terms in the expansion of (a + 6 + c)^, and 

inthatof(3a-26 + 4c)«. 

6. Find the coefficient of x^^ in the expansion of (1 + x + «^ + »»)«, 

and of ai» in (1 - «2 + sc* - sfi)^. 

7. What is the sum of the coefficients in the expansion of 

(a + 6 + c)^ and (3a - 26 - 4c)" ? 

8. Expand (1 + a/o? - 1)" + (1 - Va;^ - 1)" in powers of x ; also 

find the coefficient of aj* in (1 + \^)" - (1 - V^)". 

9. Find the sum of the series 

1.3.5 (2r - 3) 1.3.5 (2r - 5) 3 



| r- 1 ' r-2 



, 1.3.5 (2r-7) 3.5 

H s • T-^ +. &c. 



r-3 1.2 



10. The coefficient of the 4«» tenn of (1 + a;)*» : that of the 6*»» 
term : : 2 : 3. Find n. 

11. If 1, aj, Os, o^ &c, be the coefficients of the expansion of 
(a + a;)* ; find the value of 1 + a, + a^ +t &c. 

12. Prove that the series 2.o« + 2^. ^?-t^ . ^ . a»- ^ + 2^ . ^-^^ 

n 1 n 

• ^^%^a"-«+, &c. = (a+2)«-»(2a+6). 

Also, find the value of the series obtained by multiplying the suc- 
cessive terms in the expansion of (1 + 3x)» by the numbers 
1, 3, 5, &c., respectively. 

13. Using the notation of (11), prove that 

l.Om + aiOm+l + ajOm + l + + O,^ Oim 

_ 2««. (4w - 1) (4 w- 3) ... .3.1 

m 
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14. Find the sum of the squares of the ooeffidefnts in the expansion 

of (1 + «)•«. 

15. The third, fourth, and fifth terms of the expanded binomial 

{x + y)*, are a, &, e, respectively ; find the Talne of ». Can the 
yalaes of x and y be found from these data? 

167. To prove the Binomial Theorem, when the index 
is a negative integer, or that 

{l + x)-* = l-»iaj + ^^ ^-^ ^-n* 

Or, (l + x)-- = l-nx+'^^^±i^a? 
_ n(n + l)(n + 2) ^^^^^ 

1 



Now (l + a;)-i = 



] +x 
And, by actual division, 

7— — = 1 — x + z^ — a^+, &c. (id inf. 

1 + x 

Again, {l + x)'^= {l + x)-^{l + x)-^ 

= — -— . (1 - a; + {b2 - a? +, &c.) 
1 -\- X 

= 1 - 2x + Sx^ — ia? +, &c. by actual division, 
Or. a + .)-.= l-2., + ?_3,,_?J|^+,^ 

And, it may again be proved by actual division, that 

Suppose, now, that the law of the coeflBcients, which is here ob- 
served, holds good for all values of the index from — 1 to — (x - 1) ; 
so that 

/-. . V — r -. / ,\ . («-l)w « (n + l)(n-l) « 
(l + x)-»-» = l-(n-l)x+ ^ ^^' x^'^- 1^2^^ 

+, &c. 

Now (1 + x)-" = (l+x)-"~(l + a;)-* 
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And if the quantity within the brackets be divided by (1 + x\ we 
shall have for a quotient 

^ 1.2 1.2.3 ^-t-.^c- 

If the division be continued far enough, we shall have the follow- 
ing remainder 

-(n-l)(-n)..(-n-r+2) - n(- n- 1) ..(-n -> r + 2) ^ 
1.2 r "*" 1.2 (r-1) ^ 

which equals (" ^^H- n - 1) ....(■ n ■ r-f 1)^^ 

1.2 r 

And this will be the coefficient of a^ in the quotient, and it is of the 
same form as the coefficient of aj' in (1 + a?) ~ »-*. 

Hence, then, it appears, that if the law hold good for an index 

- (n — 1), it also holds for an index — n ; that is, if it be true for 
any one value of the index, it is also true for the next higher value ; 
but it was shown to be true by actual division when the index was 

- 3. It must therefore be true when the index is — 4 ; and since it 
is true when n = — 4, it must be true when n = — 5, and by con- 
tinuing this reasoning, it will appear to be generally true. That is, 
when n is any negative integer, 

MJ.^\-«-i ^^ . - « (~ w - ^) ^2 t ~n(-n~l)(-n-.2) 
{1 + x) n_i^^ + ^^ n2 + . __ 

a? +, &c. (3) 

This is the same as formula (1), if — n be written instead of n. 

If the student will write down a large nimiber of the terms of this 
expansion, he will see that the signs of the terms will be alternately 
+ and — , and that the formula may be conveniently written thus 

{1 + x) . = l-nx+^-^x« j-^ 0? 



(■l)-n(n+l)...(n + r-l)^^^^^ ^^^ 



Also, 



(a + x)- = {a(l + |)}*"" 



+ 2) 



1^ 



■H'' J.-' * 



_ — izr »» — -■. 



--1 







T.Tgll, 



L E^«da+ X -, > - ¥ -«,;^3^. Y:r7i- 



.-**- 



m :i - a; -^. a^ file eoeffidcBi cf 2^ 



1 



(-i)"*'' 



and wiite down llie r* tenn of eadi. 



4. Find the coefficient of z* in (1 + x + s>+,ftc.,adcii/.)r ;a]80of 

a^ in a + 2x + 3x?+, &c, ad «•/.)->; •]» tibe tenn inyolYing ^ in 

(a? - x,>*. 

5. Find the sum of the series 

3 4 5 

^ 1/3.4^4.5^5.6^ . , . ,\ 

21"^ "^ "^ "^ "3^ +' *^ . . . . od m/. j ; 
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Of 1 - 2 + I - i^ + 2"^. Sccadinf. 

(X V-^ 

Also of the infinite series, whose 2p+~i|**^ term is (p+ 1) (2i) + 1) 

(l - 5 j ; (1 - ») "^ when » = j^- 

8. Expand (y"37~) '* ( rZ~ ) ' ^^ ^^ *^ ^°^ *®™^ *^® "**** '^^^ 

1-hx^ 
of ^ 



1 + 2w2' 



9. The fourth term of (1 - a)» ; the fourth term of (1 + «)• : : 5 ; 1. 

Findn. 

10. The seventh term of (1 - x)-^: the fifth term : : 5 : 11. 
Findic. 

n. Show that g(g + l)---(g + »--l) ^ gg(g+l).. (9+2-2) 

I r 1 I r — 1 

J)(p-1) g(g + l) ...(g + r-3) 

1.2 * T^l ' * C«^ + i) 



terms = 



_ (P + g)(p + g-l)...(y + g + r-l) 



r 



12. If pC, denote the coefiicient of cc? in the expansion of (1 + «)»», 
prove that 

«a = ---^a-i + «-«Or-i + . . . + '-»a-i. 

Also that — ^7^ — . r is constant for all values of r. 

13. Show that the coefficient of x* in the expansion of 

1 l-a" + » 

7- t-t; s-r equals a» — ; also that the coefficient 

(1 - ax) (1 - o%) ^ 1 — a 

of a?« in the expansion of 7; r-7- r-r-r; r-r, where the 

(1 — ooj) (1 — a^) (1 - a^j 

number of factors is unlimited, and a < 1 equals 



(1 - a) (1 - a2) . . . . (1 - o«)' 
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14. Find the cube root of 29 to four places of decimala, and the 

i — — — 

Talue of ^ / to twelve places ; both by the Binomial 

Theorem. 

15. Find the limiting yalue of ( 1 H — ) . when n is indefinitely in- 
creased. 

16. If a? be greater than y, prove that a^ - y** lies between 
j>xP- * {x - y) and j>yp- * (x - y). 

V2 + 1 . 1 

17. Find the value of — — - — , and of / /^ . ,\-8 , / /x- 7w 

V2 - 1 Cv3 + 1; + (V3 - 1; 

to 6 places of decimals by the Binomial Theorem. 

168. Before giving the proof of the Binomial Theorem 
when the index is fractional, it will be necessary to discuss 
the following preliminary proposition. 

Prop. If Ao + AiX + A^x^ -{■..., +Araf (1) 

And Bo+BiX + B22?+ . . . . +Brixf^ (2) 

be two series, in which Ao, A^, and Bo, jB|, &c., are constant, and x a 
variable, which may receive any value whatever, and if these two 
series be always equal to each other, 

Then shall Ao = Bo» Ai = B^ , , . . Ar = Br. 
The equality may be stated in the form 
{Ao - Bo) + {Ai - B^)x + {Ai - B^x^ . , . + {Ar - Br) of = 0. 

Since x may have any value, we may give x a value so small that 
(ill — Bi) x+ (^2 - JB^) x? H-, &c., shall be less than any assignable 
quantity; hence also {Ao — Bo) must be less than any assignable 
quantity. 

That is Ao = Bo. 

Then {A^ - J?j) « + (iig - JBg) a;2 + . . . + {Ar - Br)sf = 0. 

Dividing this by x, we have 

{A,-B,)+{Ai-Bi)x+ + {Ar -Br)af-i = 0. 

And for the same reason as before, we have 

A, = B,. 
By continuing this process, we shall get 

A2 = B^ ; As = jl?8, &c. , , , Ar = Br» 

169. To prove the Binomial Theorem for a fractional 
index. 
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Let lis assume that 

v_ 
(1 + a;) ' = 1 + a^x + a^s? +....+ OrSf, &c. 

And (l + a;)« =1 + M + M^+ + 6,af , &c. 

Where p and q are both positive integers, and 6^, 6^, &c., are the 

values which a., Oo, &c., take when ( — — 1 ) is written for — . 

Let a? = y + a 

.'. (l + a;)9 = {1 + y + zy 

= 1 -\' ai(jf + z) + a2(y + zY-\- , , + Or (y '\- zy ,8cc. 

= l + «(ai+2a,2/ + 3aay2+ ... +rar3r.-0 
+ higher powers of y and z. (1^ 

Again, 

Z. ^ V f z \Z 

= (i+2/r{^+"»-rry"*"^(ifi) "*■••• • 

p. 
= (l + y)»+aiz (1 + 6^2/ + 6,2/2 +.. + 6^3^..) (2) 

+ higher powers of y and z. 

To find the value of a,, we have 

(l + x)p = {1 + a^x + a^, &o.)9. 
Or, l+i>a5»&c. = 1 + qa^x. . ., &c. 

1> = gaj Art. (168). 

Or, ^i "^ f » 

And 6i = ^ - 1. 

If, now, we equate the coeflBcients of yz^ y\ t^, &c., in (1) and (2) 
agreeably to the principles of Art. (168), we shall have 

U^ - 1) 

2az = afii, or a^ = q\q J ; 

1 . 2 



3a3 



= ai6„ or aa = g \g j\q ]\ 



1.2.3 
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And generally, 

ror = afir-u or Or = q\q / \q /. 

1.2 .... r 

Hence, we have 



L « P(P « i\ 

^ 1.2 

?./^-.l\ /^-.r + l\ 

. . . +g \3 / " \q /xr,& 



which is the Binomial Theorem for any fractional index, positiYe or 
negative. 



Examples worked out. 

(1 - 2a})2 

1. Find the coefficient of af m the expansion of 77 . 

VI - 3x 

Now (1 - 2a;)2 (1 - 3a;)* = (1 - 4a; + 4a;2) . (1 - i. 3x + , &c. 
+ (-iy.i(i-l)(i-2)...a-r + l) _ ^^ ^ ^ 

It is evident that to ohtain the coefficient of af, in the product of 
these two expansions, we must select the coefficients of ar-* x*""', 
x^ from the second expansion, and multiply these into the numben 
4, — 4, and 1 respectively. These products, when written in their 
simplest form, will be 

1.3.7. . .(4r-13) 1.3.7. . . (4r - 9) 

■" 4''-«. |r-2 "^ * 4r-^. Ir-l 



1.3.7. . .(4r- 5) 



4*' . |_r_ 

2. Approximate, by the Binomial Theorem, to the value of ^61. 
Now, ^ST = (61)* = (64 - 3)* = {43 (1 - |)}i 



10 
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" 64 ■" 642 3 • (64)3 "3 ' 544 "» *^- 

To find the actual value of the series in decimals, we may proceed 
as follows : — 

^ = -015625 
64 

^^ = -015625-^64 = -000244140, &c. 
64* 

^ = -000244140-5-64 
64^ 

••• i" X ^ = -000003815 X^ = 000006358, &c. 
3 64* 3 

^ = -000003815-5-64 
64* 

10 1 ^^^ ^^^^ 10 -000000198 ^ 

• • • T >< 6li = -ooooooosae x - = :ooo250696' *°- 

If we stop at this point, we have 

^^ = 4 (1 - -000250696) 
= 4 X -999749304 
= 3-998997216, 
which may be considered true to four places. 

3. Show that = — and xp + ^ are nearly equal, when x is 

nearly equal to 1. 

Let X = 1 + h; . • . ^ is very small. 

And the expression becomes 

+ higher powers of h, } 
= l + {p + q)h-\-i{p^+pq + q^'P'^hK 

Xow, since h is very small, h^ is very much smaller than h, and all 
the terms after h^ are still much smaller ; therefore, unless j) or g be 

very large, l + Cp + q)h is nearly equal to — ^— ; also, 

1 + (p + q)h ia nearly equal to the expansion of (1 + ^)p+'? or aP + 9. 

pa^ — qafl 

Whence "=- ^— = x:P+i nearly. 

p^q 
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CHAPTER XVII. 

THE MULTINOMIAL THEOREM. 

170. The "Multinomial Theorem" is a formula for ex- 
panding the power of an expression which consists of any 
number of terms more than two, and it may be regarded 
as an extension of the Binomial Theorem. 

Before proceeding to the general investigation, we will 
discuss a particular case. 

Consider the expression 

{a + h + c + d + ey. 

The expression of this mignt be obtained by multiplying 
together the six multinomial factors written below ; — 

{a + b + c + d + e) 
X (a + h + c+d + e) 
X{a + h + c + d + e) 
X (a + h + c + d + e) 
X {a+h + c + d + e) 
X (a + h + c + d + e). 

Now, every term in the product of these is composed of 
six letters, one being taken out of each line ; thus there 
will be a number of terms a%^d, each containing two a% 
three 5*s, and one d. Now the number of terms a^b^d will 
be the same as the number of different ways in which we 
can select two a's, three 5's, and one d out of the six lines 
above. 

And this number of ways is the same as the nimiber of 
different orders of the letters aabbbdy taken all together; 
for every such order represents the formation of a term by 
multiplication. 

That is, the whole number of terms involving c^l^d will 
be the number of permutations of six things taken all 
together, when two are of one sort, all alike, three of 
another sort, all alike, and one of another sort. 



2 13 II' 
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Coefficient of a263d = 



171. We shall now proceed to find the general term in 
the expansion of 

(a + 6 + c +, &c., to any nnmber of terms)", 
when w is a positive integer. 

Now, by applying the reasoning of the former case, we 
see that all the terms in the product will consist of n fac- 
tors, and each term must be of the form a'^.ft'.c*", &o., where 
we must have ^ + g4- »"+, = n. 

Again, the number of terms a^,¥.(fj &c. will be the 
same as the number of permutations of n things taken all 
together, when p are of one sort all alike, q of another sort 
all alike, &c. 

Hence the coeflBcient of the quantity a^,b^,(f, &c., in the 
expansion will be 

* n 



\JL\1. 



&c. 



And the general term of the expansion of (a + 6 + c + 
d +, &c.)* is said to be 



n 

. OP .}fl .(f . , &c. (1) 



P .1^ . »• 



172. To expand a power of a Multinomial we must 
adopt the general form just given, and give p, q, r, &c., all 
the particular values which they can possibly receive, con- 
sistent with the relation 

p + q + T+t &c. = n. 

The terms which result from this substitution will be the 
complete expansion required. 
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Ex. Expand (a + b + e,K 

All tbe povible valaes of p, q, r, are urmnged in the 
■ccompanyjog table ; and dnce there ue 21 sets of 
Taloetw the number of temu in the expanaon u V 

The flnt four tmns of the eipwuion iriU be 



" 


* 












1 
















It 


9. 




;-{ 


ft 




•i 


it 




■': 


n 




■^ 


? 




■1 


i 

4 
D 
3 

1 




» 


5 




« 


(\ 

























•1 





i-5o'6 + 5<rt! + 20a*e. 



Tbe above mveBtigation is independent of the Bmomitl 
Theorem, but it appiiee only to those cases in which the 
index is a positive int^er. Another proof of the Theorem 
will now be given, which holds when the index is iiit^;ial 
or fractional, positive or negative. 

178. To find the general tena in the expansion of 
(a + 6 + c + d +, &c.)", for any valne of the index. 

Let 6 + e + d+,4<i. = x; 

(a + 6 + o + d+,&c.)" = (q + i)-. 
The general, OTp + l| term of this will be 
■ («-p + l> 



IP. 
Let c + d+, So. = s: 

X = 6 + j(. 
And aT = (6 + y)'. 

The general, or g -f 1 j'*' term of this will be 

I.(y-l)(p-21...fp-g + I) . 



a). 
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Let 



And 



d + e+, &C, = z; 

y = c + «, 



The general, or r + l|*** term of this will be 
«(3-l)Cg-2) . . . (g-r + 1) 



.C«-'2f . 



(3.) 



Let this process be continued to the last term of the mnltinomial ; 
it is ev^ent that the general terms will all be of the same form. 

By substituting in (1) the general term (2) of ajP, (1) becomes 
n(n - 1) (n - 2) . . . . (n- p + l) 

.p(p-l) . . . (p^q + l) 

q 



.a"-"J' 



,&P-9.y?. 



And by again substituting for y^ the general term (3) of y«, (1) 
becomes 

n(w- 1) . . . . (w -J? + 1) j?(p-l)....(p--g+l) 

p ' \q 






Which again may be put in the form 

n (n - 1) . . . (n - 1) + 1) \p 



q p-g r q-r 



a"-i'.6P-«.c«-'.«f. 



Or, n(n- 1) . . . (n - p + l).a»-i'. 



5p-'9 (fi-^ sf 



[ j)~g *| g-r *[r • 



(4.) 



If n be a positive integer, this may be put in the form 

n 



n-p^p^ q^q-r \r 



It will be seen that this is in fact the same formula as (1) in 
Art. (171) ; for the sum of the indices of a, 6, c, &c., is n, and each 
of those indices corresponds to the number of factors in the denomi- 
nator. 

It must be observed that when n is fractional the index of a will be 
fractional, and if n be negative, some of the indices of a will be 
negative. 

Formula (4) may be reduced to the more convenient form of (I), if 
we put 
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q — r = r^ 



It then becomes 



aP' h^ 



n(n-l)(n-2) (j>'+l) 



And if we sappress the accents, we have the general ten% of (my 
moltinoniial represented by 

n(n-lU-2) . . . (p+l).__— ,&c. (H.) 

where p + q + r, &c. = n. 
And all the indices except p are positive integers. 

174. Let the Multinomial to be expanded be 

(o + 6a; + cai^ + da? +, &c.)*. 
When » is a positive integer, the general term is 

I n , oP . (hx)9 {ca^f {da^' . . . . &c. 

"" \JL \± IJL 1^ 

and the index of a; is seen to be 

g + 2r + 3» +, &c. 

Hence, if it be required to find all the terms which involve a pa^ 
ticular power of x, as a^ , we must give p, 2* '' ^^^^ values as will satis^ 
the two equations 

p + q + r +, &c. = n (1) 

and q + 2r + S8 +, &c. = m (2), 

and then substitute in the general formula these particular values. 

If n be not a positive integer, we must apply the same process to 
formula (H) instead of to formula (I). 



Examples worked out. 

1. Find the coefficient of «* in (1 - a; + a:?) - ". 
7he general term in this case is expressed by 

(-12) (-13) (y + 1) . 10 . ^-jy^.^. 

and Pf q* r must satisfy the two following equa- 
tions ; — 

^ + 2 + r = -12 



l + r = - 12) 
+ 2r = 4 J 



p 


3 


r 


- 14 





2 


- 15 


2 


1 


-16 


4 
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The valoBB will be foimd in the accompanyiag table. 

The three tenns oorreaponding to tba three Bets of valoeB ara 

(- 12) (- 13) . ^ + (- 12) C- 13) (- U . jfi.'^ 



+ (-12)(-I3)(-H)(-15). 

"Which reduces fo ^78 - 1092 + 1365)^' ; 
Or, 3Sla^. 



1 + 5 



2. Find the cube root of (1 + z^ + x + ^) to the first font terms. 

The first term of the ezpan^n is obTiooslj 1 . 
UsiDg the valnea ot p,q, r,i corresponding to 
the first three povera of x, wa tuva for the 
expflJudoQ, 

I h <*'j.> i. 

„ , ^ ^ iB , 82^ 

<"■ ' + if-9+-M- 

3. Find by the Multiaoiiual Tbeoiem the coeffleieot of x* m the 
expansion of (1 — 2a: + 3it* — ii" +, &c,)*" ; and yerify the result by 
the Binomial Theorem. 



- 3 I 1 aJ 

- S 2 » 

- ! I 3 U 
-it : 1 *■ 



Here we need not taJu any 
consider the expansion of 

(l-2ic + 3a»-4i> + 5x7 

The two eqnations to be satisfied ai 



| ^"-l 1.2 I 2«- 



bejond 5z<, so that we have to 



p 


3 






( 


2n-I 











1 


2n-2 


I 










2n-2 





2 







2n-3 


2 


1 







2n-i 


4 











li-! 
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which reduces to ^ (^ + m*" + 2) (4« + 3)^ 

To verify this by the Binomial Theorem, we have 

(1 - 2x + 3a? - 4x»+, &c.)** 

= (! + «)-*•; 

and if the coe£Scient of o^ in the Binomial expansion be found, it will 
be seen to agree with the result just obtained. 



Examples IiXXHI. 

1. Find the term involving xh^ in (a; + y + «)* ; abcde in (o + 6 
+ c + d + e)W; oi xhpz^ in {x^ + xy\- yzy \ aV)c in (a-6 + c)<; 
a»63e|2 in (o2 + l»2 + c2- ac^hc-ahf; x^in^i - a? + ac« - a«)8. 

2. Mnd the coefficient of x^ in (Jl ^ 2a -\- 3x2 _ 4aj3 + 5a^)> ; of 
af in (1 + a; + a;2 +, &c., ad in/,) « ; of the term which is independent 

, . /ai2 X , y t/2\» 
of a; and 2/ m l-r- + - - -^ I • 

3. Show that if the coefficient of a^hc be known in tbe expansioii 
of {a + b+ c)« , those of db^c and ahc^ are also known. 

4. Find the number of terms involving x^y in the expansion of 

(x + x^y^ + a;'y» + x)^ ; and those involving x^ in I 1 — r- + - 

\ 2 3 



" 4 "^ 5/ • 



5. Find by the Multinomial and verify by the Binomial Theorem 
the following coefficients : — 

Of x^P in (1 + 2x + 3x2 ^^ &c., ad inf.) - » ; 

Of x» in (1 + 3x+ 6x2+ 10x?+, &c., ad tn/O ""; 



Of xP + » in (1 + nx + n2a.2 +^ ^jc. ad, mi/.)p + »; 
Of i in (x2 + x + l + - + -, +,&c., ad ««/•)" ■• 

X XX? 

6. Find the middle term of (1 - a + a2 -- a^)^, and the jp*** term in 

(x* X V v^X^P 

y^ y X x^/ 

7. Find to six terms the square root of 1 + 2x + Sx' — 7a? ; also to 
six terras the cube root of (a^-x + x-^-x-*), in descending 
powers of X. 



INDETERMINATE COEFFICIENTS. 251 

8. Expand as far as a;^ 



\l-x + a^) * 



1 ^ j_ ^ 1. 
'214 



CHAPTEE XVIII. 

INDETERMINATE COEFFICIENTS, PARTIAL FRACTIONS, 

AND RECURRING SERIES. 

175. In Art. (168) it was proved that if the equality 

A+Bx+Cj^+,&Oy = a+hz + caP+,&c. 

hold for all values of x ; then 

A = a; B = h; C = c, &c. 

We shall now extend this proof to the case of two 
variables x and y. 

Let A+Bx+Cy'\-Dx^ + Eayy-\-Ff+€h^ + Hx^y+,8ui. 
= M+Nx + Py-\^Qx^ + Bxy-{- 8y^ +Ta^+ Uxhf +, &c. 

for all values of x and y, and where the variations of x and y are inde- 
pendent of each other. 

Then shall A = M; B = N; C = P, &c. 

Let the equality be written in the form 

A'hBx + Dx^+Ga^+ . . .| M+ Nx + Qx^+ Ta?+ . . . 

'\-Cy + Ff+ [= +Fy + 8y^+ 

+ Exy + Ha^+... J + Rxy-{- Ux^y+ . . . . 

Since this is true for all values of x and yj suppose y to retain the 
value 0, while x may receive any other values whatever. The equality 
becomes — 

A + Bx'hDx^+Ga? + .,. = M+ Nx+ Qx'^+ Tsfi+ . . . 

and this is true for aU values of x. 

Hence A = M; B =^ N; JD = Q; O = T, &c. Art. (168). 

Again, we may suppose x to retain the value of 0, while y receives 
any other values whatever. 
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We then have 

Cy + Fi^+ . . . = Py + 8y^+ .. .for siB. valnes of y. 
Whence, as before, C = P 

F = S, 

Again, in the third line, suppose y to retain the Talne 1, while x 
receives any other valnes whatever ; we then have 

for all valnes of OS ; whence 

176. The application of this theory will be shown in the 
following examples. 

1. Besolve the expression 7 l-t- rr into partial fractions. 

*^ (« - 1) (a; — 2) 

Let 7 rr-7 rr = r -\ r, where A and B are 

(a; - 1) (a; - 2) a; - 1 a; - 2 

the quantities to be determined. 

1 .i(a;-2) + ^(g+l) 

(x-l)(a;-2) ■" (a;-l)(a;-2) 
Or, 1 = A(x-2)+B{x-l). 

Since x may receive any value whatever, let a; = 1. 

In this case, the above equation becomes 

1 = - ui 
Or, A = - 1. 

Next, let X = 2; then the equation becomes 

1 = B. 

Hence, by substitution for A and B, we have 

2 ^ _JL 

(a;-l)(a;-2) ~ a;-2"'»-l' 
which are the partial fractions required. 

4 

2. Let , — r-jTTT — r-^TTT — r-TT^ ^ *^® cxpression to be resolved 

(a; + 3) (a; + 2) {x+lf 

into partial fractions. 

T , 4 A ^ B ^ € 

Let 7 — r-^^-^ — T^Tz — 7-:r:9 = — 7-^ H r-k + 



(a; + 3)(» + 2)Cx + l)' aj + 3 ' a;+2 {x+lf 
J) E 



(aj+i)» « + r 
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Proceeding, as in the fonner examples, we have 

Let jc = — 1 

Then 4 = 2C 

Or, = 2. 

The original equality may now be written 

4 2 A 



{x + S)(x+2)(x+iy (x+iy aj + 3 



+, &c. 



Or -2(a:g + 5g + 4) _ _£_ 

(a; + 3)(x + 2)(a; + l)3 ~ jc + s"*"'*^' 

Simplifying the first side of this, we have 

-2(» + 4) _ A B , D , E 



(aj+3)(flj + 2)(» + l)2 x+3 »+2 '(» + 1)2 ^ »+ l' 

Whence we get 

-2(flj + 4) = A{x+2)(x + iy+ ... +D(aj + 3)(a; + 2)+,&c. 

Let as = — 1 

Then - 6 = 2D 

Or, D = +3. 

Transposing -. --• to the first side of the equation, and substi- 

(a; + 1/ 

tnting for D its value, we get 

-2(flj + 4 ,3 A , B , E 



(x+3){x + 2){x+iy ' (» + !)» aj + 3^ (a;t2)^a; + l' 

3x» + 13g + 10 _ __A_ 

' {x + S){x + 2){x+iy "" a; + 3'*"* ' 



which reduces to 



3aj + 10 _ A B , E 



(aj + 3)(x + 2)(a;+l) x + 3 x + 2 x + 1' 

The values of A, B, E may now be found as in Ex. !• 

Note, Let the following two points be noticed in this example. 

1^. When the Denominator contains a power of any factor, as 
{x + 1)^ a partial fraction must be assumed for that power, and for 

C D E 

each lower power down to the first, - — r-rr,, z — — rr«. — r-r in tti<* 

example. 

2^. When the Numerator corresponding to the highest power has 
been found, let that fraction be transposed to the first side of the 
equation, and be combined with the quantity already there ; the ex- 
pression on the first side will then reduce, as the Numerator and De« 
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nominator haTe a common factor ; (a; + I) in the example. This 
process must be continued until only the first power of the said factor 
remains on the second side. 

_ _ , 3a? + 26a; + 83 . . ...... 

3. Besolye ; ttt-s — ^ — 7-7:7:^ into partial fractions. 

{x - 1) (a? + 7a; + 20; ^ 

- ^ 3a;? + 26a; + 83 A ^ Bx+C 
Jjet 7 ,. ^ a . „ - - - - = ~ + 



(a;- l)(a;? + 7a; + 20) a; - 1 a? + 7» + 20 * 
.-. 3aj2 + 26x + 83 = ii (a^^ + 7a; + 20) + (J?x + G){x-l), 

Let a; = 1 ; then, substituting for x its value on both sides^ we 
have 112 = 28^1 

^ = 4. 

Next, let a? + 7a; + 20 = 0; or, a? = - 7a; - 20. 
Then we have 

- 21a; - 60 + 26a; + 83 = - 7^a; - 20B -{-Cx- Bx- C, 
Or, 5» + 23 = (C - 8^)a; - 20J? - C (a). 

Hence, by the principle (see the note) 

5 = G-%B \ 
23 = - C - 205/ 

From these two equations we find 

5 = - 1 
= - 3. 

And the required partial fractions are 

4 a; + 3 

x-l a;2 + 7a + 20 * 

Note. When the Denominator of the given expression contains a 
quantity which cannot be resolved into simple factors, the Numerator 
corresponding to that quantity must be assumed to be a series of 
powers of a;, the highest index of which is less by 1 than the highest 
index in the quantity itself. Thus, in example (3), the Numerator 
corresponding to the Denominator a? + 7a; + 20 was assumed to be 
Bx + C\ for a Denominator a;* + 1, the Numerator must be assumed 
to be 5ai3 + Ca? + Da; + E, and for a;»» + 1 the Numerator must 
begin with a;*" - * . 

Again, in the equality (a) of example (3), it was assumed that if 
the equality hold for two values of a;, the coefficients of like powers 
of X on each side must be the same. And it may be assumed gene- 
rally, that if an equality between two expressions of the m**» degree 

in X hold for m + 1 values of 2, then the coefficients of like powers of 
X on each side must be the same. 
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4. Extract the square root of (1 + a; + jb*). 

Let a/i + x+o? = l'hAx + Ba?+Cix^ + Dx:^+E{x^+, &c. 

Squaring, we have 

1+x + x^ = (I + Ahy^ + S^ +, &c.) + 2(^Ax + Ba? + Co? 
+ D*+, &c.) + 2Ax {Bx^ + Ca3 +, &c.) + 2B3^ {Co? + . . .) 
+ higher powers of x. 
Collecting the coeflScients of a;, we have 

1+x + x^ = l + 2Ax + {A^ + 2B)x^+{2AB + 2C)a^ 
+ iB^ + 2D'^2AG)x^ +, &c. 

Hence we have 

2A = 1, or A = i; 

A^ + 2B = 1, or 2JB = I .'. 5 = §; 

2AB + 2G = 0, or 20 = -i .'. = -A; 

1S+^2D + 2AG = 0, or 22> = ,a .'. jD = ^g. 

And in the same way the coefficients may be found as far as we 
please. 

,- J ^ a; . 3x2 Sir? 3a;* 

5. To sum the series 1* + 2* + 3* + . . . 4- n^. 

Let 14 + 2* + . . . + «* = Ao + Ain-\-Ain^+ ... + ApnP. 

.'. V+2'+ ...n* + (n + lY = Ao + A,(n + l)+A^(n + iy 
+, &c. . .. +iip(n+ 1)P. 

By subtraction (n + 1)* = ^j + 2^.2*1 + Ai + SA^n^ + ^A^n 
+ ^3 + 4^4 n^ + 6^4n2 4. 4^^^ + A^ + 5^57** + lOiijn* 
+ lOAj^n^ + 5Ain + ^5 +, &c + pAptiP - ». 

Or, »* + 4n3 + 6n« + 4w + 1 = (^i + ii, + ^ +, &c.) + (2^^ 

'+ 3^3 + 4A, + )» + (3J[3 + eX + 10-4^ + X 

+ (4ii4 + 10^5 + . . .)n3 : &c. 

Equating coefficients, we find 

p.Ap = 0, .". -4p = 

(^-l)^p-i + +^-^|^.ip = 0, .-..1,-1*= 0, 

and by continuing this process, it will appear that all the coefficients 
equal zero, until we come to the coefficient of n\ which is 5A^, 

5^5 = 1, or Afi = J; 

Also 4tA4 + 10A^ = 4, .-. A^ = i; 

3^+6^+10^ = 6, .-. As = 4; 

2^2 + 3^8 H- 4-4^ + 5-4, = 4, .• . A^ = ; 

Ai + A^ -^ A^-{- A^ + A^ = 4, .*. -4i = — 3^, 
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To find A^ suppose j» = 0, tiie equality thai becomes 

= A^ which gives the tbIuo of A^ 

Hence, by sabstitoting for A^, Ai, &c^ their yalnes. we have 
14 + 2* + a*+. ..+«•= -30 + 3 + 2 + 5- 

= ^ (6«* + 15ft» + lOf^ - 1) 

= ^n(n + l)(2ii + l)(3i^ + 3fi-l). 

Note, In the same way, the sum of a series of any other powers 
might be fomid, and it will -always be seen that the index of the 
highest power of n in the result will be greater by 1 than the index of 
each term in the series. 

6. Expand the quantity -t-t ^tt in a series of ascending 

(» — 1 ) (» — 2) 

powers of a;, and find the general term. 

The expression must first be resolved into partial fractions ; this 
was done in example (1), where it was found that 

1 1 1_ 

(oj - 1) (oj - 2) "" » - 2 a; - r 

And -_L- =_1- = (1 -»)-.. 
JC — 1 1 — sc 

= 1 +x + a?+ ... +af + ..• 
The general term, or the term involving of is seen to be 

/I \ 2'+»-l 

i""2^ + V*' = -"2^+T-*'- 
By giving r the values 0, 1, 2, 3, &c., in snccession, the series is 
seen to be 

1.3 . 7 , 15 ^ 

_j- — a;H — JB*H a^+, &c. 

2 ^ 4 * ^ 8 16 

7. Sum the following series by resolving each term into partial 
fractions. 

X CLX 

+ Tt Tn TT +» ^'» *o n terms. 



(1 - aj) (1 - ax) ' (1 - ax) (1 - a^x) 
By the methods before used, we find 

X 



(1 - ») (1 - ax) 



l-o\l — » 1- ax J 
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Similarly, 



ax 



(1 - ax) (1 



= ^_C-J L_\ 



&c. 



(1 



o»-^a; 1 / 1 1__ \ 

— a»- * a;) (1 - a"a;) ""l-a\l — a»-*aj 1- a"x/ 



If we now add, cancel all like tenns on the second side, and call the 
whole sum on the first side S, we find 

'~l-a\l-a; 1 — o"a;/ 
The sum of this series, ad ir^, will be 

1 / 1 1\ __ X ' 

1 - o\l - JC ■ ly " (1 - o) (1 - a;) " ^ 

T-^(r^ - ) = n ^^l N if « > 1 

1 - o\l - a; / (1 — a) (1 - a;) ^ 



X 



if a = 1 



8. Let y = X - 



— + — , &c^ ad inf. 



(1.) 



It is required to express x in a series of powers of y. 

Let X = Ao + A^y + A^i^ + A^i^ +, &c. . . . (2.) 

If — a; be written for a^ and — y for y in (1), it is seen that both 
sides of the equality change sign; now (2) must express the same 
relation between x and y as (1) does ; therefore, when — » is written 
for X and — y for y in (2), both sides of the equality must change 
sign ; and to secure this, all the powers of y must be odd powers. 
Hence we may assume 

X = Ayy'\-A^i^ + A^-\;kG, 
And - -j^ = -\f{A,-^A^ + A,y^^...)\ 






= -g 2/3 (^^3 + 3^^2 ^^+^&c.) 



f {jLy^ +, &C.)* 

+ higher powers of y. 



120 
120 



By Addition, 

^4^\^r. &C. 



A,^A, 



120 



)- 
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120 

Equating coefficicnta^ we find 

A, = 1 

^3 - -^ = 0. 

* 6 

• A -^- 



Ac 



Similarly. Am, — 



2 " 120 

= — _L = A. 

"" 12 " 120 ~ 40 ' 
Note. The above is an example of " Beyeraion of Series.** 



XSzamples TiXXTV. 

1. Besolye the following expressions into partial fractions : — 
a; + 37 16 ^ 2x 40 ^ 

(a; + 3) (a; + 20) * a^ - 64 ' a^ - 64 ' 21as» - 68a; + 21 ' 

ar' + 3aj 3ai2 + 3a;+l 2 + 28a;-a?» 



a?-6a;2+9a;-4* {x-^lf * a; (2 - a;) (1 + a;) (1 - 2a;;« ' 

a;' - a; + 1 1 + 10a; + 9a^^ 4<Ag ^ 4<ix 

a;3(ar»-l)2* (1 + 2a;)2 (1 + 4x)2 ' iTfiT* ' ^ + 4c* * 

l)2 + 2a6 o6 15a;2 Oa^b 



flS _ 63 » a8 - [>8 * a;* - lla;2 + 24 * a* + 9o262 + 816* ' 
3(o6 + ac + 6c ' 1 



a» + 68 + c3 - 3a6c ' o» + a^' 

4^ •f- 2^^ + 1 
2. Find the partial fractions equivalent to — , . ^ — . 

^ ^ a;? + 3aj + 2 

51x + 45 
Note. By actual division, this becomes 3a;? - 9a; + 23 — -^ — q. 

The latter part can be resolved in the usual way. This method 
dionld always be used when the numerator is of dimensions equal to 
Mr Uli^ier tiuui the denominator. 
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3. Resolve -. --, rr-r r ^^ simple fractions, the num- 

(a; — a) (jc — o) \^ — c) 

ber of factors in the denominator being n ; and hence show that the 
expression r— + 



(a — 6) (a — c) ... . (6 — a) (6 — c) ... . 

+ -, r-, r- h J &c. = 0, if no two of the letters a, 6, &c., be 

{p ^ a)\p — 0) . . . 

equal to one another. 

4. Expand the following in a series of ascending powers of x : 

2x + 4 1 - ax^ + 6a^ 3x-2 

jc2 - 2x + 4 • TTa^+ h^' {x- 1) (x - 2) (x - 3) * 

and find the coefficient of af in the last. 

5. Find the value of the following to five terms : — 



>^1 - 2x + 2x?; ^l + I ; ^1 + x» ; (1 + 2x + Sx^) ' * ; 

(1 + 4x + 12x?) " *. 

6. If ^ — xy — 1 = 0, expand y in terms of x in two ascendidg series. 

7. If 2^ — 3yx — 2 = 0, express y in a series of ascending powers 
of X. 

8. From the following given relations between x and y^ expand y in 
a series of ascending powers of x : — 

ys - ?- + o = ; 3/3 _ 4ay (2, - a;) - 8x3 = 0. 

X 

9. Express x in terms of y from the following relation : — 

1 (x5 -. 1) - xy = 0. 

10. Beverse the following series : — 

' y = 1 + X + -j-j + ^^273' ^^' ^ *'*-^- ' 

0? x^ x^ 
y = a; 3" + "5 7"' «c-» a<i tn/- J 

y = a + bx + cx2; y = l + 2x+ (2x)2+ (2x)s+, &c., ad in/. 

X = 1 - -ry + -|^ -, &C., Od in/. ; 

05 = y + -7^ + -7^ +. &c., flki. in/. 
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11. Sum the following series by the method of partial fractions: — 

X hz l^ 

{a +x)(a + bz) "^ (a + &x) (o + 6^ (a + h*x) (o + Ihi) 

+» &c., to n terms ; 

X ahx 

+, to n terms. 



(1 - a;) (1 - ahx) (1 - ahx) (1 - a^Jj^) 

m 

X , X X 



x{x + l) (a; + l)(x + 2) (a;+2)Ca; + 3) 
and ad inf, 

X . X , X 



, &c. to n tenns, 



, &C., to n 



(a;+l)(x + 4) (a;+2)(x + 5) (a; + 3)(a;+6) 
terms, and ad inf. 

12. Find the value of the following to n terms, and ad inf. : — 

r2+2!3+0+'*"' A + A+0+'*"' 
2 2 2 2 4 7 

376+477+578+*^"' r3+3^ + Tl5-+'^-' 
3,6 , 12 , 

275 + snr + TTis' +' *"• 

13. Sum, by reducing to partial fractions, the series given in Ex. 
(hdx.). 

14. Besolve into partial fractions 

1 

a^ + 6^ + c* - 262a^ - 2c^^ - 262c2' 



RECURRING SERIES. 

177. It has been shown in the former part of this 
Chapter how fractional expressions can be resolved into 
partial fractions, and then be developed in a series of 
ascending powers of the variable x. The inverse problem 
is, when a series is given, to find the expression from 
which it is derived; the general term of the series can 
then be found, also the sum of n terms. 

Ex. 1. Find the expression of which the series 3 - 7» + 20fl^ - 54a;' 
+ 148jb*, &c., is the expansion. 

Let — be the expression required ; a, b, p, q being 

I + pas + qz^ 

the indeterminate coefficients. 
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.-. a + bz = (l+jpa; + ga;2)(3-7aj + 20a?»-54a^+, &c. 

Or, a + hx = 3 + (3p - 7) x + (S^r - Tp + 20) x? + (20q 
- 542? + 148) xs, &c. 

Equating coefficients of like powers of x, we have 

a = 3; 6 = 32)-7; 32-7p + 20 = 0; 20g - 54p + 148 = 0. 

Whence we find a = 3 

o = - 1 

jp = 2 

g = 2. 

And the expression required is 

3 - X 
1 + 2x - 2x2' 

178. Series of this kind are called "Kecurring Series," 
for a reason which will now be given. 

Let the given series he a© + ajX + ajx^ +, &c. + a^x^ &c., ad inf. 

And let — ^ he the expression from which the series 

1 + i?x + gx^ 

is derived. 
.• . (o + &x) = (1 + |}x + gx2) (a© + ajX + a^x^ + a,x3 + . . . . 

OrX^ . . .) 

= a© + (ai + |}a) X + (a^ + jpaj + a©) x^ -f- . . . . 

+ gar- a) x' +, &c., ad in/. 

Here it appears that the coefficients of any three consecutive terms 
after the second are connected hy the invariahle relation 

ar + JpOr _. 1 + qOr -9 = 0. 

By equating coefficients, as was done in Ex. (1), a© and a^ may he 
foimd ; then hy the relation, a^ may he found, then ttg, and so the co- 
efficients of any numher of terms may be found. 

The denominator 1 H-jpx + gx^ is called the "Scale of Bdation.** 
It may consist of 2, 3, 4, or any greater numher of terms. 

Ex. 2. Find two more terms of the series 3 — 7x + 20x2 _ 54/58 
+ 148a?*, &c. 

The scale of relation of this series was found in Ei. (1) to be 
1 + 2x + 2x?. Hence the coefficients are connected by the relation 

Or +l>«r- I "-2ar_2 = 0. 

Let r = 5 .-. a^ + 2 X 148 - 2 x (-54) - .•. O5 = - 404. 
r = 6 Oa + 2(-404)-2xl48 =0 .*. Og = 1104. 

Ex. 3. Find the general term of the recurring series 
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1 + 2x + 2x» - 10x8. &c. 

By the method of Ex. (1), the expression from which the aeries is 
derived is found to be 

1 — 5x 

which reduces to the partial fractions 



1 - 7a; + 12x^ 



1 - 3x 1 - 4x 

These expand into 2 (1 + 3a; + S^x^ + . . . + a^af + . . .) 

- (l + 4x + 42a?+ . . .•+4''x-+ . . .). 

. And the general term is seen to be 

(2.3'-40a^. 
Ex. 4. Find the sum of n terms of the series 1 + 2x + 2a? — lOx?, &c. 

The series has been shown in (2) to be equivalent to the two Geo- 
metric Progressions 

2 (1 + 3x + 32x2 +, &c. ad inf.) 
- (1 + 4x + 42x? +, &c. od in/) 

And these, by the formula for the sum of a Geometric series, give 
for the whole sum 

., l-(3x)» 1 - (4x)" 



/. • 



1 - 3x 1 - 4x 



Note. If the generating expression can be resolved into partial 
fractions, the general term and the sum of n terms can be found as in 
this example. In other cases the process will be more difficult 

Ex. 5. Sum the recurring series 5 + 8 + 14 + 26 + 50, &c., to n 
terms. 

If we take the series 5 + 8x + 14x2 + 26x5 + 50x*, &c., ita gene- 

5 — 7x 
rating expression will be found to be -g, which resolYes 

2 3 
into the two partial fractions h —; and these develop 

1 -~ X J. ^ aX 

the two series 

2(l+x + x2+ . . . +x«-» . . .) 
+ 3(l + 2x + 4x2+ . . . 2»-»x»-i . . .); 

and if X be put equal to 1 in each of these, the smn will be 

2» + 3 (2» - 1), 
Or, 3 . 2» + 2» - 3, 

which is the simi of « terms of the above series. 

Ex. 6. Find the generating expression of the series 

X + 2x2 + 5x3 + i2x* + 27x5, &c. 
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If we assume the expression to be — : r, and proceed as in 

l-{'px + qs^ 

the former examples to equate the coefficients of x on both sides, we 

shall find the values of p and q obtained from the different equations 

to be inconsistent with each other. Hence it must be concluded that 

the expression is not of the form assimied, but must consist of a 

greater number of terms. If we assume the expression to be 

r— 5, and proceed as before, we shall find the expres- 

l+px-^qx^ + ra? ^ ^ 

sion to be 



(1 - 2x) {I - xy 



Examples IiXXV. 

1. Find the expression from which the following series are derived, 
and write down the general term of the series : — 

4 + 9a; + 21»2 + 51x8, &c. ; 5 + 13a; + 35a?2 + 97a;3, &c. ; 

2 - a; + 25»2 - 37a;3^ &c. ; 1 - 5a; + 17a;2 - 53a;3, &c. ; 

3 - 2a; + 4a;3 . i2aj4, &c. ; 2 + ^x + ^'a? +~ix^, &c. 

2. Find the generating expression, also the sum of n term's of each 
of the following : — 

4 + 2a; + 2a;3 - 10a;3^ &c. ; 5 + 8a; + 14a;2 + 26x3 ^ 503^, Scc. ; 
7 + 19a; + 1699a;2 + 6259a;3^ &c. ; 4 - 12a; + 64a?J - 240a;3 

+ 1024a;* - 4032a;5^ &c^ 

3. Sum the following series to n terms ; — 

9 + 21 + 51 + 129, &c. ; - 8 + 4 + 148 + 1376, &c. ; 
1 + 3 + 11 + 43, &c. ; - 4 + 28 - 8 + 104 - 68 ; 
1 + 11 + 89 + 659, &c. ; + 340 - 288 + 1360, &c. 
1 - 11 + 97 + 779, &c. 

4. Find the expression firom which the series 1 — a;^ + a;?+0 is 
derived ; also, that whose rC^ term is |3 . 2»- * — I - - j p"- ». 

5. The scale of relation is 1 + oa; + hx^ and the 5* and 6*^ terms 
are (2a5 - Za% - 4a&«)»* and - (2a6 - ba^^h - Za% + 366) ^5, respec- 
tively : find l^e numerator of the generating expression. 

6. The scale of relation is 1 — a + 6.a;+ ahx\ and the general 
term of the series is a^lf)^"^ : find the generating expression of 
the series. 
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CHAPTER XIX. 



LOGABITHMS. 



179. If some poeitiTe quantity different from, unify be 
taken as a liase, eTeiy number from to oo may be resided 
as a power of that base. 

The " Logarithm*' of a nranber is the index of the power 
to which the base mnst be raised to prodnoe that nnmber. 

If 4 be the base, then 4^ = 16 

And these equalities may be written 

log. 16 = 2\ 
log. 8 = 1/ 

SunOarly, if 10 be the base, then we have 

10* = 100, or log.,0 100 = 2. 

a* 
Since — = «•-■ always: ifwepntm = n; 
a* 

Then 1 = a*, or log.. 1 = is tme for any base. 

180. One of the principal nses of logarithms is to 
shorten the processes of multiplication, division, involntion, 
and evolution, of large numbers. For this purpose 10 is 
taken as the base, and the logarithms of all numbers are 
calculated and arranged in tables. The manner of con- 
structing these is beyond the scope of the present work, 
but the following fimdamental propositions are all that are 
necessary to enable the student to apply the tables to the 
calculation of products, quotients, powers, and roots. 

i. The logarithm of a quantity^ which is the product of any 
number of factors, equals the sum of the logarithms of the several 
factors; or 

log.a (mnp . . . ) = log.« m + log.o n + log.ai> • • . . 
Let a be the base, x, y, z, the logs, of m, n, p, respectiyely ; so that 
X = log.o wi J m = a* 

y = log.a n > or, » = o» 

z = log.a p) P = a' 
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Hence by multiplication, mnp = a" +>"»''; 
Or, log., mnp = x + y + z. 

That is, log.« mnp = log^a m + log. n + log-aj). 

The same proof may be extended to any number of factors. 

ii. The logarithm of the quotient of two numbers equals the 
difference between the logarithm of the dividend and the logarithm 
of the divisor. 



Or, 


log.a(~j = log.«TO-log.«n. 


As before. 


m = a* \ 
n z=^ cfl] 




By Division, 


TO a* ^ 
n " ai* 


Or, 


m 
n 


• 
• • 


log.« — = a;-y; 
n 


That is, 


l0g.a — = logui TO — log.« n. 



Car. Hence it appears that the logarithm of any fractional 
expression equals the sum of the logarithms of the factors 
in the numerator, diminished by the sum of the logarithms 
of the factors in the denominator. 

w - /TO|TOoTO«TO* . • • \ „ . , , « N 

Or, log. ( — I = (l0g.«TO, + log.. TO, + log-aTOg, &C.) 

\ nin^n^n^ • • • / 

- (log. 7*1 + log. n2 + log.«n3, &c.) 

iii. The logarithm of any power, whether integral or fractional, 
of a quantity, equals the logarithm of the quantity multiplied by the 
index of the power. 

Or, log., (to) = J9.l0g.aTO. 

Let log., m =z X, or, a* = to. 

Then toi* = (a*y; 

Or, TOP = aP». 

l0g.a (top) = log.a (oP*). 

= px; 

Or, l0g.«(7»P) = p.l0g.aTO, 

Note, All roots are to be regarded as fractional powers. 
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Wlien logaritlmis are tahulaied for the pfarpoees of cal- 
cnlation the base 10 is always selected ; and these Ic^aiithinfi 
are said to fonn the '' comiiioii system." The leasons liar 
taking 10 as a base aie stated in Art 182. 



Examples ^worked out. 



181. The following examples are intended to 8how the 
nse of the Tables, and to serve as specimens of the foim in 
which logarithmic examples should be worked ont. No 
explanations of the steps of the work are given, as these 
wonld spoil the model, bat the reasons of the process should 
be carefully songht in L, iL, or iii. of Art 180. 

In the Tables here nsed the values of the decimal part, or 
mantissa, of the logarithms of all numbers, from 1 to 10,000, 
are tabulated to 7 places of decimals, and the characteristic 
is known by inspection. See Art. 182. 

In applying the "differences" printed in the Tables the 
principle is assumed that a change in the number produces 
a proportional change in the value of its logarithm. 

1. Having given a number, to find its logarithm. 

Find log. 23.47529. 

Log. 23.47500 = 1.3706056 

Diff. for 20 = 37 

9 = 17 



>* » 



Log. 


23.47529 = 1.3706110 


2. Having given a logarithm, to find the number corresponding 
to it. 


Let given log. 

Now log. 
Diff. 
„ for 


= 3.2468980 

1765.6000 = 3.2468923 

57 
200 = 49 


ff » 


80 
30 = 74 


*9 n 


60 
6 = 48 


• 


1765.6236 = the number nearly. 
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Note. The ** Mantissa" of a logarithm is always positive: the 
" Characteristic" may be either positive or negative ; when it is 
negative, the minus sign is written over it. 

Thus log. .004762 = 3.6777894-. 
Which means - 3 + (.6777894.) 

Again, let given log. = 7.0986000 

Log. .00000012548000 = 7.0985745 
Diff. = 255" 

„ for 700 = 242 

130 

„ .. 30 = 104 

260 
» „ 8 = 276 



.00000012548738 = the number. 

« -nu. J XT. 1 i. 1-3048 X .0025, , .^, 
3. Find the value of jt^st "^y loganthms. 

lI|. 1.3048 = 0.1155439 
Log. .0025 = 3.3979400 

3.5134839 
Log. 7.384 = 0.8682917 



4.6451922 
Log. .00044176000 = 4.6451864 

Diff. = 58 

„ for 500 = 49 

""90 
„ „ 90 = 88 

20 
» n 2 = 20 



4. Find the value of 



.00044176592 = the result required. 
(.015)i 



(24.765e)*+(.004)' 



Log, (. 015)* = 3"+ 1 . 1760913 -^ 3 

= T.3920304 (1) 



268 



Log. 



24.7560 = 1.3a36»» 




for 8 = 142 




(24.7568)* = 1.993e»47x| 




= 6.9684735 -s- 6 




= 1.1614123 


(2) 


(.004/ = 3.6020600 X | 




= 9 + 4.2041200-$- 9 




= r.4671244 


(3) 


0.6285367 


(4) 


2.7634937 


(S) 



Log. .058008000 = 2.7634879 

Diff. = 58 

„ for 700 = 53 

60 = 45 

50 
6 = 45 



.058008766 = the nxiinber reqidied. 

Note. In the above example, (4) is the sum of (2) and (3) ; (5) is the 
difference of (4) and (1). 



Advantages of the Base 10. 

182. In general the logarithm of a nmnber will be a 
quantity made np of a whole number and a decimal 
fraction; the whole number is called the " Characteristic'* 
of the logarithm, and the decimal is called the " Mantissa.** 
The first advantage of the base 10 is, that 

The characteristic is known by simple inspection of the nwinber 
whose logarithm is required. 

For 100 = 1 

10» = 10 

102 = 100 

103 = 1000 



\ 
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That is, if the number lie between 1 and 10, the characteristic = 

lOand 100, ,, ,, = 1 
, , , , 100 and 1000, , , , , =2 

Grenerally, if number , , 10 and 10 , , , , =11 

when the number is greater than 1. 

Again, lO^ = 1 

10-1 - .] 
10-2 - -01 
10-3 = -001 
10-* = -0001 

That is, if the number lie between 1 and *1, the characteristic = — 1 

•land -01 ,, = -2 

,, ,, '01 and '001 ,, = - 3 



— n ••rt""*+l 



Grenerally, if number ,, 10 and 10 •> = - n+1 

when the number is less than 1. 

Hence in tables of common logarithms, the characteristics are not 
printed, but are written down from inspection. 

2. The second advantage of the base 10 is, that 

Jf a number be multiplied or divided by any power of 10, the 
logarithm of the product or quotient has the same mantissa as the 
logarithm of the number itself has. 

Let log. loN = X 

10* = N 
And 10'+« = N-103 

x+2 = log. (N- 102) 
Or log. (N.102) = log. N + 2 

Similarly log. (^^ = log. N - 2 

That is log. (N'lO^) and log. ( ^) differ only in their charac- 
teristics from log. N. 

Thus log. 345 = 2 

log. 34500 = 4 

log. -000345 = 4 



5. Given log. 2 = .3010300 

log. 7 = .8450980 
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179. If some positive quantity different from imity l)e 
taken as a base, every number from to x may be regarded 
as a power of that base. 

The *' Logarithm'' of a number is the index of the power 
to which the base must be raised to produce that number. 

If 4 be the base, then 42 = 16| 

4«= «| 
And these equalities may be written 

log. 16 = 2\ 

log. 8 = a/ 

Similarly, if 10 be the base, then we have 

102 = 100, or log. 10 100 = 2. 

Since — = a"» - " always ; if we put m = n\ 
a" 

Then 1 = a", or log.o 1 = is true for any base. 

180. One of the principal uses of logarithms is to 
shorten the processes of multiplication, division, involution, 
and evolution, of large numbers. For this purpose 10 is 
taken as the base, and the logarithms of all numbers are 
calculated and arranged in tables. The manner of con- 
structing these is beyond the scope of the present work, 
but the following fundamental propositions are all that are 
necessary to enable the student to apply the tables to the 
calculation of products, quotients, powers, and roots. 

i. The logarithm of a quantity^ which is the product of ani/ 
number of factors, equals the sum of the logarithms of the se^ 
factors 'y or 

log.o {mnp . . . ) = log.a m + log.a » + log.a |) . . . . 
Let a be the base, a;, y, z, the logs, of w, », |), respectively ; so that 

X — log.o ml m = a* 

y = log.a n > or, n :^ av 

z = log.a p J p =^ a* 



\ 
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Hence by multiplication, mnp = a"+>+'; 
Or, log., mnp = x + y + z. 

That is, log., mnp = log., m + log. n + log.ap» 

The same proof maybe extended to any number of factors. 

ii. The logarithm of the quotient of two numbers equals the 
difference between the logarithm of the dividend and the logarithm 
of the divisor. 



Or, 


log.«( 


-j = log.. TO - 


log., n. 


As before. 




m = a' \ 
n =z a^f f 










By Division, 




m a' 
n a»* 




Or, 




m 

— = a'-K 

n 




• 
• • 


log^, 


m 
. — = x-y; 
n 




That is, 


log., 


TO , 
B — = logui TO - 

n 


log., n. 



Cor, Hence it appears that the logarithm of any fractional 
expression equals the sum of the logarithms of the factors 
in the numerator, diminished by the sum of the logarithms 
of the &,ctors in the denominator. 

^ _ /to.TOaTO.TOa . • • \ ,, . , , „ X 

Or, log. ( — I = (10g.«TOi + l0g,.TOj + l0g.aTO3, &C.) 

\ «i«a'*3'*4 • • • / 

- (log. n, +log. n2 + log.a«3, &c.) 

iii. The logarithm of any power, whether integral or fractional, 
of a quantity, equals the logarithm of the quantity multiplied by the 
index of the power. 

Or, log., (to) = J9.l0g.aTO. 

Let log.. TO = aj, or, a* = to. 

Then top = (a*)P\ 

Or, TOP = aP». 

log., (top) = log.. {aJP'), 
= px; 
Or, log., (top) = p. log.. TO. 

Note. All roots are to be regarded as fractional powers. 
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= 2 + 



1+^ 



-I 



Or, X = 2 -I — - 



■+f 



= 2^ 
x=2.58 

This TBlae ci x will be fijimd connect to two places <^deciBab^ tud 
if the procesB be cootiniied laitiia; a still bigher degxee of aecfoncT 
msk J be obtained. 



Anotber aolntioD, bj tbe aid of tbe Tables. 
Since 2' = 6 

x.log.2 = log. 6 

And x = {^« 

log. 6 

.7781513 



.3010300 
= 2.58, &c as before. 



Examples IiXXVl. 

L Find from the Tables the logs, of the following numbers : — 

23.4; 1.567; 200.08; .684927; .0046; .0198; .00000678924; 
.003928763; .1548279; J; 1.3; .5; 144^; 9J^; 

2. Find the nnmbers corresponding to the following logs. : — 

3.3162640; 1.4444196; 6.5330134; 1.2648701; 
3.6008742; 0.5; \\ ^\ 1.5. 

3. Find by logs, the yalues of the following products : — 

.19804x1418.025; .00017316x19.8651; 35X.07; 

746.2476 X .02096689; 94;^ x 1.^\ 

2.4 X 56 X .0379 X 24.5; 061 X .47415 X 6.4314 X 9.394. 

4. Find by logs, the following quotients : — 

104.8-4-26.2; 568.54327 -J- 7323; 4-4-00255; 
95642 .37 -4- .0879 ; .02097738 -4- 23.5849 ; 
.0505 -4- .0001953125. 



\ 
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5. Find by logs, the values of the following expressions : — 
600 X 25 X 1618 8352 x 369 .00376 X (2.34)* 

24x5000.1 ' (30.57)« ' (15.26)2 ' 

/ 2133 \" / .03825 Y0 
\523.5/ ^ \ 9716 ) ' 

6. Find by the Tables the following roots and powers : — 
Vl6. 934994 ; V -01595169; V -00137641; V- 09765625; 
v. 0000001215; Vll6- 316225; ^1869.959168; -^75.29; 
-^123.505992; ^.005035382344; ^600.3725 ; 
^512; !J/T0874; [1^; ^1^; V. 126284 X. .00285714; 

52 ' \,4J ' [7) ' 

7. Find the values of the following : — 

J^K., (^, (^^\K (05916079)'.^^. 
^645^5-' V27.64J * U.0176;' ^'^^^^^^^) ' ^;^' 

^0125. V3TT45 . JQ.5. (5.20277)8 X (2138. 07)» X 8.15 
.00081 ' * (103982 

8. Find a third proportional to 10.75 and .06; to (.25)^ and 
(.75)^; to (1.0005)^ and (1.005)1 

9. Find a mean proportional to 2* and 3^ ; to (10.75)^ and 
(. 075)1 

10. Find a fourth proportional to 10001, 10002. and 10003 ; to 3^ 
2«, 5*; to 0.225, 0.4, and 0.1835; to 0.9, 1.6, and 0.734; to 

Vl.027, ^5^^27546, and (31.027)2. 

11. Sum the following series by the aid of logarithms : — 

9 + 36 + 144, &c., to 12 terms ; 100 + 153 + 225, &c., to 20 terms. 

12. Given log. 2 = .3010300 ] Find log. 3600 

„ log. 3 = .4771213 I „ log. 60 
„ log. 7 = .8450980 J „ log. .03 

log. 1.05 



» 



>i 




13. Given log. 1752 = 3.2435341 
„ log. 1752.1 = 3.2435589, 
Construct a table of proportional parts, and find log. 17.52087. 

^ '6 
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14. Given log. 1.3107 = .1175034 

„ log. 13.108 = 1.1175364 
„ log. 5 = .6989700, 

Find the value of V^ 31072. 

15. Given log. 125 = 2.096910, find log. 128 without the Tables. 

16. What are the numbeis whoee logs. = 8, }, - 2, J, - J, re- 
spectively? 

18. Find x in each of the following equations : — 

5* = 6; 2»=19; (1.03)' = 3.421763; 9».4»-» = 2^x27. 

X' - ^+i}* 8"*''-125»-*= 2*'+7.5'+»; Z**- 9.2» + 8 = 0. 

19. Find, without the Tables, 

Log., (125)*, log., 8, log.io.OOOOl, log.jof^^V ^ 



CHAPTEE XX. 

INTEREST, ANNUITIES, &C. 

183. Interest is the sum paid for the use of money. The 
money lent is called the Principal. 

In estimating the Interest due on any Principal, it is 
necessary to know the interest on a given sum for a given 
time. When the interest on £100 for one year is given, 
that quantity is called the Bate per Cent, 

Thus, if the interest of £100 for one year be £3 lOs., 
the rate per cent, is 3^. 

When the Principal remains constant, it is said to be at 
Simple Interest ; but when, at the end of every year or 
other fixed period of time, the Principal is increased by 
the Interest accumulated during that period, it is said to 
be at Compound Interest, 



INTEREST. 275 

When the Principal and Interest for any time are added^ 
together, the sum is called the Amount for that time. 

Discount is an allowance made for paying money before 
it becomes due. 

184. To find the Simple Interest of a siim of money for 
any number of years. 

Let P = the principal in pounds. 

r = the interest of £1 for one year in pounds. 
n = the number of years. 

Since interest for £1 for 1 year is £r 

. • . interest for £P „ 1 year is Pr 
And interest of P „ w years is Pnr, (i.) 

If M denote the amount, 

M = P+ Pnr 

Or, M = P{1 + nr), (ii.) 

185. To find the Compound Interest of a sum of nioney 
for any number of years. 

Take the same notation as in (184). 

Then P = the first principal.. 

P{l + r) = amount at end of first year;. 
Or, P (1 + r) = the second principal. 

. • . P{1 +r) , {l + r) = amount at end of second year^ 

Or, P (1 + r)2 = the third principal. 

P{l-i- rf,{l + r) =5 amount at end of third year. 

Or, P (1 + t)^ = amoimt at end of third year. 

And, by continuing this process, it will appear that 

P (X + r)" = amount at end of «* year. 
M = P(H-r)«, (iii,) 

And interest = P (1 + r)" - P. (iv.) 

186. To find the interest and amount of a sum of £P, 
for n years, when the interest is paid q times a year ; each 

payment for £l being — , at compound interest. 

Here P = the Ist principal ; 

the amount at end of 1st period ; 



'(-;-) = 
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P ( 1 + - 1 = the amount at end of 2nd period ; 

&C. &C. oCC. 

(y\iiq ft 

1 + - ) = the amount at end of nq\ period, or 

at the end of n years. 
And P(lH--J -P = the interest at end of n years, (v.) 

187. To find the present worth and discount of a sum 
d?ue at the end of any time. 

Let D = the discount. 

P = the present worth. 

M = the sum due at the end of n years. 

r = interest of £1 for 1 year. 

Therefore at simple interest, 

P(l+ftr) = M; 

Or, P = -^. (vi.) 

1 + nr 

Also, from the nature of discount, 

Mnr 
~ 1 + nr 
At compound interest, 

D = M'-P. 

= Jif (1-1+71 -".) (ix.) 



»» 



(vii.) 



ANNUITIES. 

188. To find the amount of an Annuity left unpaid for 
any number of years. 

Let A = the annuity in pounds. 
„ n = the number of years it is left unpaid. 
„ r = interest of £1 for 1 year. 
Now £A becomes due at the end of the first year. 
This sum therefore bears interest for » — 1 years 
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Also £A becomes due at the end of the second year. 
This sum therefore bears interest for n - 2 years. 
&c. &c, &c. 

Hence, the amount of the first payment = A{l + r)*-^; 
n *» second „ = J. (1 + »*)•"*; 

.. » n- ij' „ = A{l + r); 

nth — J " 

The whole amount therefore equals the sum of the above series, or 



l + r * - 1 
Amount of Annuity = A . . (x.) 



189. To find the present value of an Annuity left unpaid 
for n years. 

In the last Article tbe amount for n years was found 
to be 

. (l + r)«-l 

A. . 

r 

And the present value of this must be, Art. (187), 



(1 + ry 



Or, A* ■, 



190. To find the present value of an Annuity to begin 
at the end of j? years and to continue q years. 

The value required is the present value of the Annuity for {p + q) 
years, diminished by its present value for j? years, or, adopting the nota- 
tion of the previous Articles, 



^.i^ii±^--^.i^il±i 



-p 



_. . 1 +r ~^- l + r , . 

Or, -4. . (xi.y 



"I'-rq 



Examples worked out. 

1. Find the interest and amoimt of £400 for 3 years at 4 per cent. 
Simple Interest. 
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Generally, Interest = Pnr. ^(i-) 

In this case. Interest = 400 x 3 X rrrr 

= £48 
And Amount = 400 + 48 

= £448. 

2. Find the interest and amount of £400 for 3 years at 4 per cent^ 
Oompoimd Interest. 

Generally, Amount = P (1 + r)«. by (iL) 

In this case, Amount = 400(1.04)' 

= £449 188. lid. nearly. 
And Interest = £49 18«. lid. 

Note, The difference in the results of (1) and (2) shows the ad- 
vantage of Compound Interest over Simple. 

3. At what rate per cent, will a principal of £a double itself in n 
years, at Compound Interest? 

Generally, Amount = P(l + r)\ 

In this case, » 2a = a (1 + r)", 

Or, (1 + r)» = 2. 

Whence, w.log. (1 + r) = log. 2; 

log. 2 



log.(l + r) = 



n 



Whence (1 + r) can be foimd from the Tables of Logarithms, and 
thus r becomes known. 

Then, rate per cent = lOOr. 

4. Find at what rate per cent, a sum will double itself at compound 
interest in 14 years. 

By the last question 

log.(l+r)=lf-2 

= .0215021 

By the Tables 1 + r = 1 . 05076 

r = .05076 

And 5.076 is the rate per cent. 

5. Find the interest on £250 put out to interest at 5 per cent per 
annum for 10 years, compound interest, the payments being made 
half-yearly. 



• 
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5 
In this case the payment for eyery £100 at each half year is •^, and 

for every pound .025 ; 

Hence the amount = 250 (1.025)^. 

¥l€ie. It is not strictly correct to call the interest in the last question 
5 per cent, per annum. For it is eyident that the amoimt of £100 for 
1 year is 100(1.25)2 

Or 105.0625 

The true rate per cent per annum is therefore 

5.0625 or 5|^. 

I 

6. If £2? be borrowed at / per cent, compound interest, and £g be 
repaid eyery year, in how many years will the debt be paid off? 

Let n denote the number of years required ; 

Then the present yalue of the annuity of £3 for n years must be £j>. 
Art. (189). 

r' 



If we put 


100 " ** 


Then 


(l+r)«-l 
^ r(l + r)« ^ 


• 
• • 


(l + r)« = — ^ 



And n log. (1 + r) = log. | — ^ ) 



log. (1 + r) 

To interpret this expression for », when — = r. 
Then 2 — jp r = 

And — - — becomes infinite, 

q-pr 

And . • . log. ( — - — I becomes infinite. 

And n is indefinitely great. 

This is also evident from another consideration, for when q = pr, q 
is exactly the iaterest of p, and it must always be paid, the debt still 
remaining the same. 
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^xaiaplBB IiXXVJX. 

L Food the smple interest of £150 for 2| Ton at 4} pa- cent; abo 
flie amoant of £1015 far 9 nkaoths at ^ per coUl 

2L What fmn platotd oat at Mmple mterfat at 4 per eenL per aBBim 
OQ file daj of a child a Initii will ainonnt to £1000 on tibe day diat he 
is of age? 

3. Woik tile last question wifli eomponnd interest instpad of ample. 

4. Find genetal e^qireaBons for dbe 

PrmnpaJL in teraw of the in t e rest , nte; and time ; 

Frimdpffd ^ „ amoon^ xate, and time ; 

Imlered „ » amoant, late, and tinie ; 

Bale „ « interest^ principal, and time ; 

BaU » „ amoant, prindpal, and time ; 

Time „ „ interest, principal, and late ; 

Time « „ amoant, principal, and rate; 

Time „ „ amoant, interest, and rate ; 

in the case of sinqile interest 

5. Find the same general expressions as in (4) in the caae of eom- 
ponnd interest 

6. Find the amoant of £1200 in 7 years at 5 per cent comp. int 

„ „ 135 lOs. in 15 years at 4 per cent « 

772 6s. lid. in 20 years at 3^ per cent „ 

7. Find what sum will amonnt to £109 Ids. 1^ in 4 years at 5 per 
cent 

8. Find at what rate per cent a sum of money will doable itself in 
14 years at compound interest 

9. What sum put oat to compoond interest for 3 years at 5 per cent 
will amoant to £115 15s. 3d. ? 

10. At what rate of compound interest most a som be placed oat so 
as to amount to t times itself in n years? 

11. At what rate per cent will £118 5s. produce £36 Is. 4(t at 
compound interest in 6 years ? 

12. Find the interest of £350 for 5 years at 2^ per cent, compound 
interest, the payments being made four times a-year. 

13. Find the amount of £1000 at interest for 21 years at 5 per cent ; 
1^ at simple interest ; 2^ at compound interest ; 3^ at componnd interest 
payable half-yearly. 

14. A person lent £1200 on condition of his being paid back £1600 
at tlie end of three years. What interest did he receive for his moneyt 
Xeckoning compound interest ? 

15. A merchant borrows £P at r per cent, per annum, and by trading 
makes it produce r' per cent. What sum will he have gained at the 
end of a years? 

IG. From a capital of £10,000 yielding 5 per cent compound interest, 
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i^800 is annually taken away. What capital will be left at the end of 
10 years ? 

17. If a som of £a be borrowed at r per cent, and £h be repaid at 
the end of each year, in how many years will the debt be discharged 

h t* 

at compound interest? Interpret the result when — = -— . 

18. A person who owes a debt of £a wishes to extinguish the debt 
by h annual payments. Find amount of each payment, reckoning com- 
pound interest at 4 per cent, per annum. 

19. The amount of a sum of money in 4 years when the payments 
are annual is the same as the amount of the same sum in 3 years when 
the payments are quarterly. Find the rate per cent. 

20. If a sum of money at a given rate of compound interest amount 
to m times its original value in a years, and to n times its original value 

in 6 years, prove that - = log.m n. 

21. At what rate per cent, would the present value of a debt of 
£1350 payable in 5 years be the same as that of a debt of £1200 pay- 
able in 3 years? 

22. A debt of £1000 is to be discharged by monthly payments of 
£50. If it were proposed to pay the whole of this sum at once, when 
should the payment be made? 

23. If £10,000 be given for a perpetual annuity of £300 a-year, what 
is the rate of interest ? 

24. If in the last question the annuity continue for 30 years, what is 
the rate of interest ? 

25. A gentleman wishes to divide £10,000 between his two sons ; to 
one he gives £5,000 down, and to the other a perpetual annuity. 
Find how much it ought to be, interest being reckoned at 4i^ per cent. 

26. At what rate per cent, will an annuity of 100 guineas amount to 
£1534 19s. lOid. in 12 years? 

27. Find the amount of an annuity of £50 for 7 years at 5 per cent. 

28. Find the amount of an annuity of £150 for 10 years, payable 

quarterly, at 5 per cent, per annum. 

29. Find the present value of an annuity of £300 for 20 years at 4 
per cent. 

30. Find the present value of an annuity of 100 guineas, to begin in 
10 years and to continue for ever, at 4 per cent. 

31. Find the difference between the present value of an annuity of 
£a to continue for n years, and the same annuity to continue for ever, 
the rate per cent, being r. 

32. The present value of an annuity of £50 for 10 years is the same 
as the present value of an annuity of £20 to continue for ever. Find 
the rate of interest. 

33. An annuity of £a is to commence at the end ofp years and con- 
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tiniie for q jean. Find the equivalent amraity to commeance at once 
and continae for ever. 

Si. An annmtj of £200 is to begin in 14 years and continue for 
7 jeaiB. Find tiie present worth of it ; also the eqioYalent perpetual 
annuity to begin at once. 

35. A gentleman wishes to secure a sum of £200 a-year for the edu- 
cation of his son ; the payments to begin when he is 14 and to oontmne 
till he is 21. What annual sum paid for 14 years from the day of his 
birth will secure this? 

36. What should be the purchase-money for a feo-simple of £500 
a-year, the purchaser to take possession at the end of 10 years, so that 
he may make 5 per cent, of his money ? 

37. A property yielding £a per annum is given by a testator, 1° to a 
charity for m yeais ; 2^ to another charity for n years, and after that 
to a third charity for ever. Find the value of each bequest. 

38. Which is the better interest, 5 per cent, payable quarterly, or 5} 
per cent, payable yearly? 

39. If a lease of an estate for 21 years be bought for £10,000, and 
the annual rental be £750, what rate per cent does the purchaser 
receive for his money ? 

40. If 7 years of a lease of 21 years have lapsed, and the whole rental 
be £560, subject to a reserved rent of £25, what ought to be given for 
the renewal of the lease, interest being reckoned at 4 per cent ? 



CHAPTEB XXI. 

SUMMATION OF SERIES, PILES OF BALLS, SHELLS, &C. 

191. In this Chapfer some examples of tbe siunmatioii 
of series will be given, in which the series are of different 
forms from those which have been already treated of. 

i. To sum the series 

(a + h) (2a -f h) (3a + 6) + (2a + 6) (3a + h) (4a + h) +, &c^ 
to n terms. 

Let (a+6)(2a+6)(3a + 6)(4a + 6) 

+ (2a + &)(3a + 6)(4a + &)(5a-f 6) . _ ^ 

+ &c. &c. &c. "" 



+ (»a + 6) (n + 1 a + &) (» + 2a + &) (« + 3a + 6)j 
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Then we shall haye 1 

6 (a + 6) (2a + h)(8a + h) 
+ (a+ 6) (2a + 6) (Sa+h) (4a + 6) 
&c. &c. &c. 



+ (» - la + 6) (na + &) (« + la + 6) (w + 2a + 6) 
8+h(a + h) (2a + h) (Sa+h) 



-{ 



- (na + 6) (n + 1 a + 6) (w + 2 a + 6) (w + 3 a + 6) . 



By subtracting in order, the corresponding lines of the lower series 
from those of the upper, we get 

4a (a + 6) (2a + &) 3a + 6 

+ 4a(2a + 6)(3a+ 6)(4a + 6) 

&c. &c. &c, 

+ 4a (»a + 6) (w+la + &) (wT2 a + h) 



_. r (na + 6) (n + 1 a + 6) (w + 2 a + 6 ) Cn + 3 a + 6) 
I - 6(a+6)(2a+6)(3a + &). 

Hence, the sum required 



_ (wa+l>)(n-H.a+&)(w+2.a+6)(n+3.a+6)-6(a+6)(2a+6)(3a+6) 

4a 

ii. Sum the aeries 

1 1 



(a + 6) (a + 26) (a + 36) (a + 26) (a + 36) (a + 46) 

1 



• • • 



(a + nh) (a + n +16) (a + » + 26) 

a(a+6)"*"(a + 6)(a + 26)"*'"*"*"(a + ^iri6)(3 + n6) ^ ' 
Then 



(a + 6)(a + 26) (a + 26)(a + 36) " (a + n6) (a + n + 16) 



-^ 1 

a (a + 6) V 

^— 

;a + w6)(a + n+16)J 



By subtracting, in order, the terms of the lower series from the cor- 
responding terms of the upper series, we get 

26 26 



a (a +6) (a + 26) (a + 6) (a + 26) (a + 36) 
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26 



(a + n - 16) (a + n6) (a + n + 16) a{a + b) 

1 . 

" {a + rib) {a + 'n + lpy 

Hence, the sum required 

26 \a(a+) (a + w6(a + »+ 16)* • 

This method may be used to sum a series of the above 
form, when each term consists of four or five, or any greater 
number of fswitors in the denominator. 

The rule is to assume ^ to be the sum of a series similar 
to the given series, and having one factor less in each of 
its terms than the terms of the given series have. 

iii. To find the sum of the series 

1 c c(c + 6) „ , 

— I 7 — rT\ H 7 — TTw — mr +t &c., to n terms ; and ad 

a a{a + h) a (a + 6) (a + 26) 

infinitum. 

^ . c c{c + h) ^ c(c + h)(c + 2h) 
l^et — I — - — — — ■ + 



a a(a + h) a (a +6) (a + 26) 



^ c(c + h) . . . (c + n- 16) ^ ^^ 
a (a + 6) ... (a + » - 16) 
. , I c , c(c + 6) , , c(c + h) .. . (c+^^2^) 

• • A -t- 1 ; -—r- "t- . , . -J T; 

a a{a + h) a(a + 6) . . . (a 4-n - 2&) 

^, c(c+6) ... (0 + W^l.h) 
= « + 1 — • — . 

a (a + 6) ... (a + n — 16) 
By subtracting, as in the former cases, we find 
c-a c{C'-d) c(c4-6)(c+26) . . (c+w~26)(c-fl)_ 

a a (a+6) * ' a (a+h) (a+26) . . (a+n- 26) (a+n^lh) 
_ cCc-t-6) . . . (c+w- 16) 
a (a + 6) . . . (a + n - 16) 
Hence, sum required 



1 ( c(c-}-6)...rc+w- 26) ,1 .^ 

= \ == 1 > to n term*. 

c-a la(a + 6). .. (a + w-.26)(a + »-16) ' 
The limit of the sum of the series, when continued ad infimtuxm w 

1 
a ~ c 
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. c 2c 

IV. Thesenes «(^ + j,) («+ 26) "*■ (a + &)(a+ 26)(a + 36) "*"• ' ' 

"^ (a + 2&) (a + 36) (a + 46) "*"' *°* 
may be resolyed into the three series 

+ ,- • ' — rmTT — r~Ti7 + r / — nfrr? — t-'t:^:* «c. 



6 • a (a + 26) 6 (a + 26) (a + 46) ^ 6 (a + 46) (a + 66)* 

+ .£- 1 + t I +&C 

6(a+6)(a + 36)^ 6 (a + 36)(a+ 56) ^ 

6 a(a|+6)(a + 26) 6 * (a + 6)Ca + 26)(a + 36) "^ / * 
and each of these may be smnmed as shown in the preyious examples. 

The process used in the above cases is called the method of i8^tf6- 
traction. 

The series given for Summation in Ex. (Ixxviii.) will fall under on# 
or other of the forms which have just been discussed. 
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192. The sum of an Aritlimetic Series,) _ n' -^ n 
whose first term is 1, and com. diff. 1 J 2 

1, „ 2 = w« 



J> -^9 » 



1, 



1, M 4 

&c. &o. &o. 



3n«-n 
2 

4n' - 2n 
2 



» 



r «N wi'i* — m — 2w 
1, „ (m-2) = 



If, in eacli of these formulse, we give n the values 
1, 2, 3, &o., in succession, we shall obtain a series of 
numbers, the properties of which we proceed to discuss. 

n* -{^ n 
All numbers of the form — - — , or 1, 3, 6, 10, 15, 21, &c., 

J/ 

are called " Polygonal Numbers'^ of the 3'* order, or '* THa- 

goncd^* Numbers, and sometimes " Triangidar" Numbers. 
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Those mimbers of the form n", or 1, 4, 9, 16, 25, 36, &c., 
are called " Pdygomi numbers*^ of the 4* order, or " Quadra- 
gonoT^ nximbers. 

All numbers of the form — - — , or 1, 5, 12, 22, 36, &c., 

are called " Pdygond numbers'' of the 6*^ order, or " Penta- 
gonaV numbers. 

are called *' PdygonaV' numbers of the m^ order. 

The names Triagonal, Quadragonal, &c., may be geo- 
metrically illustrated as follows : — 

Let ABC, ADE, AFG, AHK, 
&c., be a series of equilateral tri- 
angles, whose sides are 1, 2, 3, 4, 
&c., units respectively ; and let 
points be placed at equal dis- 
tances of one unit along the 
sides, as in the figure 

Then ABC contains 4 points 
ADE „ 6 
AFG „ 10 
AHK „ 15 
&c. &c. 

And these numbers form the series of Triagonal numbers. 

Next, if a series of squares be p U 

constructed whose sides are 1, 2, 3, #- 
&c., units in length, and points be 
placed as before, we have the series Ii4- 
1, 4, 9, 16, 25, &c., which form the 
series of Quadragonal numbers. q.^ ^ 

Similarly, if a series of pentagons 
be constructed, the number of points b4- 
on the 1?*, 2°^ 3«i . . . figure will 
represent the pentagonal numbers, 4- 
1, 5, 12, 22, &c. A B E H Jl 

194. To find the sum of n terms of a series of polygonal 
numbers of the r*** order. 

The general term is ^ — ^ — . 

Hence, the sum of n terms will be 
J(r-2)(12 + 22-f. ...+»2)_j(^.4)(H.2 + 3+...+'^ 



»» 



>f 




IE 



d 
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r-2 n(n + l)(2n + l ) ..n(n+l) 
Or, -^ . (r-4) J—, 

which hecomes ^ ^^ {« - 1) (r - 2) + 3}. 
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I ©4. The heaps in which Cannon- Balls are piled are of 
ee different forms. 

L". When all the layers are equilateral triangles^ and the heap 
wlUs is a pyramid with an equilateral triangle for the base. 

Let n be the number of balls in one side of the base. 

leginning from the top, the numbers in the successive layers are 
, 6, 10, &c., which is the series of tnagonal numbers to n terms. 

The general term of the series is 

2 * 
ind the sum of n terms will therefore be 

J {1^+22+ ...+»«)+ Ml + 2+. ..+n} 
Or, A«(n+l)(2n+l) + in(» + l) 

Or, in(r.+ l)(n4-2), (1.) 

The required number in the pile. 

5**. When all the layers are squares, and the heap of halls is a 
amid with a square hose. 

Let n be the number of balls in one side of the base. 

The number of balls in each layer will be 

], 4, 9, 16, 25, &c., to n terms. 
Or, l2+2« + 32H- . . .+n«. 

Which equals J (n) (« + 1) (2n + 1) . (2.) 

;®, When each layer is a rectangle, hut not a square. 

Let n be the number of balls in the length of the base, 
m „ »> breadth „ 

Also, let n — w = |). 



hen the top layer will be a single row of jp + 1 balls. 



288 PILING OF BALLS AND SHELLS. 

And the sum of the numbers of balls in the different lajera will be 

l(l> + l) + 2(i) + 2)+3(i) + 3)+ ...+fii(p + «), 
Or, (l» + 2»+ ...+i»«)-f|)(l+2 + 3+ ... +«!), 

which give {m (m + 1) (2to +1) + ~ i» (*» + 1), 

Or, Jfii(TO+l)(3p + 2m+l). (3.) 

Since n — m = |> ; the expression may be written 

Jm(m+l)(3n-m+l). (4.) 

The first of these formulad should be used when the 

number of balls in the upper row and the number of layers | 

are given ; the second when the number of balls in the ' 

length and breadth of the base is given. j 

When the number of balls in an incomplete pile of balls * 
is required we must proceed as follows : — j 

Fird^ find the number of balls in the complete heap whick has j 

the lowest course or layer for its base ; secondly, find the ntanber \ 

of halls in the complete heap which has the top course for its base; ^ 
thirdly, subtract the latter number from the former. 



Examples LXXVUL 
1. Sum the following series to n terms. 



5.8.U + 8.11.14 + 11.14.17, &c.; 4.6 + 6.8 + 8.10, Ac.; 

7 5 5 13 13 8 

6 ^ 3 "^ 3 ^ T "'""e" ^ 3*^* 5.6.7.8 + 6.7.8.9 

+ 7.8.9.10, &c. 

2. Write down the n^^ term, and find the sum of n terms of tbe 
following series : — 

1 ^ 1 _i_ ^ ^ 1 . 1 , 



( 

. i 



7.13 13.19 19.25' * 8.13.18 ' 13.18.23' 

4.6.8.10 "*' 6T8ri07l2 "*" 8.10.12.14' ^' 

3. Find the sum of n terms ; also the limit of the sum of the foQo** 
ing series, continued ad inf, : — 

1 ■*■ 1.2 "*■ 1.2.3 ■*" 1.2.3.4* • 
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2 ■*■ 2.7 ■*■ 2.7.12 ■*■ 2.7.12.17' 

L 4. _A« 4. 5.8 8.13.18 

4 "^ 4.7 ■*■ 4.7.12 ■*■ 4.1.10.13' 

4. Find the sum to n tenns, and ad infinitum, of the foUowmg 
series : — 

1 2 3 ' 1 2 



1.3.5 3.5.7 ■ 3.7.9 '2.3.4 * 3 4.5' 
1 . 2 , 3 „ 



2.3.4.5 3.4.5.6 4.5.6.7 



5.9 * 9.13 13.17' 
5. Sum the following to n tenns^ and ad infinitum : — 

-L + f__ + 'J^±3n &e 

(2a3 - 62) (3a« - 6*) + (3a« - 62) (4a2 - 6«) + (4a« - 62) (5a' - 62), &c. 

1 . 1 „ 

(aH-56) (a+66) (a+76) (a+86) "*■ (a+66) (a+76) (a +86) (a +96)' ^' 



Examples IjXXIX. 

1. Find the number of balls in a triangular heap, the number of 
bcdls in one side of the base being 34. 

2. Find the number of balls when the number in one side of the 
base is 50, also when it is 70. 

3. Find the number of balls in the following complete triangular 
heaps: — 

1°. When the number of layers is 12. 
2°. „ „ 16. 

3 . ), )) 18, 

4. Find the number of balls in an imperfect triangular heap, there 
being 36 balls in one side of the base, and the number of layers 
being 16. 

5. An imperfect triangular heap of balls has 50 balls in each side of 
the base, and 24 in each side of the top layer. Find the number of 
balls. 

6. In an imperfect triangular heap of 6 layers the top layer contains 
76 balls. Find the whole number of balls in the heap. 

7. 1540 balls are to be made into a complete triangular heap. Find 
the number of balls in each side of the base. 

8. 920 balls are to be piled in an incomplete triangular heap of 
8 layers. Find the number of balls in each side of the base. 
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9. Two complete triangular heaps of balls contam 1495 balls, and 
the greater heap contains 1165 balls more than the other. Find the 
number of balls in the base of each. 

10. The base of a triangular heap of balls contains 20 balls more 
than the next layer. Find the number of balls in the base. 

11. How many balls are there in a complete square heap when the 
number in one side of the base is 48 ? 

12. Find the number of balls in the following square heaps, which 
have in one side of the base 100, 55, and 23 balls respectively. 

13. If a complete square heap consist of 30 layers, how many balls 
are there in the heap? 

14. If the middle layer of a complete square heap contain 121 ballB, 
find how many there are in the whole heap. 

15. If the middle layer of a complete triangular heap contain 66 
balls, how many rows are there ? 

16. Find the number of balls in an imperfect square heap of 10 
layers, the number in the base being 1600. 

17. An imperfect square heap of balls contains 10 layers, and the 
number of balls in the base is four times as great as the number in the 
top layer. Find the whole number of balls. 

18. How many balls of 6 inches diameter can be piled on a space of 
ground 10 yards square, the heap not being more than 6 feet higL 

19. How many balls are there in the base of a square heap which 
contains 2870 balls. 

20. The number of balls in a complete square heap : the number 
of balls in a complete triangular heap : : 7 : 4. Find the number of 
balls in each heap. 

21. Find the number of balls in a rectangular pile which has 24 ballB 
in the length, and 16 balls in the breadth of the base. 

22. Find the number of balls in the two following heaps : 1°, when 
the base has 105 in the length and 20 in the breadth ; 2^, when it has 
40 in the length and 30 in the breadth. 

23. The top row of a rectangular pile has 20 balls, and there are 10 
courses. Find the number of balls in the pile. 

24. Find the difference between the number of balls in a square pile 
of 50 courses, and two complete rectangular piles each having 50 in 
the length and 25 in the breadth of the base. 

25. Find the number of balls in an incomplete rectangular heap, 
%hose base contains 40 x 30 balls, and which has 10 courses. 

26. If the base of an incomplete rectangular pile of 10 courses contain 
1911 balls, and the upper course contain 1131 balls, find the number of 
balls in the heap. 

27. Compare the number of balls in a complete square pile with the 
number in a complete triangular pile which has the same number in 
one side of its base as there are in one side of the square boae, and find 
the numbers in one side of the base of each, of which the ratio is 1*88. 

28. If n he the whole number of balls in a complete square 
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tshow that the number of courses in the pile is the integer next below 
the cube root of 3n. 

29. If the pile be triangular, show that the number of courses is the 

integer next below v tin. 
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APPLICATION OF THE METHOD OP FINDING THE 
SQUARE ROOT TO NUMBERS. 

To adapt the method of Art. (43) to numbers, it is necessary to 
observe that every number may be put in the form of a series of powers 
of 10. 

Thus 5184 = 5.138+1.102 + 8.10 + 4 

= 51.102 + 8.10 + 4 
= 49.102 + 28.10 + 4 
which is of the form 49aj2 + 28a; + 4 
. • . 7.10 + 2 or 72 is the square root of 5184. 

It would however be too laborious to begin by putting large numbers 
into the form of a perfect algebraical square ; instead of this, we may 
proceed as in the subjoined example. 

To find the square root of 75625. 

7.10^+5.103+6.102+2.10+5 (2.102+7.10+5 
4.10* 

3.10* + 5.108 + 6.102 
4.102+7.10) = 35.108 + 6.102 + 

28.108 + 49.102 



7.103-43.102-1- 2.10 + 5 

4.102+14.10+ ^ = 27.102 + 2.10 + 5 
= 5.108+4.10+5/ 

25.102+20.10 + 25 

^ 2.102-18.10-20 = 



And the process may be abridged as follows : 



75625 (275 
4 



47 ; 356 
329 



545) .2725 
2725 



Vi^I 
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From A canM t^badj of fibe abore *'^"t'». ve denVB flie 
IbUowing 

Bute for the extractiaii of ilie square root of a numerical 
quantiiy. 

(a.) 8d a point over the tm^s fporej amd over every dtemaU 
figure to the right and left. 

(b.) Fmd, by inspections the greatai nmber whose squan is 
not greater than the wmAer expressed by the figures m the fint 
period. 

(c.) Set this mmber m the qwHentj and its square under the 
first period. 

(d.) Subtract^ and take down the two figures in the next period 
for a dividend. 

(e.) Double the quatienJtfor a new trial divisor. 

(£) Cut cff the right hand figure of the dividend, and see hcus 
many times the trial divisor is contained in the number expressed 
by the remaining figures of the dividend. 

(g.) Write the number in the quotient and in the divisor cfier 
the former figures. 

(h.) MuU^y the divisor thus formed by the last number in tk 
quotient. 

(i.) Subtract J take down the two figures of the next period^ caid 
repeat the processes (e.), (£), (g.), (h.), untU aU the figures are 
taken down. 

XSzamples worked out. 

1. Find the square root of 430.5625 

430.5625 (20.75 



40) .30 
00 



407 ) 3056 
2849 



4145) .20725 
20725 



Note, In extracting the square root of a decimal, or of a quantity 
made up of a whole number and a decimal, the number of decinu^ 
places in the root is the same as the number of periods or points is 
the decimal part of the original quantity. ^ 
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2. Find the square root of j to four places of decimals. 

i= .6 
O.eOOOOOOO (0.7745 
49 

147 ) 1100 
1029 



1544) .7100 
6176 



15485) .92400 
77425 



14975 



Ans. = .7745 correct to four places. 



Examples TiXxX. 

Find the square root of the following quantities : 

1. 1681; 176464656; 19607184; 15129; 49000070000025; 

217778088889; 2.178576; .00060516; 3.99960001.; ?r; 

289 , 56 
; 1 



1849 * 169* 

2. Extract to 5 decimal places the square roots of the following 
numbers: 

2: .002; 13.5; 2.025; .0000007; 28.9; \; ^; 3i ; .5; 
.023; 5.6. 



APPLICATION OF THE METHOD OF FINDING THE 
CUBE BOOT TO NUMBEBS. 

Take as an example the number 12167. 

Now 12167 = 12.103+1.102 + 6.10 + 7 

Treating this as an algebraical quantity, the process of finding the 
cube root will be as follows : 



(2.10)3X3 = 12.102 
2.10 X 3 X 3 = 18.10 
32 =9 



13.10«+8.10 + 9 



12.103 + 1.102 + 6.10 + 7 (2.10 + 3 
8.108 



4.103 + 1.102+6.10 + 7. 
= 41.102 + 6.10 + 7 

39.102 + 24.10 + 27 



2.102-18.10-20 = 
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The operation just given nlay be abridged as follows : — 



12167 (23 
8 



28X300 = 1200 

2X3X30 = 180 

3« = 9 



1389 



4167 



4167 



From the above example the following Eule may be deduced for 
extracting the cube root of a numerical quantity : — 

(a.) Set a point over the unites figure, and over every third 
figure to the right and left. 

(b.) Find, hy inspection, the greatest number whose cube is not 
greater than the number expressed by the figures of the first 
period. 

(c.) Set this number in the quotient, and its cube under the first 
period. 

(d.) Subtract, and take down the three figures in the next period 
for a dividend. 

(e.) Square the quotient, and multiply it by 300 for a new trial 
divisor, 

(f.) See how often this trial divisor is contained in the dividend. 

(g.) Write this number in the quotient, and complete the divisor 
by h, k, 1. 

(h.) Multiply the product of the first and second parts of the 
quotient by 30. 

(k.) Square the last figure of the quotient. 

(1.) Add the three lines e, h, k, together, and multiply the sum 
by the last figure in the quotient. 

(m.) Subtract the result from the dividend, and take down the 
next period, if there be one left. 

(n.) Repeat the processes e, f, g, h, k, 1, m, untU dl the 
figures are exhausted. 
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Examples worked out. 

Extract the cube root of 885289075208. 





= 


24300 

1620 

36 


885289075208 
729 


(9602 


92 X 300 

9 X 6 X 30 

6« 


156289 

155736 

...553075 
000000 






25956 




96* X 300 


2764800 






276480000 

57600 

4 




9602 X 300 

960 X 2 X 30 

2« 


553075208 
553075208 






276537604 





Extract the cube root of .03 to four places of decimals. 



32x300 

3 X 1 X 30 

12 



2700 

90 

1 

2791 



312 X 300 = 288300 



3102 X 300 

310 X 7 X 3 

72 



28830000 

6510 

49 

28836559 



.030000000000 (3107 

27 



3000 



2791 



209000 
000000 

209000000 



201855913 
~ 7144087 



w. = .3107, correct to four places of decimals. 

)te. There will always be as many decimal places in the root as 
) are points over the decimal part of the quantity whose cube root 
quired. 
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EzampleB TiXXXT. 

Find the cube roots of the following quantities '. — 

(1.) 778688 ; 59319 ; 2197 ; 21024576 ; 2017571115456 ; 86116663296. 

(2.) 1601 .613 ; 168 .196608 ; .010764582912 ; .000000043243551 ; 
1.345572864. 

(3.)' 1167575.877; .002325149908992; .252196389432. 

4. Extract the cube root of the following to three places of 
decimals : — 

12; .6; .04; ^; .56; 1.25; |; ^; .7; .45; .9.6; 3.99960001. 
4 o 64 



1 
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ANSWERs(ttfiiBJBlAMPLES. 






L—Pp. 5, 6, 7. 

X7; 18; 54; 70; 0; 2; 20; 20; -31; -8; 13;34; 12600 and 6804 ; 
^; 25; 25; 5; 71,It; 1,%; »; 7; 7; 7; 14; 4; 10; 41; 0; 0; 9; 

0; 51; 3; 1; 57; 2; 243; 27. 



n.— Pp. 9, 10, 11. 

2aj4-y; lOa-16; llaV-7aa:3-5fl;; 6ai»-48ax»+32a2fl;+6a8; 
l+2m-2n; 0; 4(a5^+aa^+aV+o'a?+aV+a»fl;+a^) ; 0; a^y-2jfy*; 

12+a5; a«+a6+6»; 3a«-3oV; 
7a262o2-2o«6*+2aV+35V+1162c*+5B-c«; -lOa-106-lOc-lOd; 
0; 0; 3a»+36»+3c'-3a6c; llm»-2m«n-22m«24-18n»; 

-2Vgr-p2»r+19i>gr'; ila?+lajy+9y8; ^(61a«- 13862); 

5am— 76n+6cp+9; 13ay«+66a52;— cajy; -^«-t^w+-^1)+-7 g; 

6 15 o 4 

o?+6»+c»-3a6c. 



m.— Pp. 12, 18. 

x+4y; -5aj; 2fl;+2y; -6aj; 2a;-2; a^-3fl;+4; 7S^-o^\ -aj-4; 

3-x»; 6; 26+2c; 2oS+a2a;+5aa?' ; 3a•-8aH12a^• 

2a?+a2a;+2aaj2-a^; 2a^- 73^2/3-^3^; a^-\'a\ 8JM/-6y«+4x2 ; 

-a»+aHa+2; 5a!'y-5x«j^-3a^; -5a+ 36 ; 4ay+2y; -y2_,.i . 

-ar?+4; -8x»y-ftcV.4a^+y*;iS|; ^«-^y-a; "f +V 

-?a?+|x; ^(a+6+c); ^+2a6-i; iaB-ia^-a+l; 
2 1 1Q 7 



IV. -P. 14. 

3-12a!; 5a;3-5j/3; 7a? +7i/^ + 7z^; db + ae; xy + tez-ax; 

'2a+2ax+2aa?; 3x8 + 3aj» + 3aj ; 4o6 + 4ac + 46c; a^b + aJP^ab; 

12a«6c + 12a68c+12o6c«;a^«-a!y»8-aj^;a? + a6 4-ac;{By- ajV; 

100a? - 50ay ; Uxyz - llafec; 9a6» + 126^ 3a?6" - 3a»6«o - da^fh. 



ANSWERS TO THE EXAMPLES. 



V.—P. 15. 



7o - 28x; 26; 4a6 ; aa:* - ftx* ; 3a*6 - 6a5 + 35 ; 4a?y - 4xy^; 
a»-2a«6-a2>»; cuB^-ca^-t^-f dy»; 46ay-aj; -(i*+7a'^6* + ai« + 66<; 
l^J^-a^; 3a*6«-36»xy; 0; 2aay; 3a&i? - 3a«a^ + 3afe^ - 3Wry; 

0; "Q^yz^xt^—zyz^ 



VI.--P. 16. 
25; 100; 36; 112; 268; 2; 60; 98; 2310; 74; 15; 2; 142; 0; 3; 237. 



VH.— Pp. 19, 20, 21, 22. 

\2) - 15x2y; «3^;49iBy . . I6a^; 16xy2S. -25a«62x5y ; a"6'«c«; 

- 6i^z<. 

25 2 25 

(3.) 2a^; - y^^; -SaSft^cada; -ga:V; ^l^(?i - pqr^ ; -Soft*; 

ja268c; 1; - 2aV ; Sa'; a; V ; ^;o363. 
4 16 

(5.) 2a¥ + a&3; -Sa^c + 3a62c - 3a&c2; 6a+66+6c ; 

iafi - I2x^y + 12a;*2/2 _ ^xh/^; 2a^ - 2a^; - 6aj« + ixy- Sf; 

(8.) l-x+a:?-aj»-4aJ*; aj*y*-l; a-a2^-2a8 4-a*^-3a^• 
o4_8a34.24a2- 82a+16; 4a2 - 62; o66»- 32; »* -.262a;2 + 6*; 
a«6* + a262 + 1 ; (c* - J^ ; a* - ^a'^p + lOa^; 

- 10a?p3 + 5ap* - j?»; a* - 2aiB* - a^. 

(9.) 9«« - 6a; + 1 ; a^ - 2a6 + 62 ; 49a;2 + 70xy + 25y^ ; a* + 2a2 + 1 ; 
a* - 2a«62 + 6*; l-2a:S + a^; a?62 + 2a6ai + c^d^ ; 
16a2a;2 - 64a6xy + 6462y2 . I_2a; + 3a52-2x» + a*; 
3^4 _ 2«3 - x2 + 2a; + 1 ; t^ - ^aby* - 263^ + a2y2 +2ay + 1 ; 
c8 + 2c* - 2cS + c2 - 2o + 1. 

(10.) a:? + 3a? + 3» + 1 ; a^ + 3a26 + 3a62 + 68 ; 1 - 3a; + Su:* . ^^j . 
8a;8 + 12aa?« + 6a2x + a^; 27a;6 + 27a;y + 9«Y + ^ I 
343a» - 147a2 + 21a - 1 ; Sa^ + 36a26 + 54a65» + 276» ; , 
nfif - 3a;*j^ 4- 3a;V - «V; 729 - 243a2 + 27a<^- a«; 
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(11.) - 84a462; a*^¥; a?* - 4a^ + 3a?4-4x - 4 ; 72'a^xy - lyhcy) ; 
a* - 5a^ 4- 4a;; 2a»6» + 20V + 262c2 - ti* - ^4 . c<; 
08 + 2a;*y + 2a^j/3 + 2ajy + 2a!V + 2a:y* + y' ; 
o« - 20"^ + 2a4 - 2a» + 2a2 - 2a + 1 ; ai^M + a<6^ - a - 6 ; 
tt« - 2a«62+ 2a26« - b^; 0; 0. * 

(14.) 4a2 - 2ah + j; 2a»6+2a63; 27a2 - 9a6 + 3ft2 ; ^a:?. ^54. ; 

'S O U if 

-4 ■ 5 . , 13 , , 6 .1 . 25 j^ . 
'^ + 6'^ + 36'' +36" + 86= "^ ' r2'^+*^- 

1 . l^ , a? ah V 

C15.) ya»-« + l; ^ + 46 + 36; ^--^+g; 

y¥-W + j: «* + «» + !«'' + J + ^4<«'- 206 + J 6»; 
9616 39 



VHL— Pp. 24 to 28. 

(1.) 6a; 6a; -56; -5o;8o'6»; o^e; 5!b; lOOa^; -la*; - \Odbe;a. 

8 289 3 4 ^ ox^iAs 

(3.)50»; |; -f^a;^y; ^. JLa»; 2a: 96; - -g ; --f^; 

8 6 
(4.) 3(0" + 62) ; o - 25 ; a - y + « ; o - 25 + c; -o - 2 ; 



27!eV - 3a~V + ^y*'. 



-&'=! 



ANSWEBS TO THE EXAMPLES. 



(a) »- 1; as+l. 

(9.) 2a2 + a; a; + 4. . 
(10.) a^ + a? + fl;+l;a»-2a; + 4. 
(11.) a* - a; - 3. 
(12?) 7a? - 8x + 4. 
(13). o - 26. 
(14.) o + 2. 
(15.) a»a? + o«a% + aa^ + ^; 

10a -6. 
(16.) x^ + xy + y^. 
(17.) a^ + 5. 
(18.) Zab-Zcd. 



(19.) 2o + 6, &c. 

(20.) o + 6-c; o+6 + c; -a 

-35-c&c;o + 36-c.&c 
(21.) o - 6 - c. 
(22.) 2o«-4a + 3. 
(23.) a; - 2y + 3«. 
(24.) a^pq, 

(28.) a? - a? + a^ - a;*, Ac. 
(29.) 3 + 3a; + 3a? + 3aJ«; 6 + 7o 

+ 7a« + 7a?, &c. 
(30.) aas + aai' + aa^ + aa:*, &c. 
(31.) l+aj + a? + a*,&c. 



(32.)l + 2a?4-2a« + 2a5», &c.; a^ + a^ + «* + aj», &c. ; a^ + 3a« + 9a» 

+ 27a«&c.; 1 - a + o* - a». &c.; x» + Soa? + lla«a5 + 15a», 

&c.; (aj- a)»; 1 + 5x + 12aj« + 19x»,&c.; a;* - a? + 2x - 2, &c. 



(35.) 


x + 


1 


I 
3* 




l^'- 




(36.) 


6a- 


-«^'-i^ 




as 
4 


a& 
*" 2 


+ 5«. 


(37.) 


3- 


9a; + 27a^- 




1- 


-f^ 


10a? 
9 



1 

o — - - 
3 



3 ^3 

2** "^2*' 



m 



a* + 3o» + 9a8, &c. 



6a; 



2 2 6 2 



2 2, 3 , 
«"3' 3^«-2^* 



11 



10x» 



27 



, &c. ; 



aj a? a? 

1+2+ 2+ r 



(40.) a; + a - 1. (41.) a^ + 1^ -\- <? - ah - ao - he, (42.) a + 6 + c 

(43.) a? - (a + 1)» - 1. (44.) a« - 2a6 + 6* - o«. 

(45.) a? + (a + 6)aj, &c. (46.) o - p. 

(47.) (a + b + c) (a + - 6) fa + 6 - c) ; 
(a + 6 + c) (o + c - 6) (6 + c - a) ; 
(a + 6 + c) (a + 6 - c) (5 + c - a) ; 
(a + 6 - c) (a + - 6) (6 + c - a). 



XI.— P. 84. 

(2.) 4a3 ; 3a; ; 5wmp ; QaW^^ ; 7aa? ; ^a?lfi ; a»6<cd«. 

4 H 
(3.) a; 2a; 2a6c; 2a56V; 5a; ^xi^^\ la^Wc?; Smn^p; 9s^; 3mn; 

(4.) 2a6; Sdbl^t^; xyzK 

(5.) 3a; a^Q?\ 4a;y2. ^Qk^^\ 1; 1; 2a; 2a*; 3nm*; 7o2a;; l\x^. 



ANSWERS TO THE EXAMPLES. 



a 3a JL_ Sx ^xf^ 
^ '^ 3 * 46* 5a6' 10' 9^W* 

(8.) 3 a^225 , -a'fe^ , ^^ . - . -^^ . j^^. 



XIL—Pp. 86, 87. 

(1.) o-26;2a4-6;a;-3;2«-3;a^ + l;aaj-2;a»-5; 
2o«6 + 7 ; 3a4 - 46 ; 5aj3 + 6y ; 4a6 + 5(jd; 6*^2 - 7 ; 

(3.) a + 6-0; o- 26-3c; 3x?-3a;-l; 3a? - 2a' + 7a + 11 ; 

(4.)a--;2a».-;-a.-l;^ + -y;-.^ + |; 2aV>^-^; 

^•^^ + 3- 
(6.) 2a* - 3; aP - 26?; a^P 3aP + 3; 3a»6^ - 4a'»6'»; 
- • ^ « - 2a»» 5a5% 3a^ 



xhl—p. 89. 

(1.) a+l; » - 1; a; -2; a'-S; 4a;+l; 2a+3a?; 1 - 5a6; 
-2aj2-4aj. 

(3.) a;? + 3aj- 7; a:? + Sas^ + 32^ + y» ; 3a-26-o; a»-a2 + o-l; 

a3 + 3a268 + a6 + 363; 5- 3; |a!-|y; 4a2aj - jaa?»; 

2 3 2 4 



\— Pp. 48, 44, 45. 

(2.) a;4.3; a:- 8; aj?-3; x + 1; aj-4; 2a; + l; 

(4.) a + 6; aj-2; »-l; («-!)»; »-4; aj-10; »«-4a54-5; 

7aj - 3 ; a^ + 4 ; a;' + 5a; + 3 ; no G. C. M. ; 

; aj« - 7a5 + 10 ; a - 26 ; 
(6.) a? - 2 ; 3aj - 8 ; a - 36 ; 11a - 106 ; 4a - 36 ; a + 26 ; 
(7.) 2 (X + 1) ; xy (a?' + ir^) ; 2 (a; - 2y); x - 4 ; x - 1 ; y C7x - 3) ; 

X - 6. 



XVL— Pp. 46, 47. 

2a5; o^c; 2; 2^xyz; abed; 16j^q*f*; xy; x + y; a^; 8x; (a-h6 + c); 
x^ + y^; x + 3; 2x + l; x-10; 3a- 26; a?+4; x + 1; x + 3. 



6 ANSWERS TO THE EXAMPLES. 

XVn.-P. 48. 

Tho answers to these may be at once yerified by taking the G.CI. 
of tho quantities as given in the answers to XY. and XYI., and peh 
forming the operation of Art (49). 



XIX.— P. 5J. 

In these answers one only of the fiustors is given. 

(a-1); (a;-l); (2aj-8y); 2«-3; aj-i/»; 2oa;-S&'; 3o6V-l; 
4j9 — 5 ; Sox — 46*. 

as-a; 2a — x; ax -by; 16(2aj — y); 9oW<? + a^ ; 2 + a; a-\-'h; 
2a - 1 ; pgV - 3 : 6a? - 3 ; aj - y ; aj + y ; 4a» (a - as) : 2 (2aj + 1) : 
a^rt - aj) ; 3 (a + 2) ; aj» (a - aj) ; 2 ; j^ (p + 2^) : 4a5*(» + 2«). 





XX.— P. 58. 




(x + 2); 


a; + 12; 


aJ + 10; 


aJ + 7; 


x-7; 


« - 11 ; 


aj - 10 ; 


aj-7; 


x + 7; 


a; + 6; 


aJ + 6; 


a;-6; 


« + 2y; 


a;-4y; 


aj + 5y: 


p+5q; 


p-45; 


l>-65; 


aj(x-7); 


aj'CaJ + ll); 


y(y-s); 


« + y; 




6«(a+206); 


4a6 (a - 96) ; 




(«» + 9y) ; 


x^{hy-9ax); 




a» - 968 ; 


aV(»-f7y); 




ayaf+ 10. 



XXL— P. 55. 

a2-|-62 tt-6 a2-6« a^c* - 46^* 2aj 2y» 

AAA A ^ • •' 



o ' a' 62' o2 'aj + y'aj^-ya' 

yg- ay 0^-406 +68 
a? + y 2 (a - 6) 

14o2 - 6db 4- 86^ 2a Ca;3 - g Sa; + o^) 4a;» - a;* + a; + 1 _^z 
70 + 86 * a; + a ' a?-l '""aj + l* 

2 (a^ - a6 + 6c) 
a+6+0 • 



.—P. 56. 



a??y« a a2 + a;2 4 (a* + a'a; - fl^-o*) 
^^^•) «^' 7S^' c ' IT"* a«+^ • 

a:y 1 a? + ay + y* - a + a? 7a6cay 
^ ^^ 6^' »^» aj'^ + ys ' a-a;* a«6» - cV 



ANSWERS TO THE EXAMPLES. 7 

10a{a^-h^ 9dbc 3a^ ja-h)^ S{x + y + zf (x + y7 

^^'^ b » 7 * 2 ' a6 » {x-y + zf* {x-y){xi-y^y 

ahxy a? (a:? + a^) 



sfi - f^* a? - o^ 



XXITI.— P. 58. 

4y2* 2a;«y» Tc^da* 14 ' a + 1* 3(a-6)» 3 » 56 -2c' 
aj'-cc+l a + 1 9o6c x — 7 x- y 

a?(a; + l) ' 2(o2 + a+l)* 4(a + 6 + o)* a; + 3' x^ + i^* 
aj-2 oj a + 6 {c* + a* p^ 

2a;-l» aj+6» a^6» a;* + oa? + a^aj^ + o^aj + a< * l> + g + r' 
to' — n^ wiU not reduce. 

The two last examples in xxiiL should be placed in xxiv. 



\— P. 59. 

26 5 2&2 66 

l + a-T-ft; 5x+5+j3^; a + 6 + j-^^ ; ^ + 9 + ^^^' 

"^ + ^"^+7' * + T-+7+i' «'-«^ + ^-M^6' 

7«3 4ft3 262 (a+6) 

** + ^ + ^+^'^'+2a6 + 363+j3^;a-36+ ^2+>- 



.—P. 60. 



/ah ^\ /^ ^ _3__\ /a6^ o^ _a*^ W \ /^ _^ ^\ 
V62* ¥) * \12a^' 12a^' 12a^/ » l^o^fec' o^bc' aW a^bc/ ' [aho dbc abcl » 
/^ c_ a _6_\ /hcyhs^ ocaN^ fl*a?y2\ 

Va^'cd' abed' ^6^ ofccd/ * \aVa' ' «¥«* ' aV^V * 
/ b(o*-y) a(a2~ &2) a6(a-6) ^tfeTajf 5) \ 
\o6 (a2 - 62)' a6 (a«- 62/ ah (o2 - 62)' a6 (o2 - 62) j » 
/ 6ax + eay ^ 4aa; - 4a^ 3a2 - 3a?\ /30a 206 15c 12d\ 

\ 12aj • 12a; ' 12» /• \"60''60' 60' 60 j' 
/ otz — yz xy — xz xy — yz \ 

\ xyz ' xyz * xyz )' 

/ (a?-hx + l){x+l) a; (a^ + a; + 1) ay^(a;+l) \ 
\ (a?-l)(a'-l) •r«3-l)fa;+l)'(a?-l)(x + l)j* 
/ o2 {a? + y2) gg (g« - y2) a< \ 

\ x*-y* • a;*-y* V-y*j' 

/ aiy(y--z)ra;-g) y8^x-y)(a;-z) gg(a; -yXy-z) \ 

\2(a;-y)(y-z)(a;-2)*2(a;-yXy-z)(a;-2y2aj-y)(y-2Xa;-z)j' 
/ j>m» wpg j>g' \ / g^-fy^ a^ -y^ \ 

\«2(m-»)' TO2(TO-ny m2(TO-»)/ ' \«*+a!2y2+y*' a^+ajV+y*/ ' 



$ ANSWEBS TO THE EXAMPLES. 

(« + a)3 Caj^ + a«)2 (a; - a)» (x« + o«)2 (aj* - a^) 



( 



(aj? - a^f (aj2 + a^)** (a? - a^ (a:?+ o«/ (a? - o^)' (»» + o^/ 

z(x^-{-l)(a?-x+ 1) (a^ + 1) . '^g (a - x)^ • 

(aj2+l;(a? + l)(a^+l) '*''•' " 12 (g - x)3' *''• ^ 



XXVL— P. 61. 

13a 2g 4- b + g 3g» + 2a86 + gy + 4y 
^ ^^ 12 » 10 » g26» 

2g3-g2x + 4ga^-3a? a^ + 3gaJ* + g V - a V 2g« 



ga;(g - a;) * g(ar» - g<) • a* + g'fc* + &♦' 

3g2_+62 sfiy + 2a^ + Bay^ 4. 4y4 3^+^ 

g3- &3 ' aj* . ' aj*-l ' 

aa^ - 3g V + 5g»z» - 3gV + g^a ? 3a^ + 32a; + 63 

{x - g)« ' (x + 7) (a; + 9) • 

a;2 + 3a; + 1 2(g6 + oo + g^ + &c + Ixi + o(f) 
ar* + 5a5 + 6 ' ahod 

X 16g2 - y a? " ax 2x ax 2 1 

^^^6* 4g6 » a» • g»- a>»' o^- ar'* "" a; + 3' a?-7» + 12' 
8a; -42 j^ - 15a; (g8 + g^g - 1) - 2 

" a;2 - a; - 42 » a;* + 7a;? + 10 * gV - 1 * 

9a;2 + 9a; - 1 

12(a;3_i) • 

3a;2 ,|, 4a. _ 5 2a;(a; + g) 6g + 6& + 4c -f 4<g j;- a-4 

^ -^ a^ ' ' (a; - g)2 » (g + &)2 - (c + d)2» a?» - g^ ' 

a;* + 4ga;' - 2g2a;2 4. 4^^ + a< 26 

a;* — g* * a — c* 

_ 20g3 + lOg^a; - 3g2 + lOoa;? + 5a? 

15(«8 - a?) 



(3.) 



XXVII.— P. 6S, 
g362 4&c3 a:S-g8 g^b 7 4 

c3" » ]5«cP' a;'-i-g3'' c{q? - a^) • %3' lmx\Zx - 2) » 
1 I 1 



(5.) 



6«2'H- 31a; + 35 ' 27a;5 _ 72^3 - ssx^ + SS * aS^ + a^sxP ^ a*' 
4J)(2a - h) _g3 + 2g«6+_2g6M^63 (a - b)8 a;(a4-j;) 
g^-62 ' 6(g» + 2g26 + 2g5* - 68) I 352^a 4. 5) ; x + y * 
eaP l + g2 i?4-2g , 2 1 






<a2+ar*)' 2gCI-a2)» ^p ' ^ (2a -6/* l + »»* 



ANSWER TO THE EXAMPLES. 

(1 - a/ ' (a - 36) {a^ + hj' 



.—P. 66. 

^ '^ 2 ' ^' 4y ^ 166' 2y» 16a;' "" 22a» iofz* " y*' ~ 3^gV' 
28o262 



(2.) 



45a^ ' 

a + 6 2y(o + 6 + o) ^9{ax+hy) 3(a + 26 + 3o) g8 + l 
6-a» iB(a-|-6-c)' i>»+gy ' 26(a - 26 + 3c', » 2 



4at/ 9a6c^ a? + 1 ic + 4 
^ ^ 276a;' 26 -5a' a;.- 1' 2x + 4' ^^^t^* ^» 
a;= + 4y^ a;^ + 2a;* - a; - 2 4(a; + 7) 

(a; + 2y)(a;2.4j^; 3(a;«+l) ' 7z{x - 3) ' 
gy + a^- 2a; * + a;^- 2x^ + 2 
a;34-2 

.^. 6(1 - g) , , , ,, 2ay> ' 3a2 1 + a; - 6a!« a;^ + ^2 

(5). — ^ • aiar 4- 1j • • — • • — 

^^ a(l+a)'^ ^ ^'2a; + l' 4' 4 ' y^ 

a 1 Zcdx a + z 1 a a:? + a;+l 

6*' 2a6' 26^ ' e{a - 6) ' a? ^ a^'* o-a;' a^+l ' 

ama^ - 6^ • .1^^^^^ 



(1.) 



MISCEIiliANEOUS.— P. 67. 
a-l-6 6-a 1 6 a^ + db-^-l^ 



o6 ' a6 ' a6 ' a * a6(a + 6; ' 

(2.) T— r — T" ; i^ a > &. tten -r — rz is greatest, and -^— — i , _ . 
abc -j- a-i-c* a?-6» a2-fo6 + 6* 

. is least. 
(3.) " 



x»(y-a!)" 



(5.) ,, '..._ ... (6.) "'^^ 



(7.) 



^a - o)(a; - i)(x - c)* ^ '■' Atfi - 2a6«' 

g 3a! 2 

43>'-y*'' (» + l)(a + 2) • a;» - 1' 



Ti^ 
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ANSWEBS TO THE EXAMPLES. 



XXIX.— P. 7S. 



1. a;=3. 

2. 7. 

3. 8. 

4. 3. 

5. 1. 

6. 3. 

7. 2|. 

8. 2. 

9. 2. 

10. 3|. 

11. 1. 

12. 6. 
3. 
6. 
2. 
12. 

4. 
7. 

- 2. 

- 5. 

- 26. 
a6 + OC+ 6c 



- 2. 



a + 6 + c 
a + 6— c-d 



J. 
2. 



13. X: 

14. 

15. 

16. 

17. 

18. 

19. 

20. 

21. 

22. 

23. 

24. 

25. 

26. 

27. 

28. 

29. 

30. 

31. 

32. 

35. 

36. 

37. 

38. 

39. 

40. 

41. = 



2. 
=2. 
2. 
6. 
90. 
1. 

- 2. 
1. 
4. 

71. 
32. 

7. 
7. 
7. 
12JJ. 

a 

68. 

i 

55. 

8MJ. 

^' 

7.2. 

7.4. 
12, 27. 

7*. 
57A. 



42. 


a!=10^. 




72. 




a + h + e 




d 


- 


2. 




«. 




2 5c-6d 

• 




3 10a-5e + 


44. 


IfV. 


45. 


2. 


46. 


-6|. 


47. 


3. 


48. 


-7. 




5a 


49. 


. • 




4 


50. 


a. 


51. 


19. 


53. 


6 • ^ 


54. 


8 a(6 - c) 




• 6-a 


55. 


51. 


56 


(a2+6^(a+6) + 


t/\/« 


tt -f 6 - a6 


57. 


2. 


58. 


-1. 



1. 7. 

2. 25. 

3. S8.9d.mdS8.Sd, 

4. 9§. 12§. 14§. 

5. 3 P.M.. 31} miles. 

6. 8 and 24. 

7. 100 lbs. 

8. 46 lbs. 

9. 18. 20, &o. 

10. 5, 5, 5, 10. 

11. 4, 6, 8. 

12. 740. 

13. 4 days after. 
16. 4j^ minutes. 



XXX—P. 77. 

17. 10^ hours, 104^ 
miles. 

18. £1928 11«. 54d. 

19. 3 days after. 

20. 400, 200, 600. 

21. 3969. 

22.1^^ 

23. 9 and 3. 

24. 25 and 50. 

25. 5 acres. 

26. 14 and 6. 

27. 100 apples, 24 
oranges. 



28. 20} and 85}. 

29. 49' A past 9. 
32' ^ past 9. 
5' A past 10. 
38' A past 10. 
6. 

30. 190 and 191. 

31. 34 oxen, 1 sheep 

32. 200 guineas. 

33. 560 and 240 
guineas. 

34. 14 from Exeter, 11 
second meeting. 

35. £437 19«. 0^ 



A^SWEBS TO TH£ EXAMPLES. 



11 



36. 10 from the Ist. 

4 , , 2iid. 

37. 36 miles. 

38. 2 miles an hour. 



39. 4d. 

40. 10. 21, 43. 

41. distance =60 miles, 
rates 20 and 30. 



42. distance = 150 
miles. 

rate = 40 miles. 



(10 X 
y 

(2.) X 

y 

(3.) X 

y 

(4.) X 

y 

(5.) X 

y 

{e.)x 

y 

{7.)x 

y 

(8.) x 

. y 

(10.) x 



= 1 
= 3. 
= 4. 

=7. 
=480. 
= 672. 
= 10. 
= 1. 
= 8. 
= 3. 

= 7. 
= 2. 
= 6. 
= 4. 

= o + &. 
a-b 



y= 



(11.) X: 

y- 

(12.) X: 

y- 

(14.) X: 

y 

(15.) X: 

y 



6 
9. 
6. 
3. 

- 4. 
2. 
3. 
8. 
4. 



(16.) X 

y 

(17.) X 

y 



,— p. 85. 

480. 
672. 



(18.) 


X 




y 


(19.) 


X 




y 


(20.) 


X 




y 


(21.) 


X 




y 


(22.) 


X 




y 


(23.) 


X 


- 


y 


(24.) 


X- 



=38. 

ad- 


-be 


dm 
ad 


-6» 
-bo 


dm 
m* 


- bn 
-n2 


am 


-bn 
- m' 


an • 


- bm 

•a^ + e 


a^ 


2a 



2b 



0. 
1. 



= 0. 



=c. 



o2 + 6» 



2a& 
= 15. 

:99. 

abja-^-b) 
3a«+4a6+362 



y=- 

(25.) X: 

y- 

(26.) »: 

y- 

(27.) aj: 

(28.) 
(29.) aj 



ab{a + &) 
2( o« ToH'^ 

■ 2a 

2a(a + 6) 

a 
b + c 
a 



b + e 



a^ 



a — b 



b* 



a — b 



ab' - a'b 
ad — a'c 
^^aV - a'b 



(30.) X 

y 

(31.) X 

y 

(32.) X 

y 



= 1231. 
= 5. 
= 5. 

= -8?. 
= - 18}. 



(l.)a; 

y 

z 

(5.) X 

y 

z 
(9.) a; 

y 

z 



3 
5 

7 
8 
6 
4 
2 
3 
4 




1 2 ANSWEB8 TO THE EXAMPLES. 

&c. r « = 7 I &c. 

(17.) » = 4 I (18.) » = - 64 I (19.) aj = 6 

y=5 I y = 3fj y = l 

z =6 I «=2.ft ' «=3 

(20.) « = 2(a + & + c) I 

y = 4(a6 + ao + 6o) [ 



[,— Pp. 89, 90, 91. 

(3.) a; = 7 \ (4.) x = 5 \ (5.) 15 and 42. (6.) 40 J ; 81 ; 94J. 
y = 2 / y=>lSf 

(7.) 2«. 64. and la. 9d. (8.) 6. (9.) Set wrong. (11.) 24. (12.) 
10 and 30. (14.) 60. (15.) 96 and 144. (16.) 200 and 1200. (17.) 

. (18.) 12; 18; 24 hours. (19.) 28ft; 66^. 
(20.) 50 and 30 gallons. (21.) 2J|. (22.) £24 and £12. (23.) 12; 
, 10 ; 11. (24.) 40 and 21. (25.) 10 and 6 liouis. (26.) 3850 artillery. 
1750 cavalry, 4550 infiaiitry. 



XXXIV.— Pp. 94, 95. 

(4xy2-l)(4xyz + l)(16a:V«2 + l); (|-i)(|+|)j 
(x-1 +l.\(x + l+^-\; {a^+Sah + l^Xa^ + ah + lf^; 

{x + 3)(x - 1); (a; - iy{x-JrVf:fi{a^ - 2) ; 

(ay - »/«' - a5V)(a^ -{/%* + aft?) ; 

\y X \ z' x/\y X \ z xj* 
(2y^-a;'^(2yg+2a; y+^) (41ag~ 1 8aa;+41a:^(82aa;-9 a'-9 a^ , 
y2(y 4.35)2 » 400(o-a;;2(a+x)3 ' 

(a+6+c)(a+fe-o)(&+c-a)(a-f-c-b) , (^^1^)5^^+^ 

4&2 ' a*b* 



-P. 95. 

(x - 2y)(a5 + 2y)(a;« - 2a^ + ^){x^ + 2jy + 4ya) ; 

(2a« + 362)(4«« - 6a262 + 96^) ; (5a; + l)(25aJ« - Sa; + 1) ; 
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(2a - h){2a + 6)(4a» - 2ah + 63)(4a2 + 2ab + l^) ; 

(4o26 + SccP){16a*}^ - Vla^bccP + 9M*) ; 

^(ab + 4c2)(a6 - 4c=)(a862 _4abc2 + 16c*) ; 

(l»2b2 4. 4a5c2 + 16c*) ; 7ahc(2h - o)(46« + 2be + c«) ; 

(4o4 + 96*)(16a8 - 36o*6* + 8168) ; 

cibcd 

■-— (2ob 4- 5c(J)(4a2&» - lOahcd + 25(PcP) ;♦ (a + b + c + 1) &c.; 
zlo 

2 2 «r2a 4- x\ 

(2a«+ -).&c.; ,3^(a« + 36«).&c.; ^^.&c.; 

.-T-TTe* ^«- J (3* + 4y). &c. ; (a + 1). &c. ; (1 + a;), &c. ; 
\* T 1; 

{Sx + 2), &c. ; (a;2 - 3iBy + y»), &c. ; (aj* + 12x2y* + 16y*). &o. ; 

(o + a;-a:?-------),&c.; — ^,&c.; 

a a Or o 

-g~ (2 - 3o6c), &c. 

* Below this poiut all the factors are not given. 



XXXVX— P. 96. 

{x + l)(a;* ^ix? + sxP-x + l)oT{x- l)(aj* -j- ixP + n^ + x + l); 

(»±1), &c. ; (a ± 2), &c. ; ix^i^{x±y\ &c. ; {a^+db + ^, &c. ? 

2a, 26, &c. ; g (» + y), &c. ;-^5 — ^ 1, &c. ; 

~{a + &:. &c. ; ^(x - 1), &c. ; (x? + y^}, &c. ; 5^\ &c. ; 
2(252 4. 1) a.14 



{X - l/(x + 1)*' ' (1 - aj/(l + »)7' 



o\25a2 - 50ab + 262)(25a« + 50a6 + 262) . (3.2 . 43. ^ 8>^ g^^ . 

(9a2 - 6ab + 262). &c.; (^ - 2-+ 2), &c. ; 

y y 

(a^ + 2a6+62- 2a-26 + 2\&c.; (a2 - 2a6 + 562). &c. ; 

(aJ-Hy)® (X* - 2ai2y< + 2y*). &c. ; ra2+ 62+ 5c2 - 2ac - 26o + 2c6), 

&c. ; (16a* - 24a36 + 50a*62 - 24a63 + 166*). &c. ; 

i(^ + 14xy + 17^) ; (5x* + 10a;3 + 19a? + 14x + 17), &c. ; 

{ aj*(25a2 - 10a6 + 26») + a52(50a2 - 462) 4. 25a* + 1 0rt6 + 262 } . &c/ 

XXXVIII.— P. 98. 
C3ax- ^)'; (a6 + ^)2. (|+ l.)2. ^|.+ 6y,2; (| - |)2; 
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'a + » - V/; (. + 6,»: (X + |f + |)»: (|a? - !»»»: 



\ 2 ~3)' \ 9'-4)- 



X If K nr - p . 99. 

(<^6* - ff«ft»),&c; (oJV + 2d*), &c. ; (y« + 3aa*). &c ; (u? - 26cS),&c; 
(oW + 36V , &c ; (2Jy - 4«» . &c. ; (a5-13e\&c.: 

7';a* + 2y»). &c; (x* + 1% &c.; (^ + sY &c; (^ + lY &c.; 

(a - 3). &c.; 2a; &c.; (Say - 3x» - 3^). Ac. 



u— P. 101. 

One only of the fiictora is given. 

a; + 4;3a;-7;aj + 4;6x-5;8aj-3;2a?-3; 10a? -9; 3a- 26; 

au- 13y; 10a?-y»: a? + 3^; a» + 86; 2tf» - 9¥; 

8a26»+3c?<P; a- 2&; a + &; 3az + 2{^; a?-3y«; a^- ^; 

TO - 5»; ; t»V — 6a:y ; X- 9; 7x — 8y; 49x?+y"; 

3a6 + 2ai; 4a« + 36»; lla^ - 1; x - 3; 12x - 1 ; 24a« + 62; 

+ 36; X- %. 

577 
Bee Table of Errata for the last three lines beginning a* + Trr^^t ^• 

24 



XEiIV.-— P. 104. 
a^ + ^ — x^z ; 2ay - 3y2 + 4a» ; 2htf -4<» + ax; 2a-6— -; 

a' a a' a' a 1 

x* X* X a^ 6* c* 



\— P. 105. 

a* + 462, 4c. ; a' + x^, &c. ; x - 22/, &c. ; a^ + frJ, &c. ; x - a6, &e. ; 
2a — Sb^&c.ip— lOg, &e. ; 3cd - 4zr, &c. ; p* + 4^^, &c. ; 
he. 



ANSWERS TO THE EXAMPLES. 15 



[.— P. 105. 
a? + y + 22, &c. ; 3iB» - y' - 1, &c.; 7ob - 3ao - 96c, &c. ; 

2 3 4'*^" 2j/8 y^^' 6^d /'^ ^ ' 



xiivn.— P. 106. 

a - 6 + 5<s, &c. ; sc + 2y + z, &c. ; 2xy - 2a» + 5^2, &c. ; 

8a - 6 + c, Ac. ; 2a! + y - «, &c. ; 
12 5 2x z 

oa; by cz ^ a 2c 



XLVnL-P. 107. 
a*-263 + c2; a2+262-c2. &c.; aj + y + 2; aj+y + 1; 

2i>» + 3g2-4i^; /-!-. 2 3^ ^2\. 8aJx?-46V-5c2z2; 



26c ^ 2ac ^ a6' 



' L. P. 115. 



(m+w 2 

(4.) a«; a ; a ; ( -j ; a*^* ; 7st^^z; - 

^r *<->'.(!)''(:-)! 1(1)', J, <!-,'. 

"in « m+8 ' 



L. a;« a« •^- c « 

- * - • 

flWl 

yp^ aj ' • y 



. » ^_ • ■ 

■mi nm* m-8 m— 8 

0* — -=- — ^ 



a? «* 256 a2 a 

(7.) a - c2d^ a^ - a* - a^ + J^ + o* - a*; o« - 6«; 

a2 + 6ac* + 9c^ - 46; |>^g + p*q^ - p^q^ - g; ar* - 729^^; 

(a2 - a?) "•» ; a; + a; ' - 1 + a; ' + » ; . 

«*•-«*• + a""" - a'*" ; (a6o)* {J + c* + 20*0* - 6*}. 
{S.) a;'+ aj^ + ar*+«*+ a5^ + a; + «' + ».* +1; aB+l+«"*; 
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-I . -V ■ \ \ 

» -» +« •,&€.; « — »' + x', Ac; 

5 ^ 2y- 

3jf 

X* + a* ; (5x"* - jb" '')/* ; x'^. &c ; 

1 11 



C&cV- 



•+^-W vx y,--/ Vx yi^y 



ULr-Y. 184. 



4. (o«6')- and (a*«*6»-*r ; [ ~ ) and /^^". &c. 

(8.) 3a262.a ; -.«; 2ay2.f^V- 4:-c &c. 

^. Vx« + Yh- 1 . Va{Va-l) 3 %/j^(x --vV) . x+^/s^^^. 
X a — 1 7, — y y 

4 (o — x)* 

r>v/a» + a& - q)(a + 6) (1 + Vl + o)(l ~ Vl - a) 

6 ' a • 

2x?J + y2 + 2x>v/x2 + 3/2 

(10.) .8684; 1342; 1.1153; 2.932; 3.144; .2426; 5.8284. 

(11.) The Bational Denominators only are given. 

l + aj' + y'- 2x - 2j/- 2xy; a? + xy + y^; 2ax; 4; 3816; 11; 
6; 598; 14; 2; 239; 2».x« - 3».y*; a* - 2ax+x2-a-«; 
x; 116; 503. 
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(13.) ^l^; 3 - ^2: 3 - 2^2: Vn + 2^13: ii|^^ 

V7--1: i^lM; ?i::^: 2^2 + 2^5 : 31(5-2/3): 

o+l- V?^; a + 6 + c + V^T^H^. 

(14.) ^2"- 1; V7 + 1 ; ^2 + -- ; (5 - 2^2) ; -Ws + 1). 

V3 21 



IiII,— P. 139. 



z= ±2;x =±5; »=±1; x=^ ±a/S; xzz ± >/-2 ; «= ±2; 

12 

a}=:±4; fl5=±-=-;fl5=±3. 

The last three are adfected quadratics. 



LIV.-P. 141. 

3 S 

(1.) «=7orl; a; = lor --; z= — 2<^''""ll » = 12or — 1; 

I. 1 n 1 e 17 , o 

x= — DOT-; a; = 9; »= -7-; x= 5ot 7-; a; = 1 or 3 ; 

4 4 4 

^1 41 31 7 21 11 

aj = 3or5-:a5=— — or-^ — :a5= — or — : 05 = - or — — ; 
4 ' 7 11 * 2 8 3 4 

13 
SB = 2 or — — . 

D 

P. 142. 

17 5 1 

(2.) aj = lor-7; x = Oor— ■; a;=-or-4; «= -3 or-; 



19 16 -49± V- 45224. «.- 10^.324 
a;=— — or :» = » »—•«■*> or — 

18 3 • 50 13 



X 



= -i{a+6 + <f±Va+6 + dh- 9{ah -^ ad + hd)\. 



P. 148. 



(3.) a; = -or-2;a;= ^ — ^^l »=±2;a} = 8;a;=±3; 
V 2 



1^ 



TO 



4 



?L 



= —4; J-^T; 



,-.|= 



37 •4" 



1 

2 



:=::s»:s==#«r3:x = 9z 



ft 
— * *• 



3 13 3 






2 



2b+3» 



P.14&. 
4 » 



1 1 



4 2' 



« = 



& 



-^;S=r2^-<rf;S= - 



•Vi^^^ 



IiV.— F- !«. 



x«=— — = -": x=±2;x=±-:x=i-— . 



v^ 



x = 3,- l:x = i^i 



Vs •. * = ^. 



2.±^^: 



-'^\/^r'^\/^2'''-''\/^^-^-'^ 



X = 1, 2 ' . 



a,; X = 



\/3 



IiVI.— P. 150. 
21 VS" 



l,^(V5-l);x« = ^Ji^^;x = 4. 



-1; x = 4,2. 
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a;2(17±V33) =3a; + 26;a;=-l;a; = 2. - — ; 

« = 0, ^ a ; X = 1 , - 2 ; aj = ^ (- 3 .± V? ) ; a; = 4, - 2. 
- 1 ± Vt"; » = ^ (7 ± Vi3) ; a; = - 1. 1 ; » = =b ^, 

4 

P. 151. 

(2.) a; = - 2, 1 (l ± V^^) : » = - 2, - 2 ± ^3 ; aj = 2, 2 ± ^3 J 



= 1 , i- ( - 1 ± V - 7) ; aj = 1 , i ( - 3 ± V - 7) ; a; = ( 

. - -i- ;aj = 2,-l;aj=-l,i(5±V ^HEB) ; 
1 — c 4 



X 
1-0 



e 
aj = a* 4, 9. 

The second member of this should be a; \a +6/. 



LVH.— Pp. 154, 155. 



1 17 (p-qy r, -. 

(1.) a; = 6; a; = 2; a; = -or-7-; « = -^ — — ; a; = 7 or 1 ; 

4 4 2jp — g 

. /K n 1 1 , 27c« + 4a2 

a;=±5v2; a; = 6;aJ = -or-;a?= r^r ; a; = 5; 

4 9 12 

X = — ^; » = ± 



6-c » *- = V^(^96-a;(a- 6)' 
« = 16 or J- ; » = 27 or 12 ; 85 = 8 ; * = Jg or — ; 



a;2 = 



-1± V-3 



2e[e A ^ 18 



20 
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X = 



y = 



51 
3or-- 

25 
18 or- 



z 

y 



25 or - 10 
10 or 



MX.— P. 168. 



X 

y 



10 or- 
7 or 20 



20j 



-101 aj = 301 

-25/ y = 20f 



X 

y 



M 

2 ) 



a; = =b 



y = ± 



17V3 
2 

^/3 



x = 2 or 5 
y = 6 or 3 

y = 



} 



p. 164. 



z = 41 
V = 2f 



-5± V-7752711 » = ± 12| 



48 



/ 



8 



41 db ^1649 



I 



X = ± 



y = ± 16J 
15 



« = rt 5 

y = ±3 

« = 8| 
y = 5( 



} 



J-l 

V2' 

_ -5±V8755 ]. 
9 ) 

a; = ± 401 



z = 



:} 



Omit the equations a; — y:a; + y::l:15; 



aj = 41 
y = 3) 

X = ± 101 
y = ± 6/ 

504 1 

4± Vsi"! 



S^ = 



y = ±4/ 

&(o + l) 1 



a? = 



1± V2 



OJ = 



- 5 ± ^/U2] 



y = 3 

a; = - S\ 
y = 12) 



a; = 5 



:3 



X = 111 

y = lOf 



a; = 71 
y = 3) 



^ = 4 

a; = 16 or 8 
y = 8 or 16 



( 



261 
a; = 22 or — 
4d 

y = 11 or - 53-^ 



a; = 4) 
y = 2i 
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y = ± V2 I V 5 7 7 

^ 1 } 4 3 

y=3or- 



X = 


*;^- 


y = 


-;. 



"=(Hv^)*+§=*^\/S8yi 



_4_ 



flj = 



V26 — a + Vo 



2^26 



+ Vo I aj = 21 a; = 4\ 

==— f y = 2/ y = 8/ 



P. 165. 



a; = 8or2| a! = lor9) a; = ± 8 V2 1 a! = 4or2l 
y = 2or8/ y=9orlf _ /-J" y = 2or4f 

-15±^/m\ * = ^\ fl,--t?^l JB = 8orl) 

y = 1 j y = 9/ *""=*=2l y = lor8f 



2 = a. 



16 



-ll±Vl53l r if /?. »- »l 

I 



3 ± V55 \ c2 - ft2 

y = « = — 5— r ^^ 



a 

y = a 
z = a 



—P. 170. 



(1.) 16 and 4. (2.) 13 and 2. (3.) 4. (4.) 10 and 4. (5.) 6 and 6. 

(6.) 2 and g- . (7.) 16§ or 10. (8.) 

400 and 1600. (9.) 4.14 and 6.14 feet. (10) 10. 12, and 
14 feet. (11.) 1225. (12.) 576. (13.) 24. (14.) 223. (15.) 
3 and 4. (16.) 8ft and llj nearly. (17.) 20. (18.) J. (19.) 
30 miles. (20.) 10 and 15. (21.) 3, 4, and 5 the least. (22.) 
15. (23.) 482} nearly. (24.) 1240 the least. 



IiXI.— P. 174. 
Cl.) 2 and 3. (2.) 3 and - 2, (3.) 4 and 2 ; 20 V2 and 7^^. (5.) 
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2700 and 9. (6.) 114. (7.) 164| and 135|. (8.) 6; 5, and 4 
the greatest. (9.) 54 and 5 nearly for the rectangle. (10.) 
223. (11.) 5 days. (12.) 4536. (13.) 200, 40 and 32. (15.) 

^_±,1^_ZJ^^ 5 aoy 20 or. (16.) 9, 6. (17.) 40 at 5s., or 

12} at U 4(2. (18.) 4} each. (19.) 1300, 1200, 500. (20.) 20. 
(21.) 12, 6, 4. (22.) 361. (24.) 2. 5, 11. 



IjXII.— P. 181.' 

.,.2 2 . 8 2„^1 a a + 6 as-ya-y 

53 43 h a x+y x+y 

xy 1 ay (g' - y) 1 1 

^+7' «'-&»• iAj^-^r^y V^-V^' xi+aixi + a<' 

l^J...3^2V2-.L^f;</«. (2.) 

(3.) 1 :2; 2 :5; 1 :3; o:<r; a»-4aa;+3a:?:o2 + 4aa; + 3a?. 
(4.) 4 : 9 ; 1 : 100 ; 4:1; 9:4; 1:4; a? : c? ; aV : 6*; 
(a + JB)': {a-xY; (oH-l)':(o- 1)«; a + a;:o-a;; 

(5.) 125 : 1 ; 125 : 8; (a - 1)3 : o^; (aj^^)^ : (a; + y)^ o : 6; 
(a ' xf : (a + a;)» ; 4 : 3; 1:2; 3:2; ax:a + x; 

{x^ +«"•) : (a?*" - a")*; 3 : 2; 2 : 1; o + a; : 1; 
(o + xf:(a- xy. 
(6.) 1 : 32, &c. (7.) 7 and 21. (8.) 12700 at the beginning of the 
second year. 



IiXIII.— P. i»i. 

(1.) a; : 4 : : a : y ; a;' : 36 : : 1 : 9^ ; a - 6 : a; - 1 : : a; + 1 : o + 6; 

o - 1 : 6-1-1 : : 62 - 6 + 1 : a^ + a+l; x+1 : y - 1 : : 

y — 4 : aj -}- 4. 
(2.) Inversion. l:a::2:6;a:6::y:a;. 

Comp. 2x - a :x- a : :y :y — b; o- : a? : : 6^ : ^. 

Div. a;;l — x::y:3-y; a? :si^ : :h :y. 

(7.) 12 and 30. (8.) » ^ . /^ "^^ -.. 

(13.) 66666§ ; 15 ; U - -J denotes the part lea 
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IjXIV.— P. 198. 

l.)y = 2a;. (2.) y^ = y . (4.) 3z = 4 (a; + y). (6.) ^ + | = 1. 

(7.) c(a^ + j/2) - a2z2. (8.) a = 2. 18. a; = 24. (20.) 16 : 1. 
(21.) 1 ft. (22.) 36 : 49. (23.; 32.2 and 2.73. (24.) 2.009; 
5 =•• 16^62. (25.)-^9i. (26.) 2 and 113.0976. (27.) 20i. 



LXV.— P. 206. 
1.) 41. (2.) 2a + ^"^c ; 36a + 153c. (3.) ^^ and Hf^JlZ?. 



(4.) a ; 



6-^a 
13 



. (5.) 6; 25. (6.) 2; 3; 4. (7.) 3; 4; 5. (8.) 



a+c=26 and a-b = b-c = c-d. (10.) 45 ; 60; 75. 



n 



(13.) 62 + 02 4.Kn 4- 1) &c. (14.) 10 and — --. (15.) 2 ; 6 ; 



n+l 



10; 14; &c.; andjp; dp; 5p; &c. 



IjXVI.— P. 211. 



.n-l 



-8 



(2.) I f3'» - 1); 1640: 1(38 - 1); 8 |l - ^1 j ; sjl -l| }• 

3" -2" . IS J. Tl") ■ (^ - i)\ i -T- 



C2.) 



h 



(a2 4- aa; + »«) 



a — a; 



«+i _ 1 



1 - 



a^ X 



a — a; — 1 



; (a + a;)8 



a-\- X 



2x 



(V2 - 1) izl±^ 1. (3.) 4, 8, 16, &c.; r = ^^3 ; 



V2 
1 
a + b 



42 1 1 y* ^ 

= (2)^ ; r = -^; r = r-— r. (4.) r = 2^ and 2^. 



Va^a^ 



422 58O /b"»-*\ — 

(5.) iBt term = — and lOOth term = ^, (6.) [-^i) ' 

Vs - 1 



(7.) r = 



. (8.) r = 3' . (9.) 8 per cent. (10.) 5 per 



1 
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cent (13.) ?^^ ; i {iTSl" - l}. (15.) 340 =F 240^2? 



liXVlL— P. J14. 



^10 z. g. g. i^. lb. ^^^^. W g. g. ^^1 g^j. ^. 

.Q. 3»' ,4N L 5_ 1 41 3 7 
^^ 5 X 8i«' ^ -^ 3 • 11 ' 150* 133* 7 • 1100* 

^^^nOO^- (5.) yine places. (6.) |{l - ?|}4; 
21 I' 8U ' 21 • 12l^ V 4/ /• 12* 



IiXIX.— Pp. 220, 221. 
(1.) 2-»'« + n.4;n;l^^i:il + 2^-4; 

^ fi T|*\ . n(n+3) /3« 1 — r-i\ 

2l'"2-|j + — 8— •H■2"'2-^•*+7 
(2.) in(n + l)(2n+l); ^ (4n« + 12n + 11) ; 11036; 2660; 

n (441n? + 315n + 26). (3.) na» + ^ (2n« - 3n + 1) - 

3 '^R^ 

aVi^ (fi^ — n) 4- -7- («'— 2n+ 1). The next series is eqoiTalent 

to 2» + J»+&c. to » tenns, +6(2« + 3^ + &c. to n tenns) + 
8 (2 + 3 + &c. to n tenns). 



Ex. IjXX.— P. 227. 

112 
(l.)720. (2.) 99720. {S.) ^1==. (4.) 

(5.) |8. ([4)3. (6.) 576. (7.) 720. (8.) 542640. (9.) 2100. 

(10.) 25 and 20. (11.) n (n - 1) (n - 2) and 120. (12.) 70. 

, , 1000-999, &c. to 50 terms . 999-998, &c. to 49 tenns 
(13). , . o^^ «^d 



1 • 2, &c. , , 1 • 2, &c. 

(14.) 19. (23.) 6. 



9 * 



[ 
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Ex. liXXI.— P. 284. 
(1.) o' + 7a«a; . . . . + a>f ; 1 + 456 + 9006^, &c.; 256aM - 8072aWa^ ; 

a^ - 12a;V+ 66a^y* -. &c.; ©w- -T a^ft + ^ a"6» -. &c.; 

4 4 

/3a V ^ /3a \» , , , /3a \* ^ tah \" , , /a6\»^ . ^^ 

(7» \ 8 *'4"l • I » 1 "tN II— 1 

|-j -, &c. ; a"»"-. (» + 1) a«'a;S"+ l!LJlii? aT aJ -. &c. ; 

- _ , 3n(2n - 1) _ . 

4 

(2.) 220«»: J'^P-i)(P-2)(i'-3),»..y. (!L+?)-i:^)^„.... 

(gj'+l) (i' + 2) ^+y . l-8-5....(2»-l) 2. . 

1.2..*..^ * jfi 

|4p 



.0*1'. 



(|2py 



(3.) 13 ; .:£: j^-^: 'J. a«P 






the 



- coeflScient of tT-"^-*- in (a; - 2a)"+*. 

24.. ...18 Cn-2)(n-3)(n -4) 1.3. ... (4n - 1) 

W j— ^. 27. — ^ ^, ^^ .2, 

495c8 

(5.) 91 ; (^ + ^) C» + 2)^ (g ) 35 . 209352. (7.) 2" - 2. (8.) 1584. 
2 o 

(9.) r - 1. (10.) n = 9 or - 2. (11.) ^ " ^ . 

ti + 1 



1^ 4 n-2 62 



Ex. IjXXIII.— P. 250. 
(1.) 10 ; 3628800 ; - 12 ; 9 ; - 728. 



Ex. IjXXVII.— P. 280. 
(1.) £15 9«. 4id. ; £I(}43 10«. \\\d. (2.) £543 9«. GJd. \ 

£358 10». lOfd. (6.) £1688 10«.,5d.; £260 13«. 11 iff. 



26 ANSWEBS TO THE EXAMPLES. 

£1464 4». lOfd. (7.) £101 12#. 7d. (8.) 6-07. (9.) ^gMO. 
(10.) log. CI + r) = - log. *. (11.) 4i per cent. (12;) ^ 9s. 
(18.) £2050; £2785 Idg. 2id. ; £2821 Ot. 1(2. (14.) ICl^V 



(15.) P { 1 + r'l* - 1 + rr }• (16.) £6226 Sf. 7ci 



^"•^ "(^ + 100)= '——r —' 



(18.) ''^^'' ^^* . (19.) 181 nemly. (21.) 6 nearly. 

25{l-04r-l} 



(■ * .t)" 



(22). ^^—20— = (1 + Ov (23.) 3. 

(M.) '^^^^^/^^"^ = 100. (25.) 225. (26.) 4|. 
(27.) £405 2». (28.) 1930 16». Id. (29.) £4077 1*. lOA 



(80.) £1773 71. (32.) 6*. (83.) lL+ IL"' - « 1 + 2 



r 
(35.) £62 10». at 5 per cent (86.) £6139 2». (38.) SJ. 



Ex. IiXXVlLL— F. 96K. 
(1.) |. (lOOff + 493n + 234^2 + 27»») ; ~ (n» + 6» + 11). 

(2.)i- ^ 



42 6 (6» + 7) • 1040 10 (5n + 8) (5» + 13)' 

(3.) These are found by the fonnula III. in page 264. 

(4.) These are found by the formula IV. in page 265. 

(5.J These are found by the formula III. and IV. in pages 264 and 
265. 



Ex. LXXIX.-P. 269. 

(1.) 7140. (2.) 22100 and 59640. (3.) 364 ; 816 ; 1140. (4.) 6896. 

(5.) 19800. (6.) 18731. (7.) 20. (8.) 18. (9.) 190 and 45. 

(10.) 210. (11.) 38024. (12.) 338350. (13) 9455. 

(14.) 3311. (15.) 21. (16.) 12685. (17.) 1824. (18.) 60 IbIIb 

in each side of base. (19.) 400. (20.) 885 and 220. 



ANSWERS TO THE EXAMPLES. 
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<^.) 2584. (22.) 20720; 14105. (23.) 12470. (24.) 15625. 
^(25.) 9095. (26.) 15435. (27.) 23. 



,— P. 273. 



(1.) 41; 13284; 4428; 123; 7000005; 466667; 1*476; '0246; ? ;^^; 

^. (2.) 1-41421; -04472; 3-67424; 142302; -000836; 
5-3796; -4472; -4714: 1-80277; -74554; -15242; 2-38047. 



Ex. liXXXT.— P. 276. 

(1.) 92; 39; 13; 276; 12636; 4416. (2.) 1-17; 5*52; '2208; 
•00351; 1-104. (3.) 105-3; -13248; -6318. 




LOSDON : PBIKTKO BY tVILLIAM CLOWES AKD 80K8, 8TAVF0BD 8TRKBT, 
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